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Abstract. In this paper we investigate the boundedness properties of generalized
fractional integral on generalized weighted Morrey spaces over metric measure spaces.
The measure used in this paper is a doubling measure which satisfies the growth con-
dition. The results show that the generalized fractional integral is bounded from one
generalized weighted Morrey spaces to another generalized weighted Morrey space over
metric measure spaces either with the same or with the different parameters. Our results
extend the known results for fractional integrals on generalized Morrey spaces. We then
investigate the regularity of the solution of Dirichlet problem with the data in generalized
weighted Morrey spaces by using the boundedness properties of the generalized fractional
integral on generalized weighted Morrey space.

Keywords: Sublinear operator, Generalized weighted Morrey space, Metric measure
space, Dirichlet problem
1. Introduction

Let X = (X, u,d) be a set equipped with a o—finite measure p and a metric d.
Here we assume that X is nonempty. The metric d is a nonnegative function d on
X x X that satisfies the following conditions.

(1) For all z,y,z in X we have
d(z,y) < d(z, z) + d(y, 2). (L.1)
'Y)

(2) For all z,y € X, it holds that d(x
(3) d(z,y) =d(y,z) for all z,y € X.

=0 if and only if x = y.

For a € X and r > 0 we denote B(a,r) by a ball centered at a with radius r,
that is the set of all x € X such that d(x,a) < r. We assume that the measure p is
doubling measure, i.e., there is a constant C' > 0 such that:

w(B(a,2r)) < Cu(B(a,r)), a€ X,r>0.
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Moreover, p satisfies the growth condition [1,2], i.e., there are a constant C' > 0
and an exponent n > 0 such that:

w(B(a,r)) < Cr", (1.2)

for all @ € X and r > 0. The assumptions then imply that:

oo MBE@t) 1ty
w(Bla,r)) — 7 27

where C is positive constant that does not depend on a,t, and r. We then call

X = (X, pu,d) = (X, u,dg) as metric measure space. If E is a set in X, then E°

denotes the complement of F on X. Macias and Segovia [3] proved that if (X, d, i)

is given, then we can always find a continuous quasi-distance d’ such that there are

two positive constants A; and A, for which:
Ard'(z,y) < d(z,y) < Aod'(z,y), w,y€X.

Therefore, we always assume that the metric d is continuous. In this paper, we also
always assume that diam(X) = oco. Basics and some results for metric measure
spaces may be found in [4,5,6].

With the doubling measures p satisfying the growth condition, we consider
the operators used in this article. First, we define the Hardy-Littlewood maximal
operator M as:

1
M) = s ey

Next, we consider the generalized fractional integral over metric measure spaces.

Suppose that p is a function from [0, 00) to [0, 00). The generalized fractional integral
1, is defined by:

z(H@) = [ A fauty). o € suppli)

for all suitable function f where n is a constant as in the inequality (1.2). If p(t) = t*

|f(y)|dp(y)-

where 0 < o < m, then Z, is just the fractional integral I,,. Moreover, for the function
p we also define the generalized fractional maximal operator M, as:

M, (f)() = sup 2O /B L IG),

t>0 1"

for x € X and suitable function f on X. The relation between Z, and M, is the
inequality:

My (f)(x) < CLo(|f1) (). (1.3)

Through this article, the function p is doubling, namely there is a constant C' > 0
such that 1/C < p(t)/p(r) < C for 12/ < t/r < 2. We may see that p(t) = t“ is
doubling.

Morrey spaces over Euclidean spaces were first introduced by C.B. Morrey in
[7] in 1938 to study the local behaviour of solution of elliptic partial differential
equations. Morrey spaces were then generalized become generalized Morrey spaces
[8,9], weighted Morrey spaces, [10], and generalized weighted Morrey spaces [11]. We
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shall study the operator Z, on generalized weighted Morrey spaces where Euclidean
spaces R" is replaced by the metric measure space X.

In the case X = R" equipped with the Lebesgue measure and the standard
Euclidean distance, Z,, is bounded from one generalized Morrey space to another
generalized Morrey space with the same parameter p for certain assumptions [12].
By inequality (1.3), it thus implies that M, is bounded on the spaces under the
same assumption. Some other researchers studied the boundedness of Z, from one
generalized Morrey space with parameter p to another generalized Morrey space
with parameter ¢, see [13,14] for example.

