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Abstract. In plant heredity, the phenotype is the result of observation that can
be directly observed, while the genotype is the underlying hidden factor that underlies
the expression of the phenotype. The genotype is an important aspect that needs to be
understood to explain the pattern of trait inheritance and predict trait inheritance in
subsequent generations. The discrete hidden Markov model consists of two key compo-
nents: an unseen Markov chain and an observable process. This model’s structure makes
it suitable for application in the study of tetraploid plant crosses by modeling genotypes
as hidden state and phenotypes as the observation process. The probability of expressing
the dominant phenotype in crosses involving monohybrid, dihybrid and trihybrid traits
with the condition that the previous generation also has a dominant phenotype is 99%
occurring in the sizteenth, twentieth, and twenty second generations consecutively. Fur-
thermore, as more traits are crossed, the probability of dominant phenotype appearing
decreases. When the dominant phenotype occurs, the same genotype can be obtained in
crosses involving monohybrid, dihybrid and trihybrid traits, which is heterozygous in the
first and second generations, while from the third to the next generation it is homozygous
dominant.
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1. Introduction

The heredity of plants or the inheritance of traits from parents to offspring is a
fundamental aspect in the field of genetics and plant breeding. Since the discovery
of the laws of inheritance formulated by Gregor Mendel in 1865, the science of
genetics has developed rapidly and become an important foundation in efforts to
increase productivity and quality of cultivated plants [1].

In the study of plant heredity, the phenotype (physical appearance) is the result
of observation that can be directly observed, while the genotype (genetic composi-
tion) is the underlying hidden factor that underlies the expression of the phenotype.
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Nevertheless, the genotype is an important aspect that needs to be understood to
explain the pattern of trait inheritance and predict trait inheritance in subsequent
generations [2].

The discrete hidden Markov model is a statistical approach that can be used
to model stochastic processes with hidden states that cannot be directly observed,
but can be inferred from observations on observable variables. In plant heredity,
this model can be applied by modeling genotypes as hidden state and phenotypes
as the observation process. In addition, this model is also widely used in other field
of biomathematics, including [3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13].

Hayati et al. [2] in her research was interested in applying this discrete hidden
Markov model to diploid plant crossings. In her research, it can be known that the
probability of dominant phenotype in crosses involving monohybrid, dihybrid and
trihybrid traits with the condition that the previous generation also has a dominant
phenotype is 99% occurring in the 7¢", 8" and 9" generations consecutively. When
the dominant phenotype occurs, the same genotype can be obtained in crosses
involving monohybrid, dihybrid and trihybrid traits, which is heterozygous in the
first generation, while from the second to the next generation it is homozygous
dominant.

In this study, the discrete hidden Markov model is utilized for tetraploid plant
crossings. This is because tetraploid plants often have advantages such as larger
organ size, higher plant vigor, and greater genetic diversity compared to diploid
plants [14]. Furthermore, it is known how the probability of dominant phenotype
and its genotype occurs in tetraploid plant crosses.

2. Discrete Hidden Markov Model

The discrete hidden Markov model (DHMM) consists of two components: an unob-
served Markov chain X = {Xj}ren and an observed process Y = {Xi}ren. The
Markov chain X}, is influenced by X1, and the observation Yj is determined by
X}. The characteristics of DHMM are as follows.

1) The transition probability matrix A = (a;;)nyxn for 4,7 = 1,2,--- | N; is de-
J
fined as:

Qi = P(Xk+1 = ]le = i), Qi Z 0 and Z;»Vzl Qi = 1.

The initial state probability matrix is represented by ® = (m;)nx1 for i =
1,2,---, N; where:

T, = P(Xl = Z), and Zf\;l T, = 1.

(2) The emission probability matrix B = (b;(j))nxa for i = 1,2,--- ,N; j =
1,2,---, M; with:

bi(j) = P(Yi = j X5 =), bi(j) > 0 and 1 bi(j) = 1.

(3) It is assumed that the variables of Y}, and X}, are conditionally independent.



246  Nahrul Hayati et al.

Based on those characteristics, parameters are obtained as the characteristics of
HMM, namely:

A= (A,B,mx).

