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Abstract. If p and H are simple, connected, undirected graphs, and ¢ can be covered
by an H-covering, then for a positive integer p, a total p-labeling ¢ on g is considered
as a total H-irregular p-labeling if, for every subgraph K of p that is isomorphic to
H, the weight of K (the sum of the labels of all vertices and edges of K) is a unique
number. The smallest integer p for which graph o can be labeled with a total H-irregular
p-labeling is called the total H-irregularity strength of graph G. This paper presents the
exact total H-irregularity strength values for some particular graphs including balloon
graphs, double balloon graphs, and double balloon ladder graphs.

Keywords: balloon graph, double balloon graph, double balloon ladder graph, total
H —irregularity strength

1. Introduction

Wilson (see [1]) defines a graph o as (V(¢), E()), where V(o) represents a finite set
of nonempty vertices and E(p) is a finite set of unordered pairs of distinct elements
from V' (o), known as edges.

Wallis in [2] describes a labeling on g as a function whose domain is either V (o),
E(p), or V(o) U E(p), and its codomain is a set of positive or nonnegative integers.
When the domain is V' (p), it is called vertex labeling; when it is E(p), it is edge
labeling; and when it is V(0) U E(p), it is total labeling. Various labeling techniques
can be employed, one of which is irregular labeling with the domain V(o) U E(p)
mapping to a set of positive integers. This labeling is discussed in this paper.

Gallian in [3] states that there are about 200 types of labeling techniques,
evolving in approximately 3000 papers. These techniques include irregular label-
ing, introduced by Chartrand et al. (see [4]). In irregular labeling, the weight of a
vertex v € V(o) relative to a total labeling is defined as the sum of the label of
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v and all labels of edges incident to v. From some types of irregular labeling on
a graph p, the concepts of total edge irregularity strength (tes) and total vertex
irregularity strength (tvs) arise.

Ashraf et al. (see [5]) introduced the strength of irregularity-H, an exten-
sion of tes and tvs. A graph p with an H-covering means that for any edge
of o, there exists a subgraph of ¢ isomorphic to H that includes the edge. Let
v:V(0)UE(p) — {1,2,--- ,p} be any total p-labeling on p. For any subgraph K
of p isomorphic to H, the H-weight of K with respect to ¢, denoted by wt,(K),
is defined as wi,(K) = 3, cy (i) 9(V) + Xcepi) P(€). A total p-labeling on o is
called H-irregular if wt,(K') # wt,(K") for every two distinct subgraphs K’ and
K" isomorphic to H. The smallest integer p such that ¢ can be labeled with an
H-irregular total p-labeling is called the total H-irregularity strength of o, denoted
by tHs(o, H).

Recently, tHs(o, H) has been extensively studied. Agustin et al. in [6] obtained
results on tHs(p, H) for shackles and amalgamation graphs. Nisviasari et al. in
[7] researched tHs(p, H) for triangular ladder and grid graphs. Hidayatul et al.
(see [8]) obtained results on tHs(g, H) for grid, butterfly, hexagonal, and diamond
graphs. Suni et al. in [9] investigated diamond ladder, circular triple ladder, and
prism graphs. Wahyujati et al. (see [10]) studied the total H-irregularity strength of
edge comb product graphs. Shulhany et al. (see [11]) examined the same parameter
for some classes of graphs, while Labane et al. (see [12]) have done so for cycles
and diamond graphs. In this work, we introduce a new type of graph that has
not been previously studied by other researchers, which involves applying specific
graph operations. These results not only provide fresh insights but also extend the
applicability of tHs(p, H) to a broader spectrum of graph types. The use of graph
operations in the investigation further highlights the structural complexity and
versatility of the studied graphs. This finding will significantly enrich the theory of
tHs(o, H) by deepening our understanding of its behavior in diverse graph classes
and paving the way for future studies in this area.

Theorem 1.1. [5] Let g be a graph admitting an H— covering and have w subgraphs
isomorphic to H. Then:

w—1

Hste B) =\ Ut wen T Em) |

2. Result and Discussion

Our research findings will be presented in this section. First, we begin with the
following definition.

