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Abstract. In this paper we find the characteristic polynomial of the antiadjacency ma-

trix of a line digraph. There are recent studies on the relation between the characteristic
polynomial of the adjacency matrix and its line digraph, we are also interested in finding

the connection between the antiadjacency matrix of a digraph and its line digraph. In

this paper, we show the connection of characteristic polynomial of the antiadjacency
matrix between an acyclic digraph and its line digraph.
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1. Intoduction

1.1. Motivation

The antiadjacency of a digraph was introduced by Bapat [4] in 2010, but there are

still few results related to this topic that have been discovered. Some results of the

antiadjacency matrix of several classes of digraph can be found in [7], [16], and [1].

Therefore, in this paper, we find more properties of the antiadjacency matrix of a

digraph.

Recent studies, such as in [12], [6], and [11] have discussed the characteristic

polynomial of a digraph. From [12], we knew some properties of the transformation

of the characteristic polynomial of the adjacency matrix of a digraph. In [6], it dis-

cussed the characteristic polynomial of the adjacency of a digraph of complementary

spectrum. Meanwhile, in [11], the characteristic polynomial of lifting a digraph is

discussed.

We can use line digraphs of regular digraphs, such as de Bruijn digraphs and

Reddy-Pradhan-Kuhl digraph, to design point-to-point interconnection network

(see, e.g., [3] and [13]). From [2], [18], and [17], we knew the properties of the

adjacency matrix of line digraph, such as it can be decomposed into a multiplica-

tion of two matrices and the coefficients of its characteristic polynomial. Therefore,
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we are interested in finding the properties of the other representation matrix of line

digraph, that is the antiadjacency matrix. Hence, this paper discusses the coefficient

of the characteristic polynomial of the antiadjacency matrix of a line digraph.

From [2], we know that the adjacency matrix of a digraph D and its line digraph

L(D) can be expressed as A(D) = HTT and A(L(D)) = THT (where H and T

are the incidence matrix of head and tail of D), respectively. Moreover, in [15], we

find the relation between the characteristic polynomial of the matrix AB and BA

(that is PBA(λ) = λn−mPAB). Therefore, we are also interested to find the relation

between the characteristic polynomial of the antiadjacency matrix of a digraph and

its line digraph.

In this paper we show that we cannot implement the results of [2] directly to the

characteristic polynomial of the antiadjacency matrix of a digraph. This implies that

the antiadjacency matrix of a digraph and its line digraph can not be expressed as

AB and BA, respectively. Thus, we have to use another method to find the relation

between the characteristic polynomial of the antiadjacency matrix of a digraph and

its digraph.

1.2. Preliminaries

A directed graph (digraph) D is an ordered pair (V (D), A(D)) that consists of

a set of vertices V V (D) and a set of arcs (directed edges) A(D), that is disjoint

from V (D), together with an incidence function ψD associated each arc of D as an

ordered pair of vertices in D [5].

Let u, v be the distinct vertices of a digraph D. If D has either an arc (u, v) or

an arc (v, u), then D is called an oriented digraph [8].

Let the set of vertices of the digraph D and H, respectively, be V (D) and V (H)

where V (H) ⊆ V (D), and let the set of arcs of the digraph D and H, respectively,

be A(D) and A(H) where A(H) ⊆ A(D). Then, the digraph H is a subdigraph of

a digraph D. A subdigraph H of a digraph D is called an induced subdigraph of D

if u and v are the vertices of H and (u, v) is the arc of D, then (u, v) is also the arc

of H as well. [9].

Let W = (u = u1, u2, · · · , uk = v) be a sequence of vertices of D such that the

vertex ui is adjacent to ui+1, where i ∈ {0, 1, · · · , k− 1}. Then W is called an u− v
directed walk in D. The directed walk W length is the number of visited arcs on

D. If we have u = v in the u − v directed walk then the directed walk is called a

closed walk. On the other hand, if we have u 6= v in an u − v directed walk, then

the directed walk is called an open walk. If W is not passing through the vertex

more than once, then W is a directed path. A directed cycle is a closed directed

walk length of at least two, where no vertex is repeated except for the initial and

terminal vertices. If a digraph D does not have a directed cycle subgraph, then D

is called an acyclic digraph. Meanwhile, if a digraph D is had a directed cycle, then

D is called a cyclic digraph [10]. A Hamiltonian directed path in a digraph D is a

directed path that includes all vertices in D [4].

