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Abstract. In this paper we find the characteristic polynomial of the antiadjacency ma-
trix of a line digraph. There are recent studies on the relation between the characteristic
polynomial of the adjacency matrix and its line digraph, we are also interested in finding
the connection between the antiadjacency matrix of a digraph and its line digraph. In
this paper, we show the connection of characteristic polynomial of the antiadjacency
matrix between an acyclic digraph and its line digraph.
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1. Intoduction
1.1. Motivation

The antiadjacency of a digraph was introduced by Bapat [4] in 2010, but there are
still few results related to this topic that have been discovered. Some results of the
antiadjacency matrix of several classes of digraph can be found in [7], [16], and [1].
Therefore, in this paper, we find more properties of the antiadjacency matrix of a
digraph.

Recent studies, such as in [12], [6], and [11] have discussed the characteristic
polynomial of a digraph. From [12], we knew some properties of the transformation
of the characteristic polynomial of the adjacency matrix of a digraph. In [6], it dis-
cussed the characteristic polynomial of the adjacency of a digraph of complementary
spectrum. Meanwhile, in [11], the characteristic polynomial of lifting a digraph is
discussed.

We can use line digraphs of regular digraphs, such as de Bruijn digraphs and
Reddy-Pradhan-Kuhl digraph, to design point-to-point interconnection network
(see, e.g., [3] and [13]). From [2], [18], and [17], we knew the properties of the
adjacency matrix of line digraph, such as it can be decomposed into a multiplica-
tion of two matrices and the coefficients of its characteristic polynomial. Therefore,
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we are interested in finding the properties of the other representation matrix of line
digraph, that is the antiadjacency matrix. Hence, this paper discusses the coefficient
of the characteristic polynomial of the antiadjacency matrix of a line digraph.

From [2], we know that the adjacency matrix of a digraph D and its line digraph
L(D) can be expressed as A(D) = HTT and A(L(D)) = TH" (where H and T
are the incidence matrix of head and tail of D), respectively. Moreover, in [15], we
find the relation between the characteristic polynomial of the matrix AB and BA
(that is Pga(\) = A*"™P4p). Therefore, we are also interested to find the relation
between the characteristic polynomial of the antiadjacency matrix of a digraph and
its line digraph.

In this paper we show that we cannot implement the results of [2] directly to the
characteristic polynomial of the antiadjacency matrix of a digraph. This implies that
the antiadjacency matrix of a digraph and its line digraph can not be expressed as
AB and BA, respectively. Thus, we have to use another method to find the relation
between the characteristic polynomial of the antiadjacency matrix of a digraph and
its digraph.

1.2. Preliminaries

A directed graph (digraph) D is an ordered pair (V(D), A(D)) that consists of
a set of vertices VV(D) and a set of arcs (directed edges) A(D), that is disjoint
from V (D), together with an incidence function ¢ p associated each arc of D as an
ordered pair of vertices in D [5].

Let u,v be the distinct vertices of a digraph D. If D has either an arc (u,v) or
an arc (v, u), then D is called an oriented digraph [8].

Let the set of vertices of the digraph D and H, respectively, be V(D) and V(H)
where V(H) C V(D), and let the set of arcs of the digraph D and H, respectively,
be A(D) and A(H) where A(H) C A(D). Then, the digraph H is a subdigraph of
a digraph D. A subdigraph H of a digraph D is called an induced subdigraph of D
if u and v are the vertices of H and (u,v) is the arc of D, then (u,v) is also the arc
of H as well. [9].

Let W = (u = uq,us, -+ ,ur, = v) be a sequence of vertices of D such that the
vertex u; is adjacent to w; 1, where i € {0,1,--- ;k—1}. Then W is called an u— v
directed walk in D. The directed walk W length is the number of visited arcs on
D. If we have u = v in the u — v directed walk then the directed walk is called a
closed walk. On the other hand, if we have v # v in an v — v directed walk, then
the directed walk is called an open walk. If W is not passing through the vertex
more than once, then W is a directed path. A directed cycle is a closed directed
walk length of at least two, where no vertex is repeated except for the initial and
terminal vertices. If a digraph D does not have a directed cycle subgraph, then D
is called an acyclic digraph. Meanwhile, if a digraph D is had a directed cycle, then
D is called a cyclic digraph [10]. A Hamiltonian directed path in a digraph D is a
directed path that includes all vertices in D [4].