There are three main problems in DHMM, namely calculating the probability
of the emergence of an observation sequence using the forward and backward al-
gorithms, determining the optimal hidden state sequence using Veterbi algorithm,
and re-estimating the DHMM parameters using the Baum-Welch algorithm so that
the probability P(Y1 = y1, -+, Yk = yx|A) is maximum [15].

3. Crosses of Tetraploid Plant

Gregor Mendel, in 1865, established the theory of inheritance based on his work
with garden peas. He asserted that parents pass discrete genes of their offspring,
which preserve their identity through generations. Genes have various forms called
alleles. An organism with a pair of identical alleles for a trait is homozygous, whereas
one with two different alleles is heterozygous. The dominant allele masks the effect
of the recessive one, meaning an organism’s traits do not always show its genetic
composition. Thus, a distinction is made between the appearance or observable trait
of an organism, called the phenotype, and its genetic makeup, called genotype [1].

To obtain new varieties with superior traits, plant breeding or crossing of plants
is performed. A cross involving a single pair of contrasting traits is called a monohy-
brid cross. A cross involving two pairs of contrasting traits is called a dihybrid cross,
and one involving three pairs of contrasting traits is called a trihybrid cross. These
crosses begin with a cross between a pair of true-breeding (homozygous) parental
line (P;) to produce the first filial generation (F;). Then, a cross is made among
the Fy individuals (P3) to produce the second filial generation (F3). To determine
all possible genotype of phenotype combination in such crosses, a Punnett square
can be used [1].

In tetraploid plant, the crosses that occur result in offspring that are also
tetraploid with four complete sets of chromosomes in their somatic cells. Tetraploid
crosses can cause genetic variation and can produce new adventageous traits in plant
breeding. This is because tetraploid plants often have advantages such as larger or-
gan size, higher plant vigor, and greater genetic diversity compared to diploid plants
[14].

3.1. Monohybrid Crosses

P . FFFF x ffff
Py : FFff

P : FFff x FFff
Gamete : FEFf ff
FQ :

The k" descendant genotype denoted by X, random variable and state space
of a Markov chain {X}} is:
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FF Ff ff
FF FFFF FFFf FFff
Ff FFFf FFff Ffff
rf FEff Ffff f1rf

The k' descendant phenotype denoted by Y, random variable and state space
of an observation process {Y}} is:

L

Sy ={F, f}
Markov Chain
,—-~~ /—-~
FFFF | FFEf / FFFF | FFEf /
FFffIFfff FFffIFfff

e

Observation Process

Figure. 1. Monohybrid Crosses of Tetraploid Plant

Based on Figure 1, it is known that the first generation has a heterozygote
genotype F'F f f, so the first generation has a dominant phenotype F'. The dominant
phenotype F on the second generation is influenced by unknown genotype whether
it is heterozygote FFFf, FFff, Ffff, or homozygote FFFF.

The characteristics of HMM for monohybrid crosses are transition probability
matrix Aj, emission probability matrix By, and probability matrix of the initial
state 7r1. The first is determining transition probability matrix A;. The dimension
of matrix A; is 5 X 5, that is determined by number of state space Sx. The entries
of matrix A; are obtained by punnett square of state space Sx.

FFFF x
(F'F)

FFFF
(F'F)

FFFF 100%
apppp’j:[l 0 0 O 0}

FFFf x
(3FF,3Ff)

FFFf
(3FF,3Ff)
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3FF 3Ff
3FF 9FFFF 9FFFf
3Ff 9FFF§ IFFff
FFFF(3), FFFf(3), FF1(5), Ff11(0), £11(0)
arprr;=I1 3 7 0 0
FFff X FFff
(1FF,4Ff,1ff) (1FF,4Ff,1ff)
1FF 4F f 1ff
IFF \FFFF AFFFf IFFff
AFf AFFFf 16FFff AFfff
1ff LFFff AFSff Lffff
FFFF(55), FFFf(3), FFff(3), Ffff(3), [Tff(55)

a ._[L 2 1 2 L]
FFffj =13 9 2 9 36

Ffff X Ffff
(3Ff,3ff) (3Ff,3ff)
3Ef 3ff
3EFf IFFff OFfff
3ff IEfff 9GFfff

FFFF(0), FFFf(0), FFff(3), Ffff(5), [11f(3)

