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Abstract. In this paper we investigate the boundedness properties of generalized

fractional integral on generalized weighted Morrey spaces over metric measure spaces.
The measure used in this paper is a doubling measure which satisfies the growth con-

dition. The results show that the generalized fractional integral is bounded from one

generalized weighted Morrey spaces to another generalized weighted Morrey space over
metric measure spaces either with the same or with the different parameters. Our results

extend the known results for fractional integrals on generalized Morrey spaces. We then

investigate the regularity of the solution of Dirichlet problem with the data in generalized
weighted Morrey spaces by using the boundedness properties of the generalized fractional

integral on generalized weighted Morrey space.

Keywords: Sublinear operator, Generalized weighted Morrey space, Metric measure
space, Dirichlet problem

1. Introduction

Let X = (X,µ, d) be a set equipped with a σ−finite measure µ and a metric d.

Here we assume that X is nonempty. The metric d is a nonnegative function d on

X ×X that satisfies the following conditions.

(1) For all x, y, z in X we have

d(x, y) ≤ d(x, z) + d(y, z). (1.1)

(2) For all x, y ∈ X, it holds that d(x, y) = 0 if and only if x = y.

(3) d(x, y) = d(y, x) for all x, y ∈ X.

For a ∈ X and r > 0 we denote B(a, r) by a ball centered at a with radius r,

that is the set of all x ∈ X such that d(x, a) < r. We assume that the measure µ is

doubling measure, i.e., there is a constant C > 0 such that:

µ(B(a, 2r)) ≤ Cµ(B(a, r)), a ∈ X, r > 0.
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Moreover, µ satisfies the growth condition [1,2], i.e., there are a constant C > 0

and an exponent n > 0 such that:

µ(B(a, r)) ≤ Crn, (1.2)

for all a ∈ X and r > 0. The assumptions then imply that:

C−1 ≤ µ(B(a, t))

µ(B(a, r))
≤ C,

1

2
≤ t

r
≤ 2,

where C is positive constant that does not depend on a, t, and r. We then call

X = (X,µ, d) = (X,µ, dK) as metric measure space. If E is a set in X, then Ec

denotes the complement of E on X. Maćıas and Segovia [3] proved that if (X, d, µ)

is given, then we can always find a continuous quasi-distance d′ such that there are

two positive constants A1 and A2 for which:

A1d
′(x, y) ≤ d(x, y) ≤ A2d

′(x, y), x, y ∈ X.

Therefore, we always assume that the metric d is continuous. In this paper, we also

always assume that diam(X) = ∞. Basics and some results for metric measure

spaces may be found in [4,5,6].

With the doubling measures µ satisfying the growth condition, we consider

the operators used in this article. First, we define the Hardy-Littlewood maximal

operator M as:

M(f)(x) = sup
t>0

1

µ(B(x, t))

∫
B(x,t)

|f(y)|dµ(y).

Next, we consider the generalized fractional integral over metric measure spaces.

Suppose that ρ is a function from [0,∞) to [0,∞). The generalized fractional integral

Iρ is defined by:

Iρ(f)(x) =
∫
X

ρ(d(x, y))

d(x, y)n
f(y)dµ(y), x ∈ supp(µ),

for all suitable function f where n is a constant as in the inequality (1.2). If ρ(t) = tα

where 0 < α < n, then Iρ is just the fractional integral Iα. Moreover, for the function

ρ we also define the generalized fractional maximal operator Mρ as:

Mρ(f)(x) = sup
t>0

ρ(t)

tn

∫
B(x,t)

|f(y)|dµ(y),

for x ∈ X and suitable function f on X. The relation between Iρ and Mρ is the

inequality:

Mρ(f)(x) ≤ CIρ(|f |)(x). (1.3)

Through this article, the function ρ is doubling, namely there is a constant C > 0

such that 1/C ≤ ρ(t)/ρ(r) ≤ C for 12/ ≤ t/r ≤ 2. We may see that ρ(t) = tα is

doubling.

Morrey spaces over Euclidean spaces were first introduced by C.B. Morrey in

[7] in 1938 to study the local behaviour of solution of elliptic partial differential

equations. Morrey spaces were then generalized become generalized Morrey spaces

[8,9], weighted Morrey spaces, [10], and generalized weighted Morrey spaces [11]. We
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shall study the operator Iρ on generalized weighted Morrey spaces where Euclidean

spaces Rn is replaced by the metric measure space X.

In the case X = Rn equipped with the Lebesgue measure and the standard

Euclidean distance, Iρ is bounded from one generalized Morrey space to another

generalized Morrey space with the same parameter p for certain assumptions [12].

