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Abstract. The eight-dimensional Lie algebra of 3 X 3 anti-Hermitian matrices with
its traces equal to zero is denoted by su(3) whose Lie group is denoted by SU(3). The
research aims to provide all representations of su(3) with respect to its basis which is
realized on the three complex variables homogeneous polynomials P1 of degree three. The
first step is to construct representations of SU(3) on the space H and the second step
is to find all derived representations of SU(3). The obtained results are eight explicit
formulas of representations su(3) ~ Py.
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1. Introduction

Representation theory of Lie groups and Lie algebras are widely applied in both
mathematics and physics ([1], [2], [3]). In mathematics, Lie groups and Lie algebras
contribute in many branches of mathematics such as in biological mathematics and
finance mathematics ([4], [5]). Moreover, representations of Lie algebras are vast
studied by many researchers ([6]-[14]). In addition, matrix Lie groups can be used
as a model for understanding representation theory.

The set of all n x n matrices whose their adjoints are equal to their inverse
and their determinant are equals one is denoted by SU(n). In other words, SU(n)
is the collections of n x n unitary matrices with determinant equal to one. We
write it as SU(n) = {S € U(n);det(S) = 1}. The dimension of SU(n) is n? — 1. In
case of n = 2, the unitary-irreducible representation of SU(2) ~ P, where P, is
homogeneous polynomials of two-complex variables can be found in ([15], [16]).

In this research, we shall take for case n = 3 in which the representation of the
matrix Lie group SU(3) can be applied to the field of particle theory [16]. Different
from previous results, we give explicit formulas for representations of SU(3). The
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derived representations of SU(3) arise to the notion of representation of the Lie
algebra of SU(3) which is denoted by su(3).

It is well known that the Lie algebra su(3) consists of 3 x 3 anti-Hermitian
matrices whose traces of them equals zero, namely, su(3) = {P € M(3,C); P*+P =
O, tr(P) = 0}. Roughly speaking, it is also well known that su(3) contains all smooth
left-invariant vector fields of SU(3). Furthermore, the representations of the Lie
algebra su(3) is important since it gives the best model in studying representation
of matrix Lie groups. The obtained result of representation of the Lie algebra su(3)
in this research can be developed to the general case su(n) ~ P, where P, is
homogeneous polynomials of n-complex variables.

We organize this paper as follows: In part 1, we introduce the motivation and
state of art of our research, in part 2, we deliver some of the relevant backgrounds:
The Lie group SU(3), the Lie algebra su(3) and its basis, representation of matrix Lie
groups, and derived representations, part 3, we state the main result, particularly,
in Proposition 3.2 equipped with complete proofs.

2. Preliminaries

In this section, we shall briefly review some of the relevant materials which shall
be used in main results: su(3) notion and its basis, representation theory, derived
representations. As mentioned before the Lie algebra su(3) can be written in the
following form:

su(3) ={P € M(3,C); P*+ P = O, tr(P) = 0}. (2.1)
Definition 2.1. [17] The Lie algebra su(3) has the basis A = {r, = —£¢,, i* =
—landk =1,2,--- 8} where (. are given in the following 3x3 Hermitian matrices:
010 0—i0 1 00 001
<1: 100 7(2: i 00 a<3: 0-10 a<4: 000 )
000 0 00 0 00 100
00 —: 000 00 O 1 10 0
=100 0],¢6=1001},¢=(00—: ,ngT 01 0
i0 0 010 0i 0 3 \00-2

We recall that the matrix Lie group H is a subgroup of GL,(C) and closed
subgroup as well. A representation of H is given by the following definition

Definition 2.2. [16] A finite complex representation of a matriz Lie group H on
a finite complex vector space V or H ~V is a Lie group homomorphism given by
®: H — GL(V). (2.2)

In the context of representation theory, Definition 2.2 is equivalent to the fol-

lowing definition:

Definition 2.3. [16] A finite complex representation of a matrixz Lie group H on
a finite complex vector space V or H ~ V is a linear action of H on V. Namely,
for all x € H we have