1 1 1
arffr; =10 0 3 35 7]

TIrf x TIrf
(ff) (ff)
ffff 100%
afrrrg =10 0 0 0 1]

Therefore, the transition probability matrix A is:

o= O
= O
v OO

A =

o O geim =
o oo
O =N
O N
—aRg- o o

The second is determining emission probability matrix B;. The dimension of
matrix By is 5 X 2, that is determined by number of state space Sx and Sy.
The first column of matrix By tells that type FFFF, FFFf FFff and Ffff of
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genotype will be observed as dominant phenotype F. The second column of matrix
B tells that type ffff of genotype will be observed as recessive phenotype f.

brrrr(F) brrrr(f) 10
brrrf(F) brrrs(f) 10
By = | bprss(F) bprsp(f) | = (10
brprs(F) brgss(f) 10
brprr(F) brprr(f) ] [01]

The third is determining probability matrix of the initial state 7ry. The dimen-
sion of matrix 7y is 5 X 1, that is determined by nuber of state space Sx. Since
Mendel start the parental generation with heterozygote plants and P, has only one
heterozygote i.e. FFff, therefore the initial value of m; is one for type FFff of
genotype and zero to the other.

TFFFF 0
TEFEf 0
= | wrrfp | = |1
TFEfff 0
| mrrrr | [0
3.2. Dihybrid Crosses
P : FFFFGGGG x ffffagggy
Fy : FFffGGgg
P, . FFffGGgg x FFffGGgg

Gamete : FFGG,FFGg, FFgg, FfGG,FfGg,Ffgg, ffGG, ffGg, ffgg

The k" descendant genotype denoted by X, random variable and state space
of a Markov chain {X}} is:

Sx ={FFFFGGGG, FFFFGGGy, FFFFGGyy, FFFFGggg, FFFFgg9gg,
FFFfGGGG, FFF GGGy, FFF fGGgg, FFF fGggg, FFF fgggg,
FFffGGGG, FFffGGGy, FF[fGGgg, FF[ffGggg, FFf[fg999,
FfffGGGG, FfffGGGy, FfffGGgg, FfffGgag, Ffffgggg,
[IffGGGG, ffffGGGy, ffffGGag, [fffGaggg, ffffagag}.

The k" descendant phenotype denoted by Y; random variable and state space of
an observation process {Yj} is:

SY:{FGaFgafGafg}

The characteristics of DHMM for dihybrid crosses can be determined using the
same method with the previous crosses.
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1A, 0 0 0 O B1 0 0

14, A1 24, 0 0 B; 0 0

Az = | LA 24, 14,24, LA, |, Bo=|B, 0 |, 2= |m
0 0 A;14, 14, B; 0 0
| 0 0 0 0 14, | | 0 B | | 0 |

3.3. Trihybrid Crosses

Py : FFFFGGGGHHHH x ffffgggghhhh
Fy : FFffGGggHHhh
Py . FFffGGggHHRh x FFffGGggHHhh

Gamete : FFGGHH,FFGGHh, FFGGhh, FFGgHH, FFGgHh, FFGghh,
FFggHH,FFggHh, FFgghh, F fGGHH,F fGGHh, F fGGhh,
FfGgHH,FfGgHh,FfGghh,FfggHH,F fggHh, F fgghh,
ffGGHH, ffGGHh, ffGGhh, ffGgHH, f fGgHh, ffGghh,
ffogHH, ffggHh, f fgghh

The k" descendant genotype denoted by Xj random variable and state space

of a Markov chain {Xj} is:

Sx ={FFFFGGGGHHHH, FFFFGGGGHHHh, FFFFGGGGHHhh,
FFFFGGGGHRMh, FFFFGGGGhhhh, FFFFGGGgHHHH,
FFFFGGGgHHHh, FFFFGGGgHHh, FFFFGGGgHhhh,
FFFFGGGghhhh, FFFFGGggHHHH, FFFFGGggHHHh,
FFFFGGggHHMh, FFFFGGggHhhh, FFFFGGgghhhh,
FFFPFGgggHHHH, FFFFGgggHHHh, FFFFGgggHHhh,
FFFFGgggHRMR, FFFFGggghhhh, FFFFg9g9ggHHHH ,
FFFFgg9ggHHHh, FFFFggggHHRh, FFFFqggggHhhh,
FFFFgggghhhh, FFFfGGGGHHHH, FFFfGGGGHHHh,
FFFfGGGGHHhRh, FFFfGGGGHhhh, FFF fGGGGhhhh,
FFFfGGGgHHHH, FFF{fGGGgHHHh, FFF fGGGgHHhh,
FFF{GGGgHMML, FFFfGGGghhhh, FFF fGGggHHHH,
FFFfGGggHHHh, FFFfGGggHHhh, FFF fGGggHhhh,
FFFfGGgghhhh, FFFfGgqggHHHH, FFF fGgggHHHI,
FFFfGgggHHWh, FFF fGgggHhhh, FFF fGggghhhh,
FFFfgg9ggHHHH, FFF fgqegggHHHh, FFF fggggH Hhh,
FFFfggggHRhh, FFF fgggghhhh, FFffGGGGHHHH,
FFffGGGGHHHh, FFffGGGGHHhh, FF ffGGGGHhhh,
FFffGGGGhhhh, FFffGGGgHHHH, FFffGGGgHHHh,
FFffGGGgHHhIh, FFffGGGgHhhh, FF f fGGGghhhh,
FFPffGGggHHHH, FFffGGggHHHh, FFffGGggHHhh,
FFffGGggHhhh, FFffGGgghhhh, FFffGgggHHHH,
FFffGgggHHHh, FFffGgggHHhh, FF ffGgggHhhh,
FFffGggghhhh, FFffggggHHHH, FF ffgg9gHHHh,
FFffggggHHhh, FFffgg9gHhhh, FFffgggghhhh,
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FfffGGGGHHHH, FfffGGGGHHHI, FfffGGGGHHhh,
FfffGGGGHRhh, FfffGGGGhhhh, FfffGGGgHHHH,
FfffGGGgHHHM, FfffGGGgHHIh, FfffGGGgHhhh,
FfffGGGghhhh, FfffGGggHHHH, FfffGGggHHHA,
FfffGGggHHRh, FfffGGggHhhh, FfffGGgghhhh,
FfffGegggHHHH, FfffGgggHHHh, FfffGgggHHhh,
FfffGgggHhhh, FfffGggghhhh, Ffffg99gHHHH,
FfffggeggHHHh, FfffggggHHhh, F[ffgg99Hhhh,
Ffffgggghhhh, ffffGGGGHHHH, ffffGGGGHHHM,
ffffGGGGHH, ffffGGGGHILA, ffffGGGGhhhh,
ffffGGGgHHHH, ffffGGGgHHHh, ffffGGGgHHh,
ffffGGGgHRRh, ffffGGGghhhh, ffffGGggHHHH,
[1ffGGggHHHM, [ fffGGggHHh, ffffGGggHhhh,
T1ffGGgghhhh, ffffGoggHHHH, ffffGgggHHH,
[rffGgggHHRR, ffffGgggHhhh, ffffGggghhhh,
Trffgg9gHHHH, ffffgg9ggHHHN, ffffg9999HHhh,
ffffagggHhhh, ffffgggghhhh}.

251

The k' descendant phenotype denoted by Y} random variable and state space
of an observation process {Y}} is:

Sy ={FGH,FGh,FgH, Fgh, fGH, fGh, fgH, fgh}.

The characteristics of DHMM for trihybrid crosses can be determined using the
same method with the previous crosses.

As =

(14, 0 0 0 0 | (B, 0 | [0 ]
i42 34234 0 0 B; 0 0
35A2 2A3 A3 2A5 55 Ay |, B3 = | By 0 |, 3= | m
0 0 1A,14, 14, B; 0 0
0 0 0 0 1A, 0 B, 0

Based on Subsection 3.1, 3.2, and 3.3, the general form of the characteristics of
HMM on crosses of tetraploid plant is as follows.