By inequality (1.3), it thus implies that Mρ is bounded on the spaces under the

same assumption. Some other researchers studied the boundedness of Iρ from one

generalized Morrey space with parameter p to another generalized Morrey space

with parameter q, see [13,14] for example.

In this article, we study the boundedness property of the generalized fractional

integrals on generalized weighted Morrey spaces over metric measure spaces. There

are two different versions for boundedness property of the generalized fractional

integrals we obtain. The first one states that Iρ is bounded from one generalized

weighted Morrey space to another generalized weighted Morrey space with the same

parameter p. This result extends [12,15].

The second result states that Iρ is bounded from one generalized weighted Mor-

rey space to another generalized weghted Morrey space with different parameter.

This result extends [13,14,16]. However, the boundedness property we obtain may

be viewed as Adams-Gunawan-type inequality. The boundedness properties of Iρ
that was obtained then imply the boundedness of the generalized fractional maxi-

mal operatorMρ on generalized weighted Morrey spaces over metric measure spaces

under the same assumptions. As the application of the boundedness property, we

investigate the regularity of the solution of Dirichlet problem with the data in

generalized Morrey spaces.

2. Ap weights and generalized weighted Morrey spaces over metric

measure spaces

From now, we assume that X is a metric measure space equipped with a metric d

and a doubling measure µ satisfying the growth condition. A weight w is a locally

µ−integrable function on X taking values in the interval (0,∞) almost everywhere.

If w is a weight on X, then we write w(E) =
∫
E
w(y)dµ(y) for all µ−measurable sets

E. One of the weight classes used in this paper is Ap(µ) weight class. The following

is the definition of Ap(µ) weight class [17,18]. We also use the class Ap,q(µ) and

Aρp,q(µ).

Definition 2.1. For 1 < p <∞, Ap(µ) is set of all weights w on X such that there

is a constant C > 0 for which:(
1

µ(B(a, r))

∫
B(a,r)

w(x)dµ(x)

)(
1

µ(B(a, r))

∫
B(a,r)

w(x)−
1
p−1 dµ(x)

)p−1

≤ C

for every ball B(a, r) in X.

IfX = Rn, then Ap(µ) is classical Ap class as in [19,20]. Related to the properties

of classical Ap weights as in [19,20,21], we have Theorem 2.2 as follows.
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Theorem 2.2. [22] For each 1 < p < ∞ and w ∈ Ap(µ), there exist two positive

constant C such that:

w(B)

w(E)
≤ C

(
µ(B)

µ(E)

)p
,

for every ball B in X and µ−measurable subset E of B.

We also define the Muckenhoupt class A∞(µ) as in the following definition.

Definition 2.3. [22] A∞(µ) is the set of all weights w such that there are constants

C > 0 and δ > 0 for which: (
µ(B)

µ(E)

)δ
≤ C

w(B)

w(E)
,

whenever E is a µ−measurable subset of a ball B in X and µ(E) > 0.

By the result in [23], for 1 < p < q < ∞ it holds that Ap ⊂ Aq ⊂ A∞. Hence,

we have the relation:

∪1<p<∞Ap(µ) ⊆ A∞(µ). (2.1)

Related to the second version of the boundedness properties of generalized fractional

integrals, we define Ap,q(µ) as follows.

Definition 2.4. Let 1 < p < q <∞ and p′ satisfies 1/p+ 1/p′ = 1. We denote by

Ap,q(µ) the set of all weights w for which:(
1

µ(B(a, r))

∫
B(a,r)

w(x)qdµ(x)

) 1
q
(

1

µ(B(a, r))

∫
B(a,r)

w(x)−p
′
dµ(x)

) 1
p′

≤ C,

for all (a, r) ∈ X × (0,∞) where C > 0 is a constant that does not depend on a and

r.

We see that for 1 < p < q < ∞ and w ∈ Ap,q(µ), then wp ∈ Ap(µ) and

wq ∈ Aq(µ). Therefore, w
p and wq in A∞(µ) by (2.1) and there is a constant C > 0

such that:

1

C
≤ wp(B(a, t))

1
p /wq(B(a, t))

1
q

wp(B(a, r))
1
p /wq(B(a, r))

1
q

≤ C,
1

2
≤ t

r
≤ 2.

We generalize the weight class Ap,q(µ) to be the weight class Aρp,q(µ) as in the

following definition.

