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Abstract. The purpose of this paper is to study the space of continuous functions,
Cla,b] as a 2-normed space. In particular, we show that the space is complete with
respect to some linearly independent set.
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1. Introduction

Let X be a (real) vector space (of dimension at least 2). Then a mapping ||-,-|| :
X? — R satisfying the following properties:

(

1.1) ||z1, x2|| = 0 if and only if x1,zo are linearly dependent,
(1.2) ||1, z2|| is invariant under permutation,
(1.3
(1.4

)
)
) oy, z2|| = || |21, 22| for every z1, 29 € X and « € R,
) |z +y, 22|l < ll2, z2|| + ||y, 22| for every @,y,22 € X,

is called a 2-norm on X, and the pair (X, ||-,-||) is called a 2-normed space.

The notion of 2-normed spaces was first introduced by Gé&hler [1] in 1960’s
and its generalization can be found in [2,3,4]. Related works may be found in
[5,6,7,8,9,10,11,12,13,14].

In 2-normed spaces, the definition of Cauchy sequence, convergence and complete-
ness are given by as follows.
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214  Ekariani et al.

Let (X,]-,-]|) be a 2-normed space. A sequence (zy) in X is said to converge to an
z € X (in 2-norm ||-,-||) if

lim ||$k - xayH = 07
k—o0
for every y € X. Also, a sequence (xj) in X is called a Cauchy sequence if

lim ||xk - xlay“ =0,
k,l—o00

for every y € X.

If every Cauchy sequence (zj) in X converges to an x € X, then X is said to be
complete. A complete 2-normed space is called a 2-Banach space.

By the above definition of convergent (or Cauchy) sequences, the area of parallel-
ogram which was spanned by (z; — ) and y goes to zero whenever the value of k
goes to infinity, for every y in X. This condition is too strong.

In 2011, Junaeti [15] studied the space of continuous functions, Cla, b]. It is shown
that C[a, b] can be equipped with a 2-norm ||, ||, where for every f1, fo € Cla, b,

we have:
(im0

In [15], Junaeti also studied the completeness of the space with respect to the
following linearly independent set {a;,as}, where the graphs of a; and as are in
Figure 1 as follows.

Hfla f2||oo = aggi}ng

09 1 0.9
08 1 0.8
07 0.7
06 1 06
05 1 05
0.4 04
03 1 03

02 1 0.2

0.1 — 0.1

Figure. 1. The graphs of a1 and a2

The purpose of this paper is to investigate the completeness of (Cla,bl, |, |lco)
with respect to some linearly independent sets, namely {e1,e2}, with e;(z) = =,
ea2(x) =1 —x, and {by, b2} whose the graphs are in Figure 2 as follows.
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09 1 09
08 1 0.8
07F 1 0.7
06 1 06
05 1 05
0.4F 1 0.4f
03 1 03

02 1 0.2

01f — b, (0=sin() 1 0.1 [ by(x)=cos(x)

Figure. 2. The graphs of b1 and bs

Observe that, for z is close to zero, we have sinz ~ x. By first establishing the
completeness of (C[a, b], ||, -|lco) With respect to {b1, b2}, we get an idea to show the
completeness of (Cla, b], ||-,|lco) With respect to {e1,e2}. Moreover, we can extend
the result to any linearly independent set {a1 + f1z, ag + B2}

2. Result and Discussion
In Cla, b], the norm || - || defined by || f]leo := rilagb\f(xﬂ makes C|a, b] a complete

space. To show that (Cla,b], ||, ||oo) 18 completg with respect to {b1, b2}, as well as
to {e1, ez}, we shall derive a norm from the 2-norm.

Before we present the main results, we have the following useful lemma which we
shall apply quite often.

Lemma 2.1. For every f1, f2 € Cla,b], we have

1/15 falloo < 2] fillooll f2lloo-

Proof. By using triangle inequality for real numbers, observe that

B fi(zy) fi(zs)
1f1; falloo = ) det (f2($1) f2($2)) ‘7
= aggi}ng'fl(xl)fz(m) = fo(@1) fr(z2)]
< a<¥11ax>§<b(|f1(x1)f2(932)| +[fa(@1) f1(x2)])
< aggi§§b|fl(xl)f2(x2)| + aggiigbﬁz(zl)fl(fﬂzﬂ,
= 2| f1llsoll f2lo0-
This completes the proof. O

Now, we come to the main results.
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2.1. The completeness with respect to {b1, b2}

As shown in [15], we can derive a norm from the 2-norm |-, || in C[a,b]. The
following definition is connecting between Cla, b] as a 2-normed space and C|a, b]
as a normed space. In this part, we shall study C|a,b], especially for a = 0 and
b= %. Let {b1,b2} be a linearly independent set in C' [0, g] (see Figure 2). Then
the following function

1£115 == max{[|f,b1lc, |f; b2loo }, (2.1)

defines a norm on C' [0, g] Generally, for C[a,b], the proof of this statement can
be seen easily in [15].