In this article, we study the boundedness property of the generalized fractional
integrals on generalized weighted Morrey spaces over metric measure spaces. There
are two different versions for boundedness property of the generalized fractional
integrals we obtain. The first one states that Z, is bounded from one generalized
weighted Morrey space to another generalized weighted Morrey space with the same
parameter p. This result extends [12,15].

The second result states that Z, is bounded from one generalized weighted Mor-
rey space to another generalized weghted Morrey space with different parameter.
This result extends [13,14,16]. However, the boundedness property we obtain may
be viewed as Adams-Gunawan-type inequality. The boundedness properties of Z,
that was obtained then imply the boundedness of the generalized fractional maxi-
mal operator M, on generalized weighted Morrey spaces over metric measure spaces
under the same assumptions. As the application of the boundedness property, we
investigate the regularity of the solution of Dirichlet problem with the data in
generalized Morrey spaces.

2. A, weights and generalized weighted Morrey spaces over metric
measure spaces

From now, we assume that X is a metric measure space equipped with a metric d
and a doubling measure p satisfying the growth condition. A weight w is a locally
u—integrable function on X taking values in the interval (0, 00) almost everywhere.
If w is a weight on X, then we write w(E) = [, w(y)du(y) for all p—measurable sets
E. One of the weight classes used in this paper is A, (u) weight class. The following
is the definition of A,(u) weight class [17,18]. We also use the class A, ,(u1) and

Ap (1)

Definition 2.1. Forl < p < oo, A,(u) is set of all weights w on X such that there
is a constant C > 0 for which:

1 1 _%1 i p—1
(M(B(aﬂ")) /B(w)w(x)dﬂ(x)> (M(B(GJ‘)) /B(a’r)w(w) =1 )> <C

for every ball B(a,r) in X.

If X =R", then A, () is classical A, class as in [19,20]. Related to the properties
of classical A, weights as in [19,20,21], we have Theorem 2.2 as follows.
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Theorem 2.2. [22] For each 1 < p < 0o and w € Ay(u), there exist two positive

constant C' such that:
P
o) o (MDY
w(E) H(E)
for every ball B in X and p—measurable subset E of B.

We also define the Muckenhoupt class A (1) as in the following definition.

Definition 2.3. [22] A, (1) is the set of all weights w such that there are constants
C >0 and 6 > 0 for which:

w(E) w(E)’
whenever E is a p—measurable subset of a ball B in X and p(E) > 0.

(u(3)>6 _oB)

By the result in [23], for 1 < p < ¢ < oo it holds that A, C A; C A. Hence,
we have the relation:

Ut<p<ooAp(p) € Aso(). (2.1)

Related to the second version of the boundedness properties of generalized fractional
integrals, we define A, ,(u) as follows.

Definition 2.4. Let 1 <p < ¢ < oo and p’ satisfies 1/p+ 1/p’ = 1. We denote by
Ay q(p) the set of all weights w for which:

7

: Ydp(x % L w(E) P dulz i
(M(B(a’r)) /B(w)U}(x) et )> (M(B(a,r)) /B(a,r) ot )> =

for all (a,r) € X x (0,00) where C > 0 is a constant that does not depend on a and
7.

We see that for 1 < p < ¢ < oo and w € A, 4(u), then w? € A,(p) and
w9 € Ay(p). Therefore, w? and w? in Ao (1) by (2.1) and there is a constant C' > 0
such that:

a,1))7

1 _ wr(Bla,t)r/wi(Bla,t)
a,n)’

C ™ wr(B(a,r))7 /wi(B

<C, <-<2

N | =
=< |

(
(

We generalize the weight class A, ,(1) to be the weight class Af (u) as in the
following definition.

Definition 2.5. Let 1 < p < g < oo and p’ satisfies 1/p+ 1/p' = 1. We denote by
Ap (p) the set of all weights w for which:

L
7

p(B(a,r)) </B<a,r> (tud )> (/BW) ()77 du( )) <C,

for all (a,r) € X x (0,00) where C > 0 is a constant that does not depend on a and
T.
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For a weight w on X and 2 is a u-measurable set in X, we define the weighted
Lebesgue space L™ (2, 1) to be the set of all y-measurable functions f on § for
which

Ifllzew . = (/Q If(z)lpw(x)du(a:)); < 0.

We write LP"(u) = LP™ (X, p1). Moreover, For 1 < p < oo and a weight w on X,
the set L () is the collection of all y-measurable functions f such that Xp - f is
in LP*(u) for each ball B in X.