Apt1 =

1A, O 0 0 0 B 0

1Ak Ak 3A: 00 By 0

?16Ak %Ak 1A, %Ak 3*164419 yBr+1= | Br 0 | y7kt1 =
0 0 14,14, 3A; B 0
0 0 0 0 1A, 0 By

4. Utilizing Discrete Hidden Markov Models

The initial problem in DHMM is determining the probability of an observation
sequence occurring using the forward and backward algorithms. The following is
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the probability that model A = (A, B, m) produces the observation sequence O =
{F,F,F,F,F,F,F, F, F,F} in monohybrid crosses of tetraploid plants.

Table 1. The Forward and Backward Algorithm of Monohybrid Crosses

t |1 2 3 4 . 8 9 10
ar(1) | 0] 0,02778 | 0,09722 | 0,16281 | --- | 0,33720 | 0,36434 | 0,38695
ar(2) | 0] 0,22222 | 0,22222 | 0,19136 | --- | 0,09303 | 0,07752 | 0,06460
a(3) [ 1| 05 |036111 | 029167 | --- | 0,13954 | 0,11628 | 0,09690
ar(4) | 0] 0,22222 | 0,22222 | 0,19136 | --- | 0,09303 | 0,07752 | 0,06460

a(5) | 0 0 0 0 . 0 0 0
P(O|N) 0,61305

t |10 9 8 7 . 3 2 1

B | 1 1 1 1 . 1 1 1
Bi(2) | 1 1 0,99306 | 0,97222 | --- | 0,87015 | 0,85077 | 0,83430
B:(3) | 1 ]0,97222 | 0,90278 | 0,83719 | --- | 0,66280 | 0,63566 | 0,61305
B4) | 1| 0,75 | 061806 | 0,53472 | --- | 0,37405 | 0,35273 | 0,33528

Bi(5) | 1 0 0 0 . 0 0 0
P(O|N) 0,61305

The calculation in the forward and backward algorithms yields the same
probability value. Therefore, the probability of the dominant phenotype F' occurring
over ten generations during that period is 0,61305 or 61,305%.

After knowing that the probability of observation is 0,61305, the next problem
is determining the optimal hidden state sequence in this case, which is genotype
{FFFF,FFFf,FFff,Ffff,ffff} Thissecond problem can be solved using the
Veterbi algorithm.

Based on the calculation from the Veterbi algorithm, it can be known that when
the dominant phenotype F' over ten generations occurs, the most optimal sequence
of hidden state is:

v ={FFff FFFf FFFF,FFFF,FFFF, .- ,FFFF,FFFF}.

The last problem is re-estimating the HMM parameters using the Baum-Welch
algorithm. The process of re-estimating the HMM parameters is carried out to
obtain a new parameter A = (A, B, 7). These new parameters are what result in
P(O[)) > P(O|N\).
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Table 2. The Veterbi Algorithm of Monohybrid Crosses

t |1 2 3 4 8 9 10
5:(1) | 0] 002778 | 0,05556 | 0,05556 | --- | 0,05556 | 0,05556 | 0,05556
5,(2) | 0022222 | 011111 | 0,05556 | --- | 0,00347 | 0,00174 | 0,00087
5(3) [ 1] 05 0,25 | 0,125 | --- | 0,00781 | 0,00391 | 0,00195
5,(4) | 0] 022222 | 011111 | 0,05556 | --- | 0,00347 | 0,00174 | 0,00087
s(5) o] o 0 0 0 0 0
Pt 0,05556
5" 1 (FFFF)
t |1 2 3 4 8 9 10
e o] 3 2 1 1 1 1
w2 ol 3 2 2 2 2 2
w(3) | 1 3 3 3 3 3 3
v o] 3 3 3 3 3 3
i)l o] 3 4 4 4 4 4
[ 1 0 0 0 0] [10] 0]
0,27415 0,51136 0,21449 0 0 10 0
Ay = | 0,04018 0, 28986 0,52535 0,14461 0 | , By = 10|, 1 = |1
0 0 0,43363 0,56637 0 10 0
0 0 0 0 0 01 0]

The problems of HMM for dihybrid and trihybrid crosses can be solved in the
same way with monohybrid crosses. In the dihybrid crosses, it is known that the
probability of dominant phenotype F'G occurring over ten generations during that
period is 0,37583 or 37,583%. Next, when the dominant phenotype F'G over ten
generations occurs, the most optimal sequence of hidden state is:

ot = {FFffGGgg, FFFfGGGg, FFFFGGGG, --- ,FFFFGGGG}.