On infinite-dimensional vector spaces there is no guarantee that every two norms

are equivalent. Nevertheless, for || - and || - ||eo, we have an important result as

15
follows.

Proposition 2.2. Let {by,by} be a linearly independent set in C [O, g} (see Figure
2). The derived norm || - ||S, defined by Eq. (2.1) is equivalent to the usual norm
I - lloc- Precisely, we have

1 o o]
Il = flle < Bl flIS

for every f e C [0, g]

Proof. Suppose that f is an element of C [0, g] Then, for every i € {1,2}, the
following hold (from Lemma 2.1).

1£:billoe < 21 flloo 1Bl oo-

As a consequence of Lemma 2.1, we have:

Hf”go = maX{Hfa bl”ooa Hf7 b2||00}7
< max{2|flloc; 2] flloc },
= 2|[floo-

Conversely, observe that:

1
_ 2 2
omax |f(@) = max [1- (@),

=

= max _ |f2(:v1) [cos® (22 — x3) + sin®(z — x3)] |

0<z; <3
TSz <3
0<z3 <

The last equality can be written as:

SIS

. ™ .
max fz(acl) sin® (f — (zg — xg)) + fz(xl) sm2(:£2 —x3) (2.2)
0<z <% 2
T <225 %
0<ws< 2
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Applying Ptolemy’s identities for sine, the first term in Eq. (2.2) becomes:

[f(zl) sin (xg - %) cos (% + xg) — f(z1) cos (xg - Z) sin (% + xg)r . (2.3)

By setting y2 = r2 — 7 and y3 = 7 + x3, subtracting and adding some term on Eq.
(2.3), the first term can be rewritten as:
2
> . (24)

(cos To

Then, observe the second term in Eq. (2.2), that is:

f(z1) f(ys)

COSIT1 COSY3

f(ys) f(y2)

siny3 sin y2

f(y2) f(z1)

+cosxy COS Y2 COS 1

+ Siﬂ T3

F2 (1) sin® (25 — x3) = [f(21) sin o cos x5 — f(21) cos zosinxs)” . (2.5)
Using the same method with the first term, this expression equals:

<sin o )2 . (26)

By substituting Eq. (2.4) and Eq. (2.6) into Eq. (2.2) and by Minkowski’s inequality,
we have:

f(z1) f(z3)

COS X1 COST3

f(z3) f(z2)

sinzg sinxo

f(z2) f(z1)

+ coszy COS X2 COST]

+ sin x3

[flloo = max_|f(z1)|

0<z1<%
< 4| f, el 4 2| f, bul
< 6max{||f, b1, [If, b2}
= 6] /1%
This completes the proof. O

Remark 2.3. In general, we can replace the closed interval [O, g} in Proposition

2.2 become [a,b]. As a consequence, we have the positive constants depends of a and
b, namely Cy and Cs, such that:

CillFlI%e < Ifllee < Collf1IS,
for every f € C'la,b]. We leave the proof to the reader.

Since (C'[a,b], | - [|so) is a complete, we have the following corollary.

Corollary 2.4. The space (Ca,b], | - ||3,) is complete.

In Proposition 2.2, we have shown that the derived norm || - ||, is equivalent with
the usual norm || - || in C'[a,b]. This proposition is useful to show the notion of

completeness on the space C [a, b] (which is equipped with the 2-norm ||+, || ). The
main result is given by the following theorem.

Theorem 2.5. If a sequence (fi) € Cla,b] converges to some f € Cla,b] with

respect to {by1,ba} in ||, ||, then it also converges to f in || - ||eo- Also, if (fx) is a
Cauchy sequence with respect to {b1,b2} in ||, -|lco, then it is a Cauchy sequence in

Proof. Suppose that {b1,b2} is a linearly independent set in C'[a,b] (see Figure
3), and || - ||, is defined by Eq. (2.1). If (fi) converges to some f € Ca,b] in
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I, ]l oo, then for every i € {1,2}, we have ||fi — f,bi[lcc — 0, as k — oo. Hence we
obtain ||fx — f||% — 0, as k — oco. So, a sequence (f;) converges to f in || - ||3,. By
Proposition 2.2, we conclude that (fx) also converges to f in || - ||oo- The result for
the Cauchy sequence is proved in a