Definition 2.1. The balloon graph Bl,, n > 1, is a graph with:
V(Bln> = {xq7yq q= 172a"' 777}U{Zq q= 1727"' 777+]~}7 and
E(Bly) = {%q¥q> Ya%a> YaZq+1, Zq%q+1 : ¢ = 1,2, ,n}.

Figure 1 provided an example of balloon graph, denoted by Bls.
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Figure. 1. Balloon Graph Bls

Theorem 2.2. Given Bl,,n > 1 with Blc—covering, for 1 < <n. Then,

6C+17+1-‘

tHs(Bl,, Bl¢) = { T

Proof. The balloon Bl,, n > 1 admits Bl;—covering with exactly n—¢+1 balloons
Bl¢, 1 < (¢ <nand nis a positive integer. From Theorem 1.1, it holds:

(n—C+1)—1| [6(+n+1
TC+1 | o+ |

tHs(Bl,, Bl;) > {1 +

6¢+n+1
7TC+1
graph Bl, with Bls—covering, 1 < ( <7, we define:

v, :V(Bl,)UE(BL,) —{1,2,--- ,p},

Next, put p = [ —‘ , then tHs(Bl,, Bl¢) < p will be proven. On the balloon

for ( =1,2,---,7n. In this manner, for ¢ =1,2,--- ,n:

+ 2 +
\IIW’C(xq) = ’V,YC(IH“ ) q’n’C(yq) = {H—‘ ) \I/n,C(mqu) = {7(]@ +<1—‘>

+3 +4 15
V. (Yg2q) = ’V(;C‘*‘i-‘ » Wnc(Wazgr1) = ’7344}1} JU, (2g2q41) = {gc - ii‘

Forqzlaza"'777+1a

6
\I/mC(Zq) = ’732;5—‘

The largest label is reached when ¢ = n + 1, that is,

Uy c(zq) = [%-‘

For every r =1,2,3,--- ,n — ( 4+ 1, the vertex set is:
V(BZC):{xT’+Q7yT+q:q:03]-72v"' aC_]-}U{ZT’+q:q:Oa]-727"' 7(}7
and the edge set is:

E(BZC) = {xr+qyr+qa Yr+qZr+q> Yr+qZrrqils ZrigZriqr1 - = 0,1,2,- - ¢ — 1}~
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Furthermore, for every subgraph Bi; in Bl¢ the weight of Bll,r=1,2,--- ,n—
¢ + 1, with respect to ¥, ¢ : V(Bl;) U E(Bl¢) — {1,2,--- ,p} is:

wty, (BIf) = Z Wy c(v) + Z Wy cle).

veV(BIY) e€E(BIY)
Then, for r =1,2,--- ,n -,

Wt\lfn,cBZEH —wty, Bli = Wy o (@ri¢) + Uy (Uric) + Unc(2rictr)
+ U (@ricyric) + Unc(Yraczric)
+ Uy (Yraczrc1) + Unc(Zraczrecr) = Uylar)
= Unclyr) = Unclzr) = Unc(ryr) — Wnc(yrar)
= Uy c(Wrzri1) — Yo c(2r2ri1)

r+¢ r+ 3¢ r+7C+1 T+ 2¢
L“J + {7&1} jﬂ C+1 W* {7&1}

rvac]  [r45¢] r+6¢ r
* 7C+1 * 7C+1 +{7C+1—‘_{7C+1—‘

_r+2§_ -r—l—GC__{T—i—C“_P—i-SC“

70T 1 70+ 1 70+ 1 Tt 1
C[rrac] [rasc]
7C+1 7C+1

=1.
For every r=1,2,--- ,n — ( we get:

wty, (BI{) < wty, (BI™).