In the trihybrid crosses, it is known that the probability of dominant phenotype
FGH occurring over ten generations during that period is 0,23041 or 23,041%.
Next, when the dominant phenotype FGH over ten generations occurs, the most
optimal sequence of hidden state is:

o* = {FFffGGggHHh, FFFfGGGgHHHh, FFFFGGGGHHHH, - - }.

In this context, we have derived the conditional probability P(Yy = yx|Y7 =
Y1, Ype—1 = Yg—1) in monohybrid, dihybrid and trihybrid crosses (Table 3). For
ease of notation, it is defined as:
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P, = dominanﬂYl"_l = dominant) represents P(Y, = F\Yln_1 = F) in

monohybrid crosses.

P(Y,, = dominant|Y1"™ !

dihybrid crosses.

P(Y,, = dominant|Y;"*

FGH) in trihybrid crosses.

Y™ = F represents Y,

Y1" = FG represents Y7 = FG, Y5
Y1" = FGH represents Y;

Crosses.

= FY,=F,- -

= dominant) represents P(Y,

= FGH,Y, = FGH, -

Table 3. Conditional Probability of Tetraploid Plant

= dominant) represents P(Y;,, = FG[Y;" "' = FG) in
= FGHY," ' =
,Y,, = F in monohybrid crosses.

=FG@G,---,Y, = FG in dihybrid crosses.
,Y, = FGH in trihybrid

Conditional Probability Monohybrid  Dihybrid  Trihybrid
P(Y11 = dominant|Y1'*° = dominant)  0,969265 0,939474  0,910599
P(Y15 = dominant|Y1*' = dominant) 0,973575 0,947849  0,922802
P(Yis = dommant|Y1 = dominant) 0,977382 0,955275 0,933668
P(Y14 = dominant|Y1™® = dominant) 0,980715 0,961802  0,943254
P(Yi5 = dominant|Y,'* = dominant) 0,983614 0,967495  0,951641
P(Yig = dominant|Y1'® = dominant)  0,986117 0,972427  0,958926
P(Yi7 = dominant|Y1'® = dominant) 0,988268 0,976673  0,965215
P(Y1s = dominant|Y1'" = dominant) 0,990107 0,980312  0,970614
P(Y19 = dominant|Y1'® = dominant) 0,991674 0,983417  0,975228
P(Yao = dommant|Y1 = dominant) 0,993003 0,986055 0,979156
P(Yy = dominant|Y1*° = dominant) 0,994128 0,988291  0,982488
P(Yy = domznanﬂYl = dominant) 0,995078 0,990180 0,985306
P(Ya3 = dominant|Y,*?* = dominant) 0,995878 0,991773  0,987685
P(Yay = dominant|Y1** = dominant) 0,996551 0,993113  0,989688
P(Yas = dominant|Y1** = dominant) 0,997116 0,994240  0,991372

From Table 3, it is known that the probability of dominant phenotype in crosses
involving monohybrid, dihybrid and trihybrid traits with the condition that the
previous generation also has a dominant phenotype is 99% occurring in the 16",
20", and 22"¢ generations consecutively. As the number of plant generation grows,
the probability of plants showing a dominant phenotype becomes higher. Neverthe-
less, the increase is quite slow. Moreover, the probability of a dominant phenotype
decreases as more traits are crossed.



Utilizing Discrete Hidden Markov Models to Analyze Tetraploid Plant Breeding 255

5. Conclusions

The DHMM can be utilized for tetraploid plant crosses. The probability of dominant
phenotype in crosses involving monohybrid, dihybrid and trihybrid traits with the
condition that the previous generation also has a dominant phenotype is 99% oc-
curring in the sixteenth, twentieth, and twenty second generations consecutively. As
the number of plant generation grows, the probability of plants showing a dominant
phenotype becomes higher. Nevertheless, the increase is quite slow. Moreover, the
probability of a dominant phenotype decreases as more traits are crossed. When the
dominant phenotype occurs, the same genotype can be obtained in crosses involving
monohybrid, dihybrid and trihybrid traits, which is heterozygous in the first and
second generations, while from the third to the next generation it is homozygous
dominant.
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