Let D be a digraph with a set of vertices V := V (D), a set of arcs A := A(D),
u,v,w,z € V(D), and wv,wz € A(D). A line digraph L(D) of a digraph D is
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a digraph with every vertex of L(D) representing an arc of D; that is V(L(D)) =
{uv|(u,v) € A(D)}, and the vertex uv is adjacent to the vertex wz if v = w. Further-
more, an iterated line digraph is L™ (D), with every vertex z of L™ (D) representing
a directed walk vgvq - - - v, which has length n in D, and the vertex © = vovy - -- v,
is adjacent to the vertex y = v1va - - - Uy Up41 Where (vy, vn41) € A(D) [14].

A digraph can be represented by the representation matrices, which are adja-
cency and antiadjacency matrices. An adjacency matrix of a digraph D (with a
set of vertices {v1,ve,- -+ ,v,}) is an n x n matrix defined by A(D) = [a;;], where
a;; is equal to 1 if there exists an arc from v; to v;, and equal to 0 elsewhere. On
the other hand, the antiadjacency matrix of a digraph D (with a set of vertices
{v1,v2, - ,vp}) is an n X n matrix defined by B(D) = J — A(D), where J is an
n X n matrix in which every entry is equal to 1 and A(D) is an adjacency matrix
of D [4].

2. Related Results

Theorem 2.1 show the relation between the characteristic polynomial of AB and
BA, where A € M,,,, and B € M, with m <n.

Theorem 2.1. [15] If A € M,,,, and B € M, ,,, where m < n, then the n eigen-
values of BA are the m eigenvalues of AB together with n — m zeroes; that is,
Ppa(A) = X~ Pap(N). If m = n and at least one of A or B is nonsingular, then
AB and BA are similar.

Theorem 2.2 shows the determinant of the antiadjacency matrix of a simple
digraph with a hamiltonian path.

Theorem 2.2. [4] Let D be an acyclic digraph with the set of vertices V(D) =
V1,02, ..., U, and B(D) be the antiadjacency matriz of D. Then det(B(D)) = 1 if
D has a Hamiltonian path, and det(B(D)) =0 otherwise.

3. Results and Discussions

3.1. The Coefficients of Characteristic Polynomial of
Antiadjacency Matrix of Line Digraph

We present our results concerning the coefficient of the antiadjacency matrix of an
iterated line digraph, where the digraph is acyclic and oriented, in Proposition 3.1.

Proposition 3.1. Let D be an acyclic-oriented digraph (with order n and size
m) and L*(D) be its iterated line digraph. where k € Z*. If P(\; B(L*(D)) =
pPUSE 22:1 a; N7t is the characteristic polynomial of the antiadjacency matric of
LF(D), then |a;| is equal to the number of directed path of D which involving (i+k)-
vertices, where i € {1,2,3,--- ,n} and k € Z*.

Proof. Let D be an acyclic-oriented digraph (with order n and size m) and L¥(D)
be its iterated line digraph. where k € Z*. Moreover, let P(\; B(L*(D)) = A +
22:1 a; A" is the characteristic polynomial of the antiadjacency matrix of L*(D),
where i € {1,2,3,--- ,n} and k € ZT.
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Using the elementary methods of finding the principal minor, we have |a;|= Y
(all i x 4 principal minors of B(L*(D)) where i € {1,2,---,1}.

Note that all the i x i principal minors of B(L*(D)) are the determinant of the
antiadjacency matrix of the subdigraphs of L¥(D). The subdigraphs of L(D) re-
spectively are the directed walk of L*(D). If the subdigraphs L¥(D) are the directed
path of L¥ (D), their subdigraphs contain a directed Hamiltonian path because their
subdigraphs meet all of their vertices.