D(g): Vo3v—= P(g)v:=gv e V. (2.3)
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Proposition 2.4. Let & : H ~V be a representation of a matrix Lie group on the
complex vector space V. Then there exists a unique ™:h NV

iq)(eM)b:O (2.4)

m(A) = Y

where (1) = ™),

The representation 7 : h ~ V is named by derived representation associated to
®: H ~ V. Indeed, if H is simply connected then the representation 7 : h ~ V can
be obtained from the representation ® : H ~ V. In our case, SU(3) is topologically
simply connected. Therefore, we can obtain the 7 : su(3) ~ Py from @ : SU(3) ~ Py
where P, is three complex variable homogeneous polynoms.

3. Results and Discussion

Firstly, we compute all exponential matrices in the basis A = {7}, = *%Ck, P2 =
—land k=1,2,---,8} of su(3) as written in Definition 2.1. All computations we
state in the following proposition.

Proposition 3.1. Let A= {7, = ﬁgk, i?=—1and k=1,2,---,8} be a basis
of su(3) as written in Definition 2.1. Then the exponential matrices of elements of
A can be listed in the following forms:

cosg —isin% 0 Ocosg —sin 0
5 N 5 072 .
e’ =1 —i sm§ cos 5 0], = sing  cosg 30 ,
1 0 0 1
e~i/2 cos% 0—1 sing
e’ = 0 1/2 0 = 01 0],
) 8
—tsing 0 cos 3
5 s
cos 5 0 —isin g 1 0 0
e = 0 1 0 =10 cosg —1i smg ,
5 s -8 5
sing 0 cosg 0 —ising cosg
—1
1 0 0 e2v3 0 0
. —i
=10 cos% —sm% , e = 0 ex3 0
0 ) _i_
Osing cosg 0 0 ev3

Proof. We just compute exponential matrices for §7;. The exponential matrices of
other elements can be computed in similar ways. We can observe that the matrix
71 has three linear independent eigenvectors:

0 -1 1
S1 = 0 5 S9 = 1 , 83 = 1 5 (31)
1

corresponding to the eigenvalues A\; = 0, \y = /2, and A\3 = —i/2. By using Propo-
sition 2.3 in [16], €™ can be computed as e®™* = Pe” P! where P is an invertible
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matrix contained all linearly independent eigenvectors of 71 and D is the diagonal
matrix contained all J-multiples of eigenvalues of 77. In other words, we get:

0-11\ /1 0 0 0-11\ "

S =pePpt=10 11 0e/2 0 0 11
1 00 0 0 e ¥/2 1 00

Then we have the exponential matrix of §m; or:

5 )
5 COS§5 —ZSH?O
e’ = | —ising cosg O

0 0 1

as required. O

Secondly, we let SU(3) acts on the space P; by ®. Thirdly, derived representation
of @ is the representation 7 of su(3) realized on the space P;. Now we are ready to
state our main result in the following proposition.

Proposition 3.2. Let A= {7, = *%Ck, i?=—1and k =1,2,---,8} be a basis
for su(3) as written in Definition 2.1 and let
B={v =2 vy =y v3 = 2%, 04 = 2%y, v5 = 2%2,v6 = 2y’ v7 = 2%, (3.2)
Vg = yQZ,Ug = 922,1}10 = zyz} -
be a basis for three-complex homogeneous polynomial space Py of degree 3. Then the
representations of m : su(3) ~ Py with respect to the basis of A are of the forms:

R d - 3.

fo; =7(m)n = 5@(66 Yuyls=o = 521}4 (3.3)
R d - 3

Tovg = T(T2)Vvg = 5@(66 2)ugls=o = —51}6 (3.4)
. d .

Tyv3 = 7(713)V3 = 5@(66 3)ugls=o =0 (3.5)
. d - .