Definition 2.5. Let 1 < p < q <∞ and p′ satisfies 1/p+ 1/p′ = 1. We denote by

Aρp,q(µ) the set of all weights w for which:

ρ(t)

µ(B(a, r))

(∫
B(a,r)

w(x)qdµ(x)

) 1
q
(∫

B(a,r)

w(x)−p
′
dµ(x)

) 1
p′

≤ C,

for all (a, r) ∈ X × (0,∞) where C > 0 is a constant that does not depend on a and

r.
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For a weight w on X and Ω is a µ-measurable set in X, we define the weighted

Lebesgue space Lp,w(Ω, µ) to be the set of all µ-measurable functions f on Ω for

which

∥f∥Lp,w(Ω,µ) :=

(∫
Ω

|f(x)|pw(x)dµ(x)
) 1
p

<∞.

We write Lp,w(µ) = Lp,w(X,µ). Moreover, For 1 < p < ∞ and a weight w on X,

the set Lp,wloc (µ) is the collection of all µ-measurable functions f such that XB · f is

in Lp,w(µ) for each ball B in X.

We now present the definition of the generalized weighted Morrey spaces over

metric measure spaces.

Definition 2.6. Let 1 < p < ∞, w ∈ Ap(µ), and ψ be a positive function on

X × (0,∞). The generalized weighted Morrey space Mp,w
ψ (µ) = Mp,w

ψ (X, d, µ) is

the set of all functions f ∈ Lp,wloc (µ) such that

∥f∥Mp,w
ψ (µ) = sup

a∈Rn,r>0

1

ψ(a, r)

1

w(B(a, r))
1
p

∥f∥Lp,w(B(a,r),µ) <∞.

If X = Rn equipped with a Lebesgue measure and the Euclidean distance, we

write Mp,w
ψ = Mp,w

ψ (µ). If w is assumed to be constant a.e., then Mp,w
ψ (µ) is the

generalized Morrey space Mp
ψ on Rn as in [24]. If ψ(a, r) = w(B(a, r))−

1
q , then

Mp,w
ψ is the weighted Morrey spaces [10] where 1 < p < q < ∞. Moreover, if

we set ψ(a, r) = |B(a, r)|−
1
q where 1 < p ≤ q < ∞ and w is constant a.e., then

Mp,w
ψ (µ) is the classical Morrey space as in [7,25,26,27]. With Definitions 2.6, we

shall investigate the boundedness of the Hardy-Littlewood maximal operatorM and

the generalized fractional integral Iρ from Mp,w
ψ1

(µ) to Mp,w
ψ2

(µ) where 1 < p <∞.

Moreover, we also investigate the boundedness of Iρ from Mp,w
ψ (µ) to Mq,w

ψ
p
q
(µ)

where 1 < p < q <∞.

3. Generalized fractional integrals on generalized weighted Morrey

spaces over metric measure spaces

In this section, we prove the boundedness of generalized fractional integral Iρ on

generalized weighted Morrey spaces over metric measure spaces. The following two

theorems are the boundedness properties of the Hardy-Littlewood maximal operator

M . The theorems as in [28] tell us thatM is bounded from one generalized weighted

Morrey space to another generalized weighted Morrey spaces that generalized some

results in [29] particularly for M .

Theorem 3.1. Let 1 < p < ∞ and w ∈ Ap(µ). Suppose that ψ1 and ψ2 are two

positive function on X × (0,∞) for which there is a positive constant C > 0 such

that: ∫ ∞

r

ψ1(a, t)
dt

t
≤ Cψ2(a, r), (a, r) ∈ X × (0,∞). (3.1)

Then, M is bounded from Mp,w
ψ1

(µ) to Mp,w
ψ2

(µ).
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Theorem 3.2. Let 1 < p < ∞ and w ∈ Ap(µ). Suppose that ψ1 and ψ2 are two

positive function on X × (0,∞) for which there is a positive constant C > 0 such

that:

sup
r<t<∞

ψ1(a, t) ≤ Cψ2(a, r), (a, r) ∈ X × (0,∞). (3.2)

Then, M is bounded from Mp,w
ψ1

(µ) to Mp,w
ψ2

(µ).

We denote Zp(w) by the set of all pairs of functions (ψ1, ψ2) which satisfy Eq.

(3.1) or Eq. (3.2). By the notations, we provide two theorems about the boundedness

of generalized fractional integral Iρ on generalized weighted Morrey spaces over

metric measure spaces. We prove the the theorems by using the boundedness of

Hardy-Littlewood maximal operator on the spaces. The following theorem is our

first main result about the boundedness of generalized fractional integral Iρ on

generalized weighted Morrey spaces over metric measure spaces.