All of the directed paths of L¥(D) involve (1) vertices of D, for i € {1,2,--- ,n}.
Therefore, from Theorem 2.2, the determinant of the antiadjacency matrices of
the subdigraphs L*(D) which are a directed path are equal to 1 and equal to 0
elsewhere. Furthermore, we have |a;| is equal to the number of the directed path in
L*(D) involving i-vertices. Meanwhile, |b;| is equal to the number of directed path
in L(D) involving j-vertices, where i € {1,2,...,n} and j € {1,2,...,m}.

Since D and L*(D) are an acyclic-oriented digraph where L(D) of a digraph D
is a digraph with every vertex of L*(D) representing a directed walk of D involving
(k 4+ 1)-vertices of D, then the directed paths of L¥(D) involve i + k vertices, where
1€{1,2,--- n}. |

Since a line digraph of an acyclic-oriented digraph is an iterated line digraph
LY(D) = L(D), then from Proposition 3.1, we obtain the coefficients of the charac-
teristic polynomial of the antiadjacency matrix of a line digraph, that is presented
in Corollary 3.2.

Corollary 3.2. Let D be an acyclic-oriented digraph (with n-vertices and size m)
and L(D) be its line digraph. If P(X\; B(L(D)) = \™ + > b;A™™" is the char-
acteristic polynomial of the antiadjacency matriz of L(D), then |b;| is equal to the
number of directed path of D which involving (i + 1)-vertices.

Proof. Let D be an acyclic-oriented digraph (with n-vertices and size m) and
L*(D) be its iterated line digraph. Moreover, let P(A\; B(L(D)) = A™+>_7" | b ™"
be the characteristic polynomial of the antiadjacency matrix of L(D)

Since a line digraph is an iterated line digraph L'(D) = L(D), then from Propo-
sition 3.1, we have its coefficients are equal to the number of the directed path of
D, which involves (i + 1)-vertices. |

3.2. The Relation Between The Antiadjacency matrix a digraph
and its line digraph

We present our results concerning the relation between the antiadjacency matrix of
an acyclic digraph and its line digraph in Proposition 3.3.

Proposition 3.3. Let D be an acyclic-oriented digraph (with n-vertices and size m)
and L(D) be its line digraph. If P(\; B(D)) = X"+, a;\" " is the characteristic
polynomial of the antiadjacency matriz of D and P(X\; B(L(D)) = X™+>_1" | b ™"
is the characteristic polynomial of the antiadjacency matriz of L(D), then |b;|=
la;+1| and |bj|=0 where i € {1,2,--- ,n—1} and j € {n,n+1,--- ,m}.
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Proof. Let D be an acyclic-oriented digraph with order n and size m, and L(D)
be its line digraph. Let P(X\; B(D)) = A" + """ | ;A" be the characteristic poly-
nomial of the antiadjacency matrix of D and P(\; B(L(D)) = A\™ + > biA™ ™"
be the characteristic polynomial of the antiadjacency matrix of L(D). Using el-
ementary methods of finding the principal minor, we have |a;|= Y (all i X i as
principal minors of B(D)). Note that all the ¢ x ¢ principal minors of B(D) are the
determinant of the antiadjacency matrix of the subdigraphs of D. The subdigraphs
of D are the directed walk of D. If the subdigraph of D is the directed path of
D, it contains a directed Hamiltonian path because their subdigraphs meet all of
their vertices. All of the directed path of D involve i-vertices, for i € {1,2,--- ,n}.
Therefore, from Theorem 2.2, the determinant of the antiadjacency matrices of the
subdigraphs D, a directed path, is equal to 1 and equal to 0 elsewhere. Furthermore,
we have |a;| is equal to the number of the directed path in D involving i-vertices.
According to Corollary 3.2, we have |b;| equal to the number of directed path of D,
which involves (i + 1)-vertices. In conclusion, we have |b;|= |a;+1| and |b;|= 0 where
1€{1,2,--- ,n—1}and j € {n,n+1,--- ,m}. |

Let D be an acyclic-oriented digraph (with n-vertices and size m) and L(D)
be its line digraph, where P(X; B(D)) is the characteristic polynomial of the an-
tiadjacency matrix of D and P(\; B(L(D)) is the characteristic polynomial of the
antiadjacency matrix of L(D). Since from Proposition 3.1 we have P(\; B(D)) #
A= P(X; B(L(D)), then from Theorem 2.1 we have the antiadjacency matrix of
a digraph and its line digraph respectively cannot be decomposed into AB and
BA. We present our results concerning the relationship between the antiadjacency
matrix of an acyclic digraph and its line digraph in Example 3.4.