Let D be a digraph with a set of vertices V := V (D), a set of arcs A := A(D),

u, v, w, z ∈ V (D), and uv,wz ∈ A(D). A line digraph L(D) of a digraph D is
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a digraph with every vertex of L(D) representing an arc of D; that is V (L(D)) =

{uv|(u, v) ∈ A(D)}, and the vertex uv is adjacent to the vertex wz if v = w. Further-

more, an iterated line digraph is Ln(D), with every vertex x of Ln(D) representing

a directed walk v0v1 · · · vn which has length n in D, and the vertex x = v0v1 · · · vn
is adjacent to the vertex y = v1v2 · · · vnvn+1 where (vn, vn+1) ∈ A(D) [14].

A digraph can be represented by the representation matrices, which are adja-

cency and antiadjacency matrices. An adjacency matrix of a digraph D (with a

set of vertices {v1, v2, · · · , vn}) is an n × n matrix defined by A(D) = [aij ], where

aij is equal to 1 if there exists an arc from vi to vj , and equal to 0 elsewhere. On

the other hand, the antiadjacency matrix of a digraph D (with a set of vertices

{v1, v2, · · · , vn}) is an n × n matrix defined by B(D) = J − A(D), where J is an

n × n matrix in which every entry is equal to 1 and A(D) is an adjacency matrix

of D [4].

2. Related Results

Theorem 2.1 show the relation between the characteristic polynomial of AB and

BA, where A ∈Mmn and B ∈Mnm with m ≤ n.

Theorem 2.1. [15] If A ∈ Mm,n and B ∈ Mn,m where m ≤ n, then the n eigen-

values of BA are the m eigenvalues of AB together with n − m zeroes; that is,

PBA(λ) = λ(n−m)PAB(λ). If m = n and at least one of A or B is nonsingular, then

AB and BA are similar.

Theorem 2.2 shows the determinant of the antiadjacency matrix of a simple

digraph with a hamiltonian path.

Theorem 2.2. [4] Let D be an acyclic digraph with the set of vertices V (D) =

v1, v2, . . . , vn and B(D) be the antiadjacency matrix of D. Then det(B(D)) = 1 if

D has a Hamiltonian path, and det(B(D)) =0 otherwise.

3. Results and Discussions

3.1. The Coefficients of Characteristic Polynomial of

Antiadjacency Matrix of Line Digraph

We present our results concerning the coefficient of the antiadjacency matrix of an

iterated line digraph, where the digraph is acyclic and oriented, in Proposition 3.1.

Proposition 3.1. Let D be an acyclic-oriented digraph (with order n and size

m) and Lk(D) be its iterated line digraph. where k ∈ Z+. If P (λ;B(Lk(D)) =

λl +
∑l

i=1 aiλ
l−i is the characteristic polynomial of the antiadjacency matrix of

Lk(D), then |ai| is equal to the number of directed path of D which involving (i+k)-

vertices, where i ∈ {1, 2, 3, · · · , n} and k ∈ Z+.

Proof. Let D be an acyclic-oriented digraph (with order n and size m) and Lk(D)

be its iterated line digraph. where k ∈ Z+. Moreover, let P (λ;B(Lk(D)) = λl +∑l
i=1 aiλ

l−i is the characteristic polynomial of the antiadjacency matrix of Lk(D),

where i ∈ {1, 2, 3, · · · , n} and k ∈ Z+.
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Using the elementary methods of finding the principal minor, we have |ai|=
∑

(all i× i principal minors of B(Lk(D)) where i ∈ {1, 2, · · · , l}.
Note that all the i× i principal minors of B(Lk(D)) are the determinant of the

antiadjacency matrix of the subdigraphs of Lk(D). The subdigraphs of L(D) re-

spectively are the directed walk of Lk(D). If the subdigraphs Lk(D) are the directed

path of Lk(D), their subdigraphs contain a directed Hamiltonian path because their

subdigraphs meet all of their vertices.

All of the directed paths of Lk(D) involve (l) vertices of D, for i ∈ {1, 2, · · · , n}.
Therefore, from Theorem 2.2, the determinant of the antiadjacency matrices of

the subdigraphs Lk(D) which are a directed path are equal to 1 and equal to 0

elsewhere. Furthermore, we have |ai| is equal to the number of the directed path in

Lk(D) involving i-vertices. Meanwhile, |bj | is equal to the number of directed path

in L(D) involving j-vertices, where i ∈ {1, 2, . . . , n} and j ∈ {1, 2, . . . ,m}.
Since D and Lk(D) are an acyclic-oriented digraph where L(D) of a digraph D

is a digraph with every vertex of Lk(D) representing a directed walk of D involving

(k+ 1)-vertices of D, then the directed paths of Lk(D) involve i+ k vertices, where

i ∈ {1, 2, · · · , n}.