7,¢
Hence,
wt\pn)g (Blz+1) =1+ ’wt\pn’g (Blz)

Moreover, all DBL;—weights are distinct. Therefore, ¥, - is total Bl;—irregular
labeling of Bl,,. Since tHs(Bl,, Bl¢) > p and tHs(Bl,, Bl;) < p, we have:

6C+77+1"

tHs(Bly, Blo) = p = | o

O

Figure 2 is an example of Blyg with Bls—covering and that tHs(Blyo, Bls) = 2.
Now, by double balloon graph, we mean the graph defined in Definition 2.3 as
follows.

Definition 2.3. A double ballon graph DBL,, n > 1, is a graph with:
V(DBLl,) ={zq,yq:¢=1,2,--- ;n} U{wg, 24 : ¢=1,2,--- ,n+ 1} and
E(DBZU) = {wqwq-i-h LqWq, TqWq+1,Tqlqs Yq2qs YqRq+15 2qRq+1 * 4 = 1,2, a77}'

Figure 3 provided an example of double balloon graph, denoted by DBl5.
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Figure. 3. Double Balloon Graph DBl5

Theorem 2.4. Given DBIl,,n > 1 with DBl;—covering, for 1 < ¢ <n. Then,

10¢ 41 + 2
11¢ 42

tHs(DBl,, DBI¢) = {

Proof. The double balloon graph, DBI,, n > 1 admits D Bl;—covering with exactly
17—+ 1 double balloon DB, 1 < ( <7 and 7 is a positive integer. From Theorem

1.1, we obtain:

n—c+1)—1w _ FOCHHﬂ

(
tHs(DBL,. DBI) > |1
s(DBly, C)—{ T 12 110 + 2

10 2
Next, put p = [%-‘, we prove that tHs(DBIl,, DBl;) < p. On the
double balloon graph DB, with DBl;—covering, 1 < ¢ <7, we construct:

W, : V(DBl,)UE(DBl,) — {1,2,--- ,p},

for ( =1,2,---,n, as follows.
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Forq=1,2,--- > 15

B q+T7¢ _ q+4C _ q+5¢
U, c(zq) = ’711C+2-‘,\Ifn,c(yq) = ’711C+2—‘,\I/n,<($qu) = ’7114-_"_2—‘)

+ 2 +3
Uy c(Ygzq) = qué _’_C2—‘ W (Ygzgr1) = qué +C2—"

q q+¢
Uy c(2q2g11) = ’VHC + 2—‘ ¢ (Wqtg 1) = LIC + 2—"

6 8
Uy ¢ (zqwe) = ’71(]12—4_(2“ W ¢(Tqwgs1) = ’71q12+g2-"

Forg=1,2,--- ;n+1,

+10¢ +1 +9
Wy c(wg) = [qﬂgjﬂ Wy olz) = qu ; fJ.

The largest label is reached when ¢ = 1 + 1, that is:

1OC+77+2"

\Pn,c(wq) = [ 11¢ + 2

For every r =1,2,3,--- ;n — ( + 1, the vertex set and the edge set are:

V(DBZC) = {zT+q7y7’+q g = Oa 1a27' v 7< - 1} U {w?“-‘rqaZT-‘rq q = 071723 v 7§}a
E(DBZC) = {wr-l-qwr-i-q—i—la Ly4qWrtqs Lr+qWr+qg+1s Lr+qYr+q Yr+qRr+qs

Yr+q?rtq+ls Zraq?rqtl 1 ¢ =0,1,2,--- ¢ — 1}

Furthermore, for every subgraph DBI in DBl, the weight of DBIl,r =
1,2,---,n — ¢+ 1, with respect to ¥, ¢ : V(DBIl¢) U E(DBl;) — {1,2,---,p}
is:

Wiy

0o (DBIE) = Z Uye(v) + Z Wy (e).