Theorem 3.3. Let 1 < p < ∞ and w ∈ Ap(µ). Assume that ρ is doubling and

there exist a positive constant C > 0 such that:

1

C
≤ ρ(t)ψ1(a, t)

ρ(r)ψ1(a, r)
≤ C,

for a ∈ X and 1
2 ≤ t

r ≤ 2. If

ψ1(a, r)

∫ r

0

ρ(t)
dt

t
dt+

∫ ∞

r

ρ(t)ψ1(a, t)
dt

t
≤ Cψ2(a, r), a ∈ X, r > 0,

and (ψ1, ψ2) ∈ Zp(w), then, Iρ is bounded from Mp,w
ψ1

(µ) to Mp,w
ψ2

(µ).

Proof of Theorem 3.3. For r > 0 and f ∈ Mp,w
ψ1

(µ), we write:

Iρ(f)(x) =
∫
B(x,r)

ρ(d(x, y))

d(x, y)n
f(y)dµ(y) +

∫
X\B(x,r)

ρ(d(x, y))

d(x, y)n
f(y)dµ(y)

:= I1(x) + I2(x).

Note that, by the assumption, we have that:

∫ 2k+1r

2kr

ρ(t)
dt

t
=

∫ 2

1

ρ(2krt)

2krt
2kdt =

∫ 1

1
2

ρ(2krt)
dt

t
≥ Cρ(2kr),

where C is not dependent on r > 0. We shall find the estimate for I1(x) and I2(x).
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First, for I1(x), by the last inequalities,

|I1(x)| ≤
∫
d(x,y)<r

ρ(d(x, y))

d(x, y)n
|f(y)|dµ(y),

=

−1∑
k=−∞

∫
2kr≤d(x,y)<2k+1r

ρ(d(x, y))

d(x, y)n
f(y)dµ(y),

≤ C

−1∑
k=−∞

∫
2kr≤d(x,y)<2k+1r

ρ(2kr)

d(x, y)n
,

≤ C

−1∑
k=−∞

ρ(2kr)

(2kr)n

∫
d(x,y)<2k+1r

|f(y)|dµ(y),

≤ C
−1∑

k=−∞

ρ(2kr)

µ(B(x, 2k+1r))

∫
d(x,y)<2k+1r

|f(y)|dµ(y),

≤ CMf(x)

−1∑
k=−∞

ρ(2kr),

≤ CMf(x)

−1∑
k=−∞

∫ 2k+1r

2kr

ρ(t)
dt

t
= CMf(x)

∫ r

0

ρ(t)
dt

t
.

Hence,

∥I1∥Lp,w(B(a,r),µ) ≤ C∥Mf∥Lp,w(B(a,r),µ)

∫ r

0

ρ(t)
dt

t
,

≤ C∥Mf∥Lp,w(B(a,r),µ)
ψ2(a, r)

ψ1(a, r)
,

and

1

ψ2(a, r)
∥I1∥Lp,w(B(a,r),µ) ≤ C

1

ψ1(a, r)
∥Mf∥Lp,w(B(a,r),µ).

Therefore,

1

ψ2(a, r)

1

w(B(a, r))
1
p

∥I1∥Lp,w(B(a,r),µ) ≤ C∥Mf∥Mp,w
ψ1

(µ).

By the assumption, Theorem 3.1 and Theorem 3.2 imply that:

1

ψ2(a, r)

1

w(B(a, r))
1
p

∥I1∥Lp,w(B(a,r),µ) ≤ C∥f∥Mp,w
ψ1

(µ). (3.3)

For I2(x) wee see that:

|I2(x)| ≤
∞∑
k=1

∫
2kr≤d(x,y)<2k+1r

ρ(d(x, y))

d(x, y)n
|f(y)|dµ(y),

≤ C

∞∑
k=1

ρ(2k+1r)

(2k+1r)n

∫
d(x,y)<2k+1r

|f(y)|dµ(y).
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If x ∈ B(a, r) and d(x, y) < 2k+1r, then d(y, a) ≤ d(x, y)+d(x, a) < 2kr+r < 2k+1r.

Hence, by the assumption, we have that:

|I2(x)| ≤ C

∞∑
k=1

ρ(2k+1r)

(2k+1r)n

∫
d(a,y)<2k+2r

|f(y)|dµ(y),

≤ C

∞∑
k=1

ρ(2k+2r)

(2k+2r)n

∫
d(a,y)<2k+2r

|f(y)|dµ(y),

≤ C

∞∑
k=1

ρ(2k+2r)

µ(B(a, 2k+2r))

∫
d(a,y)<2k+2r

|f(y)|dµ(y),

for x ∈ B(a, r). By Lemma 5 in [28], for all k ∈ N it holds that:

1

µ(B(a, 2k+1r))