We now present the definition of the generalized weighted Morrey spaces over

metric measure spaces.

Definition 2.6. Let 1 < p < oo,w € Apy(u), and ¢ be a positive function on
X x (0,00). The generalized weighted Morrey space MY™ () = MU™ (X, d, u) is
the set of all functions f € L} (u) such that

1 1

[f sz = sup 1f Lo (B(a,r)u < 00
¥ (N) a€R™,r>0 ?ﬁ(aﬂ“) w(B(a,r))% ( (ar);)

If X = R"™ equipped with a Lebesgue measure and the Euclidean distance, we
write MUY = M (). If w is assumed to be constant a.e., then M (u) is the
generalized Morrey space MY, on R™ as in [24]. If ¢(a,r) = w(B(a,r))_%, then
/\/lf/’)’w is the weighted Morrey spaces [10] where 1 < p < ¢ < oo. Moreover, if
we set ¢(a,r) = |B(a,7‘)|7% where 1 < p < g < oo and w is constant a.e., then
M (i) is the classical Morrey space as in [7,25,26,27]. With Definitions 2.6, we
shall investigate the boundedness of the Hardy-Littlewood maximal operator M and
the generalized fractional integral Z, from M;* (1) to M3 () where 1 < p < oo.
Moreover, we also investigate the boundedness of Z, from M}"(u) to M3 (1)

P a

where 1 < p < ¢ < c0.

3. Generalized fractional integrals on generalized weighted Morrey
spaces over metric measure spaces

In this section, we prove the boundedness of generalized fractional integral Z, on
generalized weighted Morrey spaces over metric measure spaces. The following two
theorems are the boundedness properties of the Hardy-Littlewood maximal operator
M. The theorems as in [28] tell us that M is bounded from one generalized weighted
Morrey space to another generalized weighted Morrey spaces that generalized some
results in [29] particularly for M.

Theorem 3.1. Let 1 < p < 0o and w € A,(u). Suppose that 11 and e are two
positive function on X x (0,00) for which there is a positive constant C > 0 such
that:

/m wl(a,t)% < Cn(a,r), (a,r) € X x (0,00). (3.1)

Then, M is bounded from M, " (n) to My " (1).
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Theorem 3.2. Let 1 < p < 0o and w € A,(u). Suppose that 11 and e are two
positive function on X x (0,00) for which there is a positive constant C > 0 such
that:

sup ¥1(a,t) < Cis(a,r), (a,r)€ X x (0,00). (3.2)

r<t<oo
Then, M is bounded from M3, " (n) to My (1).

We denote Z,(w) by the set of all pairs of functions (11,2) which satisfy Eq.
(3.1) or Eq. (3.2). By the notations, we provide two theorems about the boundedness
of generalized fractional integral Z, on generalized weighted Morrey spaces over
metric measure spaces. We prove the the theorems by using the boundedness of
Hardy-Littlewood maximal operator on the spaces. The following theorem is our
first main result about the boundedness of generalized fractional integral Z, on
generalized weighted Morrey spaces over metric measure spaces.

Theorem 3.3. Let 1 < p < oo and w € Ay(u). Assume that p is doubling and
there exist a positive constant C' > 0 such that:

1 P(th (aat)

¢ = syrtar) =@

t
Jorae X and 5 < < 2. If

1
2

br(ar) / o)Lt + / o0 (0,0 < Cs(a,r), € Xr >0

and (11,12) € Zp(w), then, I, is bounded from Mi" (n) to M (p).

Proof of Theorem 3.3. For r >0 and f € M} (u), we write:

[ A plidz,)
L@ = [ e+ [ EER i)

= Il (x) + IQ(iE)

Note that, by the assumption, we have that:

okt1,

/ )2 = /2 PCT) gy /1 p(Qth)% > Cp(2kr),

Ky 4 2krt

(NI

where C is not dependent on r > 0. We shall find the estimate for Z; (x) and Zy(x).
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First, for Z;(z), by the last inequalities,

men< [ AR i),

-1

3 / pld(z,y))
b — oo ¥ 2Fr<d(z,y)<2k+ir d(ﬂfvy)”

—1

2k
§02/2 p(2°r)

)
ke kr<d(z,y)<2k+ir d(.’l?,y)n

f(y)du(y),

p
<c Z /d —r

<o Z S Lo @),

-1

<CMfz) S p2*),
k=—o0

ok+1,

< CMf(z Z/Qk

0% =carw [ o
Hence,

dt

il 0y < CNM Fllnsaryn | 2OF

2(a,r)