Since a line digraph of an acyclic-oriented digraph is an iterated line digraph

L1(D) = L(D), then from Proposition 3.1, we obtain the coefficients of the charac-

teristic polynomial of the antiadjacency matrix of a line digraph, that is presented

in Corollary 3.2.

Corollary 3.2. Let D be an acyclic-oriented digraph (with n-vertices and size m)

and L(D) be its line digraph. If P (λ;B(L(D)) = λm +
∑m

i=1 biλ
m−i is the char-

acteristic polynomial of the antiadjacency matrix of L(D), then |bi| is equal to the

number of directed path of D which involving (i+ 1)-vertices.

Proof. Let D be an acyclic-oriented digraph (with n-vertices and size m) and

Lk(D) be its iterated line digraph. Moreover, let P (λ;B(L(D)) = λm+
∑m

i=1 biλ
m−i

be the characteristic polynomial of the antiadjacency matrix of L(D)

Since a line digraph is an iterated line digraph L1(D) = L(D), then from Propo-

sition 3.1, we have its coefficients are equal to the number of the directed path of

D, which involves (i+ 1)-vertices.

3.2. The Relation Between The Antiadjacency matrix a digraph

and its line digraph

We present our results concerning the relation between the antiadjacency matrix of

an acyclic digraph and its line digraph in Proposition 3.3.

Proposition 3.3. Let D be an acyclic-oriented digraph (with n-vertices and size m)

and L(D) be its line digraph. If P (λ;B(D)) = λn+
∑n

i=1 aiλ
n−i is the characteristic

polynomial of the antiadjacency matrix of D and P (λ;B(L(D)) = λm+
∑m

i=1 biλ
m−i

is the characteristic polynomial of the antiadjacency matrix of L(D), then |bi|=
|ai+1| and |bj |= 0 where i ∈ {1, 2, · · · , n− 1} and j ∈ {n, n+ 1, · · · ,m}.
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Proof. Let D be an acyclic-oriented digraph with order n and size m, and L(D)

be its line digraph. Let P (λ;B(D)) = λn +
∑n

i=1 aiλ
n−i be the characteristic poly-

nomial of the antiadjacency matrix of D and P (λ;B(L(D)) = λm +
∑m

i=1 biλ
m−i

be the characteristic polynomial of the antiadjacency matrix of L(D). Using el-

ementary methods of finding the principal minor, we have |ai|=
∑

(all i × i as

principal minors of B(D)). Note that all the i× i principal minors of B(D) are the

determinant of the antiadjacency matrix of the subdigraphs of D. The subdigraphs

of D are the directed walk of D. If the subdigraph of D is the directed path of

D, it contains a directed Hamiltonian path because their subdigraphs meet all of

their vertices. All of the directed path of D involve i-vertices, for i ∈ {1, 2, · · · , n}.
Therefore, from Theorem 2.2, the determinant of the antiadjacency matrices of the

subdigraphs D, a directed path, is equal to 1 and equal to 0 elsewhere. Furthermore,

we have |ai| is equal to the number of the directed path in D involving i-vertices.

According to Corollary 3.2, we have |bi| equal to the number of directed path of D,

which involves (i+1)-vertices. In conclusion, we have |bi|= |ai+1| and |bj |= 0 where

i ∈ {1, 2, · · · , n− 1} and j ∈ {n, n+ 1, · · · ,m}.

Let D be an acyclic-oriented digraph (with n-vertices and size m) and L(D)

be its line digraph, where P (λ;B(D)) is the characteristic polynomial of the an-

tiadjacency matrix of D and P (λ;B(L(D)) is the characteristic polynomial of the

antiadjacency matrix of L(D). Since from Proposition 3.1 we have P (λ;B(D)) 6=
λn−mP (λ;B(L(D)), then from Theorem 2.1 we have the antiadjacency matrix of

a digraph and its line digraph respectively cannot be decomposed into AB and

BA. We present our results concerning the relationship between the antiadjacency

matrix of an acyclic digraph and its line digraph in Example 3.4.