∫
d(x,y)<2k+1r

|f(y)|dµ(y) ≤ C
1

w(B(a, 2k+1r))
∥f∥Lp,w(B(a,2k+1r),µ),

where C > 0 does not depend on a and r. Moreover, by the assumption,∫ 2k+1r

2kr

ρ(t)ψ1(a,Kt)
dt

t
=

∫ 2

1

ρ(2krt)ψ1(a, 2
krt)

2krt
2krdt,

=

∫ 1

1
2

ρ(2krt)ψ1(a, 2
krt)

dt

t
≥ Cρ(2kr)ψ1(a, 2

kr),

where C does not dependent on a ∈ X and r > 0. Thus,

|I2(x)| = C

∞∑
k=1

ρ(2k+2r)
1

w(B(a, 2k+2r))
∥f∥Lp,w(B(a,2k+1r),µ),

≤ C

∞∑
k=1

ρ(2k+2r)ψ1(a, 2
k+2r)∥f∥Mp,w

ψ1
(µ),

≤ C∥f∥Mp,w
ψ1

(µ)

∞∑
k=1

∫ 2k+3r

2k+2r

ρ(t)ψ1(a, t)
dt

t
,

≤ C∥f∥Mp,w
ψ1

(µ)

∫ ∞

r

ρ(t)ψ1(a, t)
dt

t
,

and by the assumption,

|I2(x)| ≤ C2∥f∥Mp,w
ψ (µ)ψ2(a, r), x ∈ B(a, r).

Therefore,

∥I2∥Lp,w(B(a,r),µ) ≤ C2∥f∥Mp,w
ψ1

(µ)ψ2(a, r)w(B(a, r))
1
p .

Hence,

1

ψ2(a, r)

1

w(B(a, r))
1
p

∥I2∥Lp,w(B(a,r),µ) ≤ C2∥f∥Mp,w
ψ (µ). (3.4)

By combining Eq. (3.3) and Eq. (3.4), we have that:

1

ψ2(a, r)

1

w(B(a, r))
1
p

∥Iρ(f)∥Lp,w(B(a,r),µ) ≤ C∥f∥Mp,w
ψ1

(µ),
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and ∥Iρ(f)∥Mp,w
ψ1

(µ) ≤ C∥f∥Mp,w
ψ1

(µ). This proves that Iρ is bounded from Mp,w
ψ1

(µ)

to Mp,w
ψ2

(µ).

For Mρ, we have the following corollary.

Corollary 3.4. Let 1 < p <∞ and w ∈ Ap(µ). Assume that ρ is doubling and there

exist a positive constant C > 0 such that 1/C ≤ (ρ(t)ψ1(a, t))/(ρ(r)ψ1(a, r)) ≤ C

for a ∈ X and 1
2 ≤ t

r ≤ 2. If

ψ1(a, r)

∫ r

0

ρ(t)
dt

t
dt+

∫ ∞

r

ρ(t)ψ1(a, t)
dt

t
≤ Cψ2(a, r), a ∈ X, r > 0,

and (ψ1, ψ2) ∈ Zp(w), then Mρ is bounded from Mp,w
ψ1

(µ) to Mp,w
ψ2

(µ).

Based on Theorem 3.3, Iρ is bounded from Mp,w
ψ1

(µ) to Mp,w
ψ2

(µ) under some

assumptions. This theorem generalize the result in [12,15]. However, the result can-

not be viewed as a generalization of the known results for Iα as in [9]. Therefore, we

also provide the extension for the known results for Iα as in the following theorem.

Theorem 3.5. Let 1 < p < q < ∞ and w
1
p ∈ Aρp,q(µ). Suppose that

there are positive constants C1 and C2 such that ρ is doubling, and 1/C1 ≤
ρ(t)ψ(a, t)/(ρ(r)ψ(a, r)) ≤ C1 for 1/2 ≤ t/r ≤ 2 and a ∈ X. If

ψ(a, r)

∫ r

0

ρ(t)
dt

t
+

∫ ∞

r

w(B(a, t))
1
p

w
q
p (B(a, t))

1
q

ψ(a, t)
dt

t
≤ C2ψ(a, r)

p
q , a ∈ X, r > 0,

and ψ ∈ Zp(w), then Iρ is bounded from Mp,w
ψ (µ) to Mq,w

ψ
p
q
(µ).