S CM flLew(B(ar), (@)’

and
;HzlnL”v“’(B(ar) )SC;HMJCHLM(B(LL r) )
Pa(a,r) e 1 (a,r) s
Therefore,
1 1
¥2(a,7) w(B(a,r))”

1 Z1 | ew (Bayr) ) < CHMfHMP w

By the assumption, Theorem 3.1 and Theorem 3.2 imply that:

1 1
¥2(a,) w(B(a,r))7

IZall 2o (Bairy < ClFllaaze - (3:3)

For Zy(z) wee see that:

o pld(z.1))
)<Y / B a0

0 2k+1
L /) ldu(y).
d(z,y)<2ktir

Z Cann

\ /\
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If € B(a,r) and d(x,y) < 2517, then d(y,a) < d(z,y)+d(x,a) < 2Fr4+r < 28+1y,
Hence, by the assumption, we have that:

Z 2k+1
To(@)| < C / F@)ldn(),
e 1 2k+1 d(a,y)<2k+2r
o0 2k+2 /
< |f(y)]dp(y),
g d(a,y)<2k+2r
s 2k+2 )
< du(y),
<oy G%W»AmeJW”M”

k=1
for x € B(a,r). By Lemma 5 in [28], for all k¥ € N it holds that:

1 1
(Bla. 9k+F1e)) d SC—r— g pyw a r),u)
n(B(a, 2++1r)) /d(w,y)<2k+1r Fw)ldnly) < w(B(a, 2k+1r)) 1 llzee(Bazeein.im

where C' > 0 does not depend on a and r. Moreover, by the assumption,

2k+1

/Qk'r

2 p(2Frt)epy (a, 257)

2k rdt
2kt rat,

p(tyn(a, K1) = A

1
:/l p(2Frt)yy (a, 2krt)i > Cp(28r)aby (a, 257),

where C' does not dependent on a € X and r > 0. Thus,

= 1
_ k+2
|Z2(7)| = CZP(Q T)WHf”LP’w(B(a,Qk*lr),u)v

<C Z p(25T2 1)y (a, 227 LAz ey
k=1

27€+3
dt
< Clfllaegs ZLH (tyr(a )%

d
< Clllagin [ on(an

and by the assumption,

| Za(2)| < Call fllaazuytpa(a, ), @ € Bla,r).

Therefore,

1Ze o (30 < CollFllaas e (@ ryw(Bla,r)) 7.
Hence,
1 1
Va(a,7) w(B(a,r))>
By combining Eq. (3.3) and Eq. (3.4), we have that:
1 1
V2(a,7) w(B(a,r))7

)

T Z2llzowBar) ) < Callfllaezy - (3.4)

1Zo (Nl e (Blary.my < ClFllamne s
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and ||Z,(f )HM,’;’I“’(M) < C”f”/\/lﬁ';”(u)- This proves that Z, is bounded from M3 (1)
to ¢2w (1) =]

For M,, we have the following corollary.

Corollary 3.4. Letl < p < oo andw € Ap(p). Assume that p is doubling and there
exist a positive constant C > 0 such that 1/C < (p(t)1(a,t))/(p(r)1(a,r)) < C
forae X and%gﬁgl If

br(ar) / o)Lt + / o0 (0,0 < Cr(a,r), € Xr >0

and (Y1, v2) € Zp(w), then M, is bounded from M (1) to M ().

Based on Theorem 3.3, Z, is bounded from M (1) to M7 (1) under some
assumptions. This theorem generalize the result in [12,15]. However, the result can-
not be viewed as a generalization of the known results for I,, as in [9]. Therefore, we
also provide the extension for the known results for I, as in the following theorem.

Theorem 3.5. Let 1 < p < q < oo and wr € Ap (w). Suppose that
there are positive constants C7 and Cy such that p is doubling, and 1/Cy <

pO)Y(a,t)/(p(r)(a,r)) < Cy for 1/2<t/r <2 and a € X. If
ar) (oo [ RB@OT e
won) Lo+ [ TR w0 < cwant,

and ¢ € Zp(w), then I, is bounded from Mi* () to Mzg’(u)

P
q

a€e X, r>0,

Proof. Let f € M["(n) and we may assume that Hf||Mpw(#) =1 Forae X
and r > 0, we write Z,(f)(x) = Z1(x) + Zo(x) where = € B(a r). We shall estimate
Zy(x) and Zy(x). For Z; (), we have that:

mls [ AR,

-1
/ pld(z,y))
oo Y 2Fr<d(z,y)<2k+ir d(x y)

|f(y)ldp(y),

k=—

-1
p(2r)
< ;OO (k) /d(ac,y)<2k+1 |f()ldp(y)

p(2°r)
<¢ Y G Lo )

-1 ok+1,.