veV(DBIY) e€E(DBIY)
Then, for r =1,2,--- ,n — (, we have:

wty,, DBIT —wty, (DBIT = Wy (wric1) + Uy e (Wrpcricin)
+ U (@rpcrie) + W (TrpcWrics1)
+ Uy (@rae) + Vo Wrae) + Ync(Zrectr)
+ Voo (@ricYrrc) + Vac (Yrtczric)
+ U (Urczrres1) + Ync(zriczrictn)
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= Ucl@r) = Unelyr) = Uyelar) — Uy (wr)
= Uy c(wpwrir) = Wy c(@rwr) — Wy o (zrwpg1)
- \1177 C(xryr) - n C(yrzr) - ‘1’777C(yr2r+1)

= Uy c(zrzri),

| r+11¢+2 r+2¢ r+7¢
] 11C+2 + 11¢ + 2 + 11¢ + 2

[ r4oc r 4 8¢ r 4 5¢
e | ez | ey
[r+10¢+1 r+ 6¢ r+ 3¢
T 2 L{”HJ+LK+J
[rac] [ r+c] [r+w
lrcr2| T icre| 11g+2w
Crrac] [r+oc] [re10¢+1
Cl1¢+2| |11c+2| | 11¢+2
[rxc ] [rrec] [resc
11¢ + 2 11 + 2 11¢ + 2
Crasc | [r+2c] [r+3¢
|1+ 2| [11¢+2| |11¢+2
S
Cl1c+2)”
=1.

For every r =1,2,--- ,n — ( we get:
wty, (DBIY) < wty, (DBI;*).
Hence,
wty, (DB =1+ wty, (DBI).

Furthermore, all DBL¢—weights are distinct. Thus, ¥, ¢ is total DBl;—irregular
labeling of DBI,,. Since tHs(DBI,, DBl¢) > p and tHs(DBl,, DBI;) < p, we have:

:[M]

tHs(DBl,, DBI) = ey

Figure 4 shows DBlyg with DBly—covering, with tHs(DBlyg, DBly) = 2

Subsequently, Definition 2.5 furnishes the definition of a double balloon ladder
graph.
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Figure. 4. Double Ballon Graph DBL1g with DBLy—covering

Definition 2.5. A double balloon ladder graph DBIL,, n > 1, is a graph with:
V(DBIL,) ={zq,yq: ¢=1,2,--- ,;n} U{wg,2g: ¢=1,2,--- ,n+1}, and
E(DBILy) = {wqwg+1, TqWq, TqWq+1; Tq¥q, YaZq> YaZq+1> ZqZq+1 : ¢ = 1,2, -+, n}

U{wgzg:qg=1,2,--- ,n+1}.

Figure 5 provided an example of double balloon ladder graph, denoted by
DBILs.

Figure. 5. Double Balloon Ladder Graph DBILs

Theorem 2.6. Given DBIL,,n > 1 with DBl;—covering, for 1 < <n. Then,

HHHﬂ

tHs(DBILy, DBIL:) = { 1543

Proof. The double balloon ladder graph DBIL,, n > 1 admits DBIL;—covering
with exactly 7 — ¢ + 1 double balloon ladder graphs DBIL:, 1 < ( < nand 7 is a
positive integer. By Theorem 1.1,

tHs(DBIL,, DBIL;) > { i M*”‘ﬂ _ {“Cﬂﬁﬂ

12¢ + 3 12¢ +3
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11 3
Next, let p = [%—‘, we show that tHs(DBIL,, DBIL;) < p. On the

double balloon ladder graph DBIL, with DBIL:—covering, 1 < ¢ <7, we define a
function:

v, ¢:V(DBIL,)UE(DBIL,) — {1,2,--- ,p},

for ( =1,2,---,7n. In this way, for g =1,2,--- ,n:

| g+6c |l g+3¢ _ | a+4C
U, c(zg) = ’712C+3-‘,‘I/77,C(yq) = ’VW-‘,\PU,C(%qu) = ’7124_"_3-‘;

2
V¢ (Ygzq) = ’Vq—i—Cw s W (Ygzgt1) = ’V a+ 2 “a

11¢ +3 12¢ + 3
_ q . q
Uy ¢ (2g2g+1) = L?CH’;‘ s Wy ¢ (Wgwgt1) = ’VW-‘7

5 7
U, o (rqwy) = {E_&;‘ W (Tqwgs1) = { 4+ 7 —‘

12¢ +3

Forqzlaza"'777+1a

11 2 9
Wy () = P;Ciﬂ W) = L‘;;ﬂ ,

g+10¢C+1
Vo (wgzg) = {12{4‘3 .