Proof. Let f ∈ Mp,w
ψ (µ) and we may assume that ∥f∥Mp,w

ψ (µ) = 1. For a ∈ X

and r > 0, we write Iρ(f)(x) = I1(x) + I2(x) where x ∈ B(a, r). We shall estimate

I1(x) and I2(x). For I1(x), we have that:

|I1(x)| ≤
∫
d(x,y)<r

ρ(d(x, y))

d(x, y)n
|f(y)|dµ(y),

=

−1∑
k=−∞

∫
2kr≤d(x,y)<2k+1r

ρ(d(x, y))

d(x, y)n
|f(y)|dµ(y),

≤
−1∑

k=−∞

ρ(2kr)

(2kr)n

∫
d(x,y)<2k+1

|f(y)|dµ(y),

≤ C

−1∑
k=−∞

ρ(2kr)

µ(B(x, 2k+1r))

∫
d(x,y)<2k+1r

|f(y)|dµ(y),

≤ C

−1∑
k=−∞

ρ(2kr)M(f)(x) ≤ CM(f)(x)

−1∑
k=−∞

∫ 2k+1r

2kr

ρ(t)
dt

t
,

= CM(f)(x)

∫ r

0

ρ(t)
dt

t
≤ CM(f)(x)ψ(a, r)(p−q)/q.

For I2(x), by Hölder’s inequality, the assumption that w
1
p ∈ Aρp,q(µ), we have

that for x ∈ B(a, r),
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|I2(x)|

≤
∞∑
k=0

∫
2kr≤d(x,y)<2k+1r

ρ(d(x, y))

d(x, y)n
|f(y)|dµ(y),

≤
∞∑
k=0

ρ(2kr)

(2kr)n

∫
2kr≤d(x,y)<2k+1r

|f(y)|dµ(y),

≤
∞∑
k=0

ρ(2k+2r)

(2k+2r)n

∫
d(a,y)<2k+2r

|f(y)|dµ(y),

≤ C

∞∑
k=0

ρ(2k+2r)

µ(B(a, 2k+2r))

∫
d(a,y)<2k+2r

|f(y)|dµ(y),

≤ C

∞∑
k=0

ρ(2k+2r)

µ(B(a, 2k+2r))
∥f∥Lp,w(B(a,2k+2r)

(∫
B(a,2k+2r)

w(y)
−p′
p dµ(y)

) 1
p′

,

≤ C

∞∑
k=0

w(B(a, 2k+2r))
1
p

w
q
p (B(a, 2k+2r))

1
q

ψ(a, 2k+2r)∥f∥Mp,w
ψ
,

≤ C

∞∑
k=0

∫ 2k+3r

2k+2r

w(B(a, 2k+2r))
1
p

w
q
p (B(a, 2k+2r))

1
q

ψ(t)
dt

t
,

≤ C

∫ ∞

r

w(B(a, t))
1
p

w
q
p (B(a, t))

1
q

ψ(t)
dt

t
≤ Cψ(a, r)

p
q .

Combining the two estimates, we have that:

Iρ(f)(x) ≤ C
[
M(f)(x)ψ(a, r)

p−q
q + ψ(a, r)

p
q

]
, x ∈ B(a, r). (3.5)

As in the proof of Theorem 22 in [30], by the last inequality and choosing

M(f)(x)/ψ(a, r) = ∥f∥Mp,w
ψ

yields:

|Iρ(f)| ≤ CM(f)(x)
p
q ∥f∥1−

p
q

Mp,w
ψ
, x ∈ B(a, r). (3.6)

It then implies that:

|Iρ(f)(x)|qw(x) ≤ CM(f)(x)pw(x)∥f∥q−pMp,w
ψ
, x ∈ B(a, r).

By integrating the both sides over the ball B(a, r), we may obtain:

1

w(B(a, r))

∫
B(a,r)

|Iρ(f)(x)|qw(x)qdµ(x)

≤ C∥f∥q−pMp,w
ψ

1

w(B(a, r))

∫
B(a,r)

M(f)(x)pw(x)pdµ(x).
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Therefore, by Theorem 3.1 or Theorem 3.2,

1

ψ(a, r)p
1

w(B(a, r))

∫
B(a,r)

|Iρ(f)(x)|qw(x)dµ(x)

≤ C∥f∥q−pMp,w
ψ

1

ψ(a, r)p
1

w(B(a, r))

∫
B(a,r)

M(f)(x)pw(x)dµ(x),

≤ C∥f∥q−pMp,w
ψ

∥Mf∥pMp,w
ψ (µ)

,

≤ C∥f∥q−pMp,w
ψ

∥f∥pMp,w
ψ (µ)

= C∥f∥qMp,w
ψ
,

and

1

ψ(a, r)p
1

w(B(a, r))

∫
B(a,r)

|Iρ(f)(x)|qw(x)dµ(x) ≤ C∥f∥qMp,w
ψ
,

which implies that:

1

ψ(a, r)
p
q

1

w(B(a, r))
1
q

(∫
B(a,r)

|Iρ(f)(x)|qw(x)dµ(x)

) 1
q

≤ C∥f∥Mp,w
ψ
,

for a ∈ X and r > 0. By taking the supremum over a ∈ X and r > 0, we obtain:

∥Iρ(f)∥Mq,w

ψ

p
q

(µ) ≤ C∥f∥qMp,w
ψ
. This means that Iρ is bounded from Mp,w

ψ (µ) to

Mq,w

ψ
p
q
(µ) and completes the proof of Theorem 3.5.