Tavg = 7(T4)Vg = 5@(66 )vgls=o = iv10 (3.6)
bl d 0T 1

Ts5V5 = 7T(T5)U5 = 5@(6 ")’U5|5:0 = V10 — 5111 (37)
. d - )

Teve = w(T6)vg = 5(1)(66 )ugls=0 = V10 (3.8)
) d_

T7U7 = 7T(T7)U7 = 5(1)(66 7)’U7|§:0 = —710 (39)
A d_ s
T8V10 — 71'(7'8)1)10 = 5(1)(66 8)’010|5:o =0. (310)

Proof. Let z be any element of SU(3) and v be element of P;. The map [®(z)v](z) =
v(z712),z € C? is a actually a representation. To see that, let us compute:
O(2)[(y)v](2) = [P(y)v](a"2),
=v(y "z "z2),
= O(zy)v(2).
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We just compute for the cases 7yvy, Tov2, and the last 7ov3. Another case can be
computed in the similar ways. Firstly, from Proposition 3.1 we have:

)

s cosg —ising 0
e’ = fising cosg 0
0 0 1

By direct computation, we have the inverse of €™ is of the form:

4
COS 5
) 0

67’1_ s 0 o
e’ = | ising cosg 0

0 0 1

. e é
tsing 0

In addition, we can compute the representations ®(e®™ )v; as follows:

<I>(e‘571 Yoi1(z) = vy (e_‘ST1 z),

r 5 i b
COS% zsmgO T
=0 ising cosg 0 Y ,
i 0 0 1 z
r ) i O
:Ucos%—&—zysmg
= :Uisin§+ycos§ ,

z

= (xcos = +iysin - )>.
(zcos 5 +dysin 7))
The derived representation of ®(e®™)v; is given by #1v; which is nothing but the
representation 7 of su(3) represented on P;. By direct computations, then we get
an explicit formula in the following form:
d

%1’01 = 7T(7'1)'Ul = £¢(66T1)U1|5:0

6 . . 0.4
= 5(x00s§+zysm§) ls=0

o .0, .0 )
= 3(x cos 3 + iy sin 5) (—x/2sin 5 +iy/2 cos 5)\5:0
= 3(@)(iy/2) = Siay

= *7;1)4.
2

Secondly, we can compute inverse of 2™, namely we have:

§ i 6
Ocos§ sm§O
7(57‘2:

in O k)
e —sm2c0820

0 01

We can observe that:

(2™ )vy(2) = va(e™0™2) = (—x sing + y cos g)?’
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Similarly we have:

d

= E(I)(e&ﬁ )'01 |5:0

’7A'2’U2 :W(TQ)’UQ
) d.3
= E(—xsm§+ycos 5) ls=0
o 0., 0 ]
—S(mcos§+zy81n§) (—x/281n§+1y/2COS§)‘5:0

= 3(—w/2) = ~ iy
3

= _§’U6.

Thirdly, since €™ is the diagonal matrix then the inverse of €™ is easy to consider.
Then we have the representation 73vs = 0 as desired. O

4. Conclusion

We concluded that the representations of 7 : su(3) ~ P; with respect to the basis
of A are of the forms:

d 3

7A'1U1 = W(Tl)’Ul = 5‘1)(657—1)’01“:0 = 5’&@4 (41)
. d 57 3

Tovg = w(T2)ve = 5@(6 Y |s=0 = 751)6 (4.2)
. d -

T3v3 = w(73)V3 = 5@(66 vg|s=0 =0 (4.3)
. d - .

Tavg = w(T4)Vg = 5@(66 Dvy|s=0 = 1010 (4.4)
. d 57 1

T5V5 = 7T(T5>’U5 = 5@(6 )U5|5:0 = V10 — 51}1 (45)
. d . .

Tevg = m(T6)V6 = @@(66 $Yvg|s=0 = 1010 (4.6)
. d .

TFrvr = w(mr)vr = @@(66 urls=0 = —v10 (4.7)
. d .
T8V10 = W(Ts)vlo = @@(66 8)1)10|5:0 = O (48)

We can generalize to the case representations of 7 : su(N) ~ Py where Py, is N
complex variables of degree N.
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