<03 p@N)M(f)() < CM(S) Z /

k=—oc0

=CM(f)(z) /Orp( )7 < CM(f)(2)¢(a,r)P~D/e,

For Z(x), by Holder’s inequality, the assumption that wr € Ap (1), we have
that for z € B(a,r),
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<3 P9, ) du(y),

2 Joercatepeionr d,y)

[f (W)ldp(y),
k=0 (2k7«)n /2’“r<d(z,y)<2k+1r )‘ ( )

o p(282r)
<> @2y /d(a’y)dwr |f()ldp(y),

oS~ P2
<O T oy o N0

2k+27,)

— B fl e (Bla 2k 2y =+ ,
a’2k+2r))||f||L (B(a,2%+2r) (/B(G’W%)W(y) p M(y)>

oo IES
|~

= w# (B(a,2k+2r))7
o [T wBlat)r dt
=¢) w%(B(a,t))%w()t < Cylar)

Combining the two estimates, we have that:
P
q

(@) < C M@ +9(@nt], zeBar. (@5

As in the proof of Theorem 22 in [30], by the last inequality and choosing
M(f)(x)/v¢(a,r) = Hf||M§w yields:

Z,(5)| < OM(F)@)F 1f s € Bla,1) (36)
It then implies that:
1Zp(f)(@)|*w(z) < CM(f)(@)Pw(@)lf |}z, @€ Bla,r).

By integrating the both sides over the ball B(a,r), we may obtain:

1 o
BT o [FAD @I ) )

<OV By o, MO RGP dute).
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Therefore, by Theorem 3.1 or Theorem 3.2,

! 1 Y (x T
wmﬂmﬂmm»L@J%m“)<)W”
1 1

dlar)7 w(Bla,r)
< CILISaEw 1M ey

< CIAIEE N Wi ey = I g

< CIf L

[ min@re@ue),
B(a,r)

and
1 1
¢(a,r)? w(B(a,r))

which implies that:

/ IZ, (/) (@) (@) dpu(z) < CIFI
B(a,r) v

! ! (/ IQWWVMMWQO < Cllfllper,
B(a,r) v

(a7 w(B(a,r))s

for a € X and r > 0. By taking the supremum over ¢ € X and r > 0, we obtain:

IZo (Ol pmew () < CHsz\/tﬁ'“" This means that Z, is bounded from MY (1) to
»
MY (1) and completes the proof of Theorem 3.5. O

Pa

Corollary 3.6. Let 1 < p < ¢ < oo and wr € Ap (w). Suppose that
there are positive constants C1 and Cy such that p is doubling and, 1/C; <
p(t)w(a,t)/(p(r)(a,r)) < Cy for1/2 <t/r <2 and a € X. If

stan) [Lo0 + [T HTE S w0 < Cwent aexir>o

and ¢ € Zp(w), then M, are bounded from MY" (1) to Mi%u(,u)

By adapting the definition of weight class we use and the assumption, we obtain
the following well-know result about the boundedness of Z, on generalized Morrey
spaces over R"™.

Corollary 3.7. [1/] Let 1 < p < g < 00 and ¢ € G,. If there is a constant C > 0
such that:

T

dt o dt
o0) [ o5+ [ otpFde < Corpr
0 r
forr >0, then I, is bounded from Mi’l to MZ;I.

Corollary 3.8. [16] Suppose that there is a constant C > 0 such that:

(1) p and ¢ are doubling.
(2) Forr >0,
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and
o) [ o)

If ¢ is surjective, then I, is bounded from Mg’l(u) to Mi’pl/q ().

Corollary 3.9. [31] Let % = % -2 0<a<n,andl <p<Z IfLP* = be’l
where (r) = 7 forr >0 and L9 = M% where o(r) = —, then I, is bounded
from LP> to L9,

4. Applications to regularity of Dirichlet problem with the data
belongs to generalized weighted Morrey spaces

In this section, we apply the boundedness properties of generalized fractional in-
tegral I, on generalized weighted Morrey spaces over metric measure spaces. In
particular, the properties are applied to the fractional integral I, = I,, namely
p(t) = t* where 0 < a < n and X = R" equipped with the Euclidean distance and
the Lebesgue measure.