Corollary 3.6. Let 1 < p < q < ∞ and w
1
p ∈ Aρp,q(µ). Suppose that

there are positive constants C1 and C2 such that ρ is doubling and, 1/C1 ≤
ρ(t)ψ(a, t)/(ρ(r)ψ(a, r)) ≤ C1 for 1/2 ≤ t/r ≤ 2 and a ∈ X. If

ψ(a, r)

∫ r

0

ρ(t)
dt

t
+

∫ ∞

r

w(B(a, t))
1
p

w
q
p (B(a, t))

1
q

ψ(a, t)
dt

t
≤ C2ψ(a, r)

p
q , a ∈ X, r > 0,

and ψ ∈ Zp(w), then Mρ are bounded from Mp,w
ψ (µ) to Mq,w

ψ
p
q
(µ).

By adapting the definition of weight class we use and the assumption, we obtain

the following well-know result about the boundedness of Iρ on generalized Morrey

spaces over Rn.

Corollary 3.7. [14] Let 1 < p < q < ∞ and ϕ ∈ Gp. If there is a constant C > 0

such that:

ϕ(r)

∫ r

0

ρ(t)
dt

t
+

∫ ∞

r

ϕ(t)ρ(t)
dt

t
dt ≤ Cϕ(r)p/q

for r > 0, then Iρ is bounded from Mp,1
ϕ to Mq,1

ϕ .

Corollary 3.8. [16] Suppose that there is a constant C > 0 such that:

(1) ρ and ϕ are doubling.

(2) For r > 0, ∫ ∞

r

ϕ(t)p
dt

t
≤ Cϕ(r)p,
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and

ϕ(r)

∫ r

0

ρ(t)
dt

t
+

∫ ∞

r

ρ(t)ϕ(t)
dt

t
≤ Cϕ(r)p/q.

If ϕ is surjective, then Iρ is bounded from Mp,1
ϕ (µ) to Mp,1

ϕp/q
(µ).

Corollary 3.9. [31] Let 1
q = 1

p − α
n−λ , 0 < α < n, and 1 < p < n

α . If L
p,λ = Mp,1

ψ

where ψ(r) = 1
rλ/p

for r > 0 and Lq,λ = Mq,1
φ where φ(r) = 1

rλ/q
, then Iα is bounded

from Lp,λ to Lq,λ.

4. Applications to regularity of Dirichlet problem with the data

belongs to generalized weighted Morrey spaces

In this section, we apply the boundedness properties of generalized fractional in-

tegral Iρ on generalized weighted Morrey spaces over metric measure spaces. In

particular, the properties are applied to the fractional integral Iρ = Iα, namely

ρ(t) = tα where 0 < α < n and X = Rn equipped with the Euclidean distance and

the Lebesgue measure.

Throughout this section, let Ω be an open, bounded, and connected subset of

Rn, with n ≥ 3. We denote Mp,w
ψ (Ω) by the set is of all functions f ∈ Lp,wloc (Ω), that

is the functions for which ∥f∥Lp,w(B(a,r)∩Ω) <∞ for (a, r) ∈ X × (0,∞), such that:

∥f∥Mp,w
ψ (Ω) = sup

a∈Ω,r>0

1

ψ(a, r)

1

w(B(a, r))
1
p

∥f∥Lp,w(B(a,r)∩Ω) <∞.

By the definition and the fact that:

∥M(f)∥Mp,w
ψ (Ω) ≤ C∥M(f · XΩ)∥Mp,w

ψ
≤ C∥M(f · XΩ)∥Mp,w

ψ
≤ C∥f∥Mp,w

ψ (Ω),

we have the following corollary.

Corollary 4.1. Let 1 < p < q < ∞, α/n = 1/p − 1/q, and w ∈ Ap. Suppose that

there are positive constants C1 and C2 such that:

(1) 1/C1 ≤ ψ(a, t)/ψ(a, r) ≤ C1 for 1
2 ≤ t/r ≤ 2 and a ∈ X.