The largest label is obtained when ¢ =7 + 1, that is:

HCHH?’W

\Ilmi(wq) = [ 12¢ + 3

For every r=1,2,3,--- ,n — ( + 1, the vertex set is:
V(DBZLC) = {$r+qur+q : q:051727"' 7C_1}U{w’r‘+qaz7“+q : q:O71a2a"' 7(}7
and the edge set:

E(DBZLC) = {wr+qwr+q+17 Lyt qWrqy LrtqWrtq+1s Trd-qYrtqr Yr+q2r+q,

Yr4+qRr4q+1s frdqRr+q+1, We2q 1 4 = 07 17 27 T 7C - 1}

Furthermore, for every subgraph DBIL; in DBl¢, we have weight DBILY,r =
1,2,---,n— ¢+ 1, with respect to ¥, - : V(DBIL;)UE(DBIL:) = {1,2,--- ,p} is

wty, (DBIY) = > W)+ Y. Tyele)

vEV(DBILY) c€E(DBILY)
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Then, for r =1,2,--- ,n — {, we have:
wt\pMDBlZH —wty, DBI; = Uy c(Wrgeq1) + o e (WrpcWrgeqt)

+ Uy (@rpcric) + Vo (Trpcwricsr)
+ Uy c(@re) + Unc(Yrre) + Unc(2res1)
+ U@t cyrrc) + Y (Urrczric)
+ U c(Urtczrrctt) + Vnc(zriczrictn)
+ Vo c(Wrict1zrrc+1) — Y c(@r) — Yo e (yr)
= Uy c(zr) = Uy c(wr) — Wy o (wrwpyn)
= Uy c(@rwr) = Uy c(@rwrgr) — Vo c(@ryr)
= Uy c(rzr) = Uy c(yrzri1) — Unc(2rzrt1)
= ¥y c(wrzr),

| r+12¢+3 7+ 9¢ 7+ 6¢
ol 12¢+3 + 12¢+3 + 12¢+3
[+ 8¢ r4+7¢ r 4 4¢
+ 12“J+LQC+J+LQC+J
[+ 10¢ +1 r+5¢ r+2¢
T T3 w+{1zg+3w+{12g+3w
[ r 43¢ r+ ¢ r o 11¢ + 2
+ 12<+3w+{13<+2w+{ 12¢+3 l
_r+6C r+ 3¢ =+ 9¢
Col12c+3| |12¢+3| |12¢+3
[ 11¢+2 r+8¢ r—+5¢
| 120+3 | |12¢+3| |12¢+3
el [rrac| [ g
12 +3 12 +3 12¢ + 3

[ r 2 r r+10¢C +1
Cl12¢+3| |12¢+3] | 12¢(+3 |

=1.

For every r =1,2,--- ,n — ( we get
wty, (DBILY) < wty, (DBILT).
Hence,
wty, (DBIL{YY) =1+ wty, (DBILY).

Furthermore, all DBL:—weights are distinct. Thus, ¥,  is total DBIL;—irregular
labeling of DBIL,. Since tHs(DBIL,, DBIL;) > p and tHs(DBIL,, DBIL;) < p
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we have:

11C+77+3W
O

tHs(DBIL,, DBIL;) = p = { s

Figure 6 is an evidence of DBIlLys with DBIlLy—covering, with

tHs(DBlLos, DBILy) = 2.

3.

Figure. 6. Total DBIL—Irregularity Labeling of DBlL2g

Conclusion

This research focuses on the total H—irregularity strength of balloon graph Bi,
with Bls—covering, double balloon graph DBI,, and double balloon ladder graph
DBIL, with DBl;—covering. We found that the lower bound given in Theorem 1.1
is sharp for all these graphs.
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