Example 3.4. Let D; be a directed cyclic digraph with a set of vertices V(D7) =
{v1,v2,v3,v4}, set of arcs A(D1) = {ai,as,as,a4,as,a6}, and incidence function
Yp,(a1) = (v1,v2), ¥p,(a2) = (v2,v3), ¥p,(az) = (v3,v1), ¥p,(as) = (v1,04),
and ¥p, (a5) = (v4,v3). Then, its line digraph is L(D;) which has a set of ver-
tices V(L(Dy)) = {v1,v2,v3,v4}, set of arcs A(L(D;)) = {a1,a2,a3,a4,as5,a6},
and incidence function ¥ (p,y(a1) = (vive,v2v3), Yr(p,)(az) = (vavs3,v3v1),
Yr(pyy(as) = (vsvr,v1v2), Yrp,)y(as) = (v3vi,v1v4), Yr(pyy(as) = (vivs, v4vs),
and z/JL(Dl)(@G) = (U4U37U301)-
Therefore, the antiadjacency matrix B(D;) and B(L(D;)) are the following.
1010
1101
o111}’
1101
10111
11011
B(L(Dy))=|01101

11110

11011
Figure 1 shows the directed graph D; and its line digraph L(D;).

B(Dy) =
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v.
V1V, 2 1V, V3

V1Vs V2V3
V3V

VaV3 v,
Vg V3 V1 Vg 4V3

Dy L(Dy)

Figure. 1. Digraph D; and its line digraph L(Dy)

Hence, the characteristic polynomial of B(D;) and B(L(D;)) are the following.

P(\;B(Dp)) = A —4X3 4572 — 4,
P(\; B(L(D1))) = A° — 50% — 6% + 62

We present our results concerning the relationship between the antiadjacency
matrix of an acyclic digraph and its iterated line digraph in Example 3.5.

Example 3.5. Let Dy a directed acyclic digraph with a set of vertices V(D3) =
{v1, v2,v3,v4,05,06}, & set of arcs A(Dy) = {a1,a9,a3,a4,as5,a6}, and incidence
functions ¢p,(a1) = (vi,v5), ¥p,(az2) = (vs,v2), ¥p,(az) = (v2,v3), Yp,(as) =
(vs,v6), Vb, (as) = (vi,v2), ¥p,(as) = (v2,v4), ¥p,(a7) = (v1,v3), and ¢p,(as) =
(v1,v4). Then, its iterated line digraph L?(D3) has a set of vertices V (L?(Ds)) =
{’1)1’1}57)2, V2U3Vg, V1V2V3, U3VgV4, U5VU2V3, U1V3V6, U5U2V4, ’U17)2’U4}, a set of arcs
A(L*(Ds)) = {ai,a2,a3}, and incidence functions VYr2(pyy(ar) = (v1v5v2, V203v6),
Yr2(pyy(a2) = (V1v2v3, v3V6vs), and Yr2(p,)(as) = (Vsv2V3, V3VeV4).

Therefore, the antiadjacency matrix B(D;) and B(L(D;)) are the following.
100001
110011
111110
B =1 11111
101111
111011
10111111
11111111
11101111
11111111
11101111
11111111
11111111
11111111
Figure 2 shows the directed graph D and its iterated line digraph L?(D3).
Hence, the characteristic polynomial of B(D;) and B(L(D;)) are the following.

P(X\; B(Dg)) = A% — 6A° + 9M* — 8)% 4+ 6A% — 3,
P(\; B(L*(D3))) = A% — 8\7 + 3A°.
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V1VsV2 V2V3Ve
Uy V2 . > .
v ‘o= e

V5V,V3

V3 V1V3Ve VsV2Vs V1V2Vs

D, L2(Dy)

Figure. 2. Digraph Ds and its iterated line digraph L?(D2)

In Example 3.5, we show a counterexample if we assume the relation between
the antiadjacency matrix of a cyclic-oriented digraph and its iterated line digraph
are similar as in Proposition 3.1 or similar as in [2]. This implies that the antiad-
jacency matrix of a cylic-oriented digraph and its line digraph respectively cannot
be decomposed into a matrix AB and BA.