(2) For a ∈ X and r > 0,

ψ(a, r)rα +

∫ ∞

r

w(B(a, t))
1
p

w
q
p (B(a, t))

1
q

ψ(a, t)
dt

t
≤ C2ψ(a, r)

p
q .

Suppose that ψ ∈ Zp(w). Then, Iα is bounded from Mp,w
ψ (Ω) to Mq,w

ψ
p
q
(Ω).

We denote Ap,q(w) by the set of all functions ψ which satisfy the assumptions

in Corollary 4.1. We shall use this notation to provide the applications of Corollary

4.1 regarding to the regularity property of particular solutions of certain Dirichlet

problems.

For q = 1, 2, we denote W 1,q(Ω) by the Sobolev spaces and under the Sobolev

norm, the closure of C∞
0 (Ω) inW 1,q(Ω) is denoted byW 1,q

0 (Ω).Moreover, we denote

H−1(Ω) by the dual space of W 1,2
0 (Ω).
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We shall investigate the following Dirichlet problem:

Lu = f, u ∈W 1,2
o (Ω), (4.1)

where L is the divergent elliptic operator. The function f is called the data which

is belongs to generalized weighted Morrey spaces. The operator L is defined by:

Lu = −
∞∑

i,j=1

∂

∂xj

(
aij

∂u

∂xi

)
,

where u ∈ W 1,2
0 (Ω), aij = aji ∈ L∞(Ω) for i, j,∈ {1, 2, · · · , n}, and there exists

Λ > 0 for which:

Λ−1|ξ|2 ≤
n∑

i,j=1

aij(x)ξiξj ≤ Λ|ξ|2, ξ = (ξ1, ξ2, · · · , ξn) ∈ Rn,

for x ∈ Ω a.e. Moreover, we assume that the coefficients of L satisfy the Dini-

continuous condition.

Theorem 4.2. [32] There exists a unique function K : Ω× Ω → [0,∞] such that

G(·, y) ∈W 1,2(Ω \B(y, r)) ∩W 1,1
0 (Ω), (y, r) ∈ Ω× R+,

and for ϕ ∈ C∞
0 (Ω), ∫

Ω

n∑
i,j=1

aij(x)
∂G(x, y)

∂xi

∂(x)

∂xj
dx = ϕ(y).

Furthermore,

G(x, y) ≤ C
1

|x− y|n−2
, x, y ∈ Ω, x ̸= y,

and

|∇xG(x, y)| ≤
1

|x− y|n−1
, x, y ∈ Ω, x ̸= y.

The function G in the theorem is then called the Green function for the operator

L and the domain Ω. For f ∈ Mp,w
ψ (Ω) ∩H−1(Ω), we define:

u(x) =

∫
Ω

G(x, y)f(y)dy, x ∈ Ω. (4.2)

Lemma 4.3. [33] The weak derivative of u is given by:

∂u(x)

∂xi
=

∂

∂xi

(∫
Ω

G(x, y)f(y)dy

)
=

∫
Ω

∂G(x, y)

∂xi
f(y)dy.

Theorem 4.4. Suppose that ψ ∈ Ap0,q0(w) where 1/q0 = 1/p0 − 2/n. Then, there

exists a positive constant C such that:

∥u∥Mq0,w

ψ

p0
q0

(Ω) ≤ C∥f∥Mp0,w

ψ (Ω).

Proof. One may apply Corollary 4.1 and use the definition of u as in Eq. (4.2) to

get the desired inequality.
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By the previous theorem and Theorem 4 in [33], we have the following theorem.

Theorem 4.5. Suppose that ψ ∈ Ap0,q0(w) where 1/q0 = 1/p0 − 2/n. Then, u is

the weak solution of Dirichlet problem (4.1) and u ∈ Mq0,w

ψ
p0
q0

(Ω).

Theorem 4.6. Suppose that ψ ∈ Ap1,q1(w) where 1/q1 = 1/p1 − 1/n. Then, there

exists a constant C such that:

∥∇u∥Mq1,w

ψ

p1
q1

(Ω) ≤ C∥f∥Mp1,w

ψ (Ω).

Proof. Note that by Eq. (4.3) and Theorem 4.2, we have that

|∇u| =

(
n∑
i=1

(
∂u

∂xi

)2
) 1

2

≤
√
n

∫
Ω

|∇xG(x, y)||f(y)|dy ≤
√
n

∫
Ω

1

|x− y|n−1
|f(y)|dy.

Hence, by Corollary 4.1, we obtain that:

∥∇u∥Mq1,w

ψ

p1
q1

(Ω) ≤ C∥f∥Mp1,w

ψ (Ω)

and prove the theorem.
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