Example 3.4. Let D1 be a directed cyclic digraph with a set of vertices V (D1) =

{v1, v2, v3, v4}, set of arcs A(D1) = {a1, a2, a3, a4, a5, a6}, and incidence function

ψD1(a1) = (v1, v2), ψD1(a2) = (v2, v3), ψD1(a3) = (v3, v1), ψD1(a4) = (v1, v4),

and ψD1
(a5) = (v4, v3). Then, its line digraph is L(D1) which has a set of ver-

tices V (L(D1)) = {v1, v2, v3, v4}, set of arcs A(L(D1)) = {a1, a2, a3, a4, a5, a6},
and incidence function ψL(D1)(a1) = (v1v2, v2v3), ψL(D1)(a2) = (v2v3, v3v1),

ψL(D1)(a3) = (v3v1, v1v2), ψL(D1)(a4) = (v3v1, v1v4), ψL(D1)(a5) = (v1v4, v4v3),

and ψL(D1)(a6) = (v4v3, v3v1).

Therefore, the antiadjacency matrix B(D1) and B(L(D1)) are the following.

B(D1) =


1 0 1 0

1 1 0 1

0 1 1 1

1 1 0 1

 ,

B(L(D1)) =


1 0 1 1 1

1 1 0 1 1

0 1 1 0 1

1 1 1 1 0

1 1 0 1 1

 .

Figure 1 shows the directed graph D1 and its line digraph L(D1).
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Figure. 1. Digraph D1 and its line digraph L(D1)

Hence, the characteristic polynomial of B(D1) and B(L(D1)) are the following.

P (λ;B(D1)) = λ4 − 4λ3 + 5λ2 − 4λ,

P (λ;B(L(D1))) = λ5 − 5λ4 − 6λ3 + 6λ2.

We present our results concerning the relationship between the antiadjacency

matrix of an acyclic digraph and its iterated line digraph in Example 3.5.

Example 3.5. Let D2 a directed acyclic digraph with a set of vertices V (D2) =

{v1, v2, v3, v4, v5, v6}, a set of arcs A(D2) = {a1, a2, a3, a4, a5, a6}, and incidence

functions ψD2
(a1) = (v1, v5), ψD2

(a2) = (v5, v2), ψD2
(a3) = (v2, v3), ψD2

(a4) =

(v3, v6), ψD2(a5) = (v1, v2), ψD2(a6) = (v2, v4), ψD2(a7) = (v1, v3), and ψD2(a8) =

(v1, v4). Then, its iterated line digraph L2(D2) has a set of vertices V (L2(D2)) =

{v1v5v2, v2v3v6, v1v2v3, v3v6v4, v5v2v3, v1v3v6, v5v2v4, v1v2v4}, a set of arcs

A(L2(D2)) = {a1, a2, a3}, and incidence functions ψL2(D2)(a1) = (v1v5v2, v2v3v6),

ψL2(D2)(a2) = (v1v2v3, v3v6v4), and ψL2(D2)(a3) = (v5v2v3, v3v6v4).

Therefore, the antiadjacency matrix B(D1) and B(L(D1)) are the following.

B(D2) =



1 0 0 0 0 1

1 1 0 0 1 1

1 1 1 1 1 0

1 1 1 1 1 1

1 0 1 1 1 1

1 1 1 0 1 1


,

B(L2(D2)) =



1 0 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 0 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 0 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1


.7

Figure 2 shows the directed graph D2 and its iterated line digraph L2(D2).

Hence, the characteristic polynomial of B(D1) and B(L(D1)) are the following.

P (λ;B(D2)) = λ6 − 6λ5 + 9λ4 − 8λ3 + 6λ2 − 3λ,

P (λ;B(L2(D2))) = λ8 − 8λ7 + 3λ6.
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Figure. 2. Digraph D2 and its iterated line digraph L2(D2)

In Example 3.5, we show a counterexample if we assume the relation between

the antiadjacency matrix of a cyclic-oriented digraph and its iterated line digraph

are similar as in Proposition 3.1 or similar as in [2]. This implies that the antiad-

jacency matrix of a cylic-oriented digraph and its line digraph respectively cannot

be decomposed into a matrix AB and BA.

4. Conclusion

In this paper we found the characteristic polynomial coefficient of antiadjacency

matrix of iterated line digraph. Since a line digraph is also an iterated line di-

graph, we also found its characteristic polynomial. After finding the coefficient of

the characteristic polynomial of antiadjacency matrix of iterated line digraph, we

can find the relation between the characteristic polynomial of an acyclic digraph

and its line digraph. On the other hand, we found the counterexample that made

the relationship between the characteristic polynomial of a cyclic digraph and its

line digraph similar to an acyclic digraph. We showed that the properties of char-

acteristic polynomial of antiadjacency matrix of a digraph is not always the same

with the adjacency one.
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