Throughout this section, let 2 be an open, bounded, and connected subset of
R", with n > 3. We denote M};" (Q2) by the set is of all functions f € Lj}7' (), that

loc

is the functions for which || f|| r.w(B(a,r)n0) < 0o for (a,r) € X x (0,00), such that:

11 —yl <
p,w = sup T Jw a,r Q0.
My () ac0,r>0 Y(a,7) w(B(a,r))? L (Blemnd)

By the definition and the fact that:
IM ()l vz @) < CIMS - Xo)llppe < CIM(Sf - XQ) [ are < Cllf vz @)

we have the following corollary.

Corollary 4.1. Let 1 <p < g < oo, a/n=1/p—1/q, and w € A,. Suppose that
there are positive constants Cy and Cy such that:

(1) 1/Cy < p(a,t)/¢(a,r) < Cy for 2 <t/r <2 anda € X.
(2) Forac X andr >0,

vl + [P0 08 < oo

Wb B

Suppose that ) € Z,(w). Then, L, is bounded from MY" (Q) to M*3(Q).
1[)’1

We denote APZ(w) by the set of all functions ¢ which satisfy the assumptions
in Corollary 4.1. We shall use this notation to provide the applications of Corollary
4.1 regarding to the regularity property of particular solutions of certain Dirichlet
problems.

For ¢ = 1,2, we denote W14(Q) by the Sobolev spaces and under the Sobolev
norm, the closure of C§°(Q) in W14(9) is denoted by W, ?(2). Moreover, we denote
H~1(Q) by the dual space of W,*(Q).



Boundedness of some operators over metric measure spaces 13

We shall investigate the following Dirichlet problem:
Lu=f, ueW*Q), (4.1)

where L is the divergent elliptic operator. The function f is called the data which
is belongs to generalized weighted Morrey spaces. The operator L is defined by:

= 9 ou
b= _12_:1 Ox; (aijaxi) ’

where u € Wol’z(Q), a;; = a;; € L®(Q) for i,5,€ {1,2,--- ,n}, and there exists
A > 0 for which:

n

ATHEP < D ai(@)ély S AEP, €= (6,62, 6a) ERT,
ij=1
for x € Q a.e. Moreover, we assume that the coeflicients of L satisfy the Dini-
continuous condition.

Theorem 4.2. [32] There exists a unique function K : Q x Q — [0, 00] such that
G(-y) € WH2(Q\ B(y,r)) N W' (), (y,7) € @ x RY,
and for ¢ € C§°(Q),

[ 3 a0y

,j=1
Furthermore,
G(z,y) < CW, x,y € Q,x #y,
and
IV2G(z,y)| < EET= z,y €z Fy.

The function G in the theorem is then called the Green function for the operator
L and the domain Q. For f € MU (Q) N H~'(Q), we define:

u(x) = A Gz, y)f(y)dy, =z €. (4.2)

Lemma 4.3. [5’3] The weak derivative of u is given by:

ou(x) 0G(z,y)
5‘:51 T Oy </ Glz.y)f ) /Q oz; F(y)dy.

Theorem 4.4. Suppose that ¢ € AP>% (w) where 1/qo = 1/pg — 2/n. Then, there
exists a positive constant C' such that:

||U||Mq0£(9) < C”fHMz)O’w(Q)'

3 90

Proof. One may apply Corollary 4.1 and use the definition of u as in Eq. (4.2) to
get the desired inequality. O
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By the previous theorem and Theorem 4 in [33], we have the following theorem.

Theorem 4.5. Suppose that 1 € APo%(w) where 1/qo = 1/po — 2/n. Then, u is
the weak solution of Dirichlet problem (4.1) and u € M%) ().

0
Theorem 4.6. Suppose that ¢ € AP*% (w) where 1/q1 = 1/py — 1/n. Then, there
exists a constant C such that:

||Vu||Mq1£ Q) < C”f”/\/(il’w(ﬁ)'
v

Proof. Note that by Eq. (4.3) and Theorem 4.2, we have that

n 2 %
Vil = (Z () ) < Vi [ 9.6y < Vi [ il

i=1

Hence, by Corollary 4.1, we obtain that:

IVull sy () < C”fHMZ}’w(Q)
a1

and prove the theorem. O
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