4. Conclusion

In this paper we found the characteristic polynomial coefficient of antiadjacency
matrix of iterated line digraph. Since a line digraph is also an iterated line di-
graph, we also found its characteristic polynomial. After finding the coefficient of
the characteristic polynomial of antiadjacency matrix of iterated line digraph, we
can find the relation between the characteristic polynomial of an acyclic digraph
and its line digraph. On the other hand, we found the counterexample that made
the relationship between the characteristic polynomial of a cyclic digraph and its
line digraph similar to an acyclic digraph. We showed that the properties of char-
acteristic polynomial of antiadjacency matrix of a digraph is not always the same
with the adjacency one.

5. Acknowledgement

We are gratefully thank the reviewer whose suggestions make this paper better.

Daftar Pustaka

[1] Aji, B.H., Sugeng, K.A., Aminah, S., 2021, Characteristic polynomial and eigen-
values of antiadjacency matrix of directed unicyclic flower vase graph, Journal
of Physics: Conference Series Vol. 1722 No. 1: 012055

[2] Balbuena, C., Ferrero, D., and Marcote, X., Pelayo, I., 2003, Algebraic properties
of a digraph and its line digraph, Journal of Interconnection Networks Vol. 4
No. 04: 377 — 393

[3] Bang-Jensen, J., Gutin, G.Z., 2008, Digraphs: Theory, Algorithms and Applica-
tions, Springer Science & Business Media



On Characteristic Polynomial of Antiadjacency Matriz 81

[4] Bapat, R.B., 2010, Graphs and Matrices, Springer Vol 27

[5] Bondy, J.A., Murty, U.S.R., 2008, Graph Theory, Graduate Texts in Mathemat-
ics Vol 244, Springer

[6] Bravo, D., Cubria, F., Fiori, M., Trevisan, V., Complementarity spectrum of
digraphs, Linear Algebra and its Applications Vol 627: 24 — 40

[7] Budiyanto, S., Utama, S., Aminah, S., 2018, Eigenvalues of Antiadjacency Ma-
trix of Directed Cyclic Dumbbell Graph, Journal of Physics: Conference Series
Vol. 1108 No. 1: 012015,

[8] Chartrand, G., Lesniak, L., Zhang, P., 2010, Graphs & Digraphs, CRC Press

[9] Chartrand, G., Zhang, P., 2013, A First Course in Graph Theory, Courier Cor-
poration

[10] Chartrand, G., Zhang, P., 2019, Chromatic Graph Theory, Second Edition,
Chapman and Hall/CRC

[11] Dalfs, C., Fiol, M.A., Miller, M., Ryan, J., Siran, J., 2019, An algebraic ap-
proach to lifts of digraphs, Discrete Applied Mathematics Vol 269: 68 — 76

[12] Deng, A., Feng, M., Kelmans, A., 2016, Adjacency polynomials of digraph
transformations, Discrete Applied Mathematics Vol. 206: 15 — 38

[13] Ferrero, D., 1999, Introduction to Interconnection Network Models, Publ. Mat.
Urug. Vol. 99: 25

[14] Fiol, M.A., Yebra, L.A., De Miquel, A., 1984, Line digraph iterations and the
(d, k) digraph problem, IEEE Transactions on Computers Vol. 100 No 5: 400
—403

[15] Horn, R.A., Johnson, C.R., 2013, Matriz Analysis, Cambridge University Press

[16) Murni, Hadi, A. E., Febry, 1., Abdussakir, A., 2020, Anti-adjacency and Lapla-
cian spectra of inverse graph of group of integers modulo n, IOP Conference
Series: Materials Science and Engineering Vol. 807 No. 1: 012033

[17] Severini, S., 2006, On the structure of the adjacency matrix of the line digraph
of a regular digraph, Discrete Applied Mathematics Vol. 154 No 12: 1763 — 1765

[18] Zhang, F., Lin, G., 1998, When a digraph and its line digraph are connected
and cospectral, Discrete Mathematics Vol. 184 No 1-3: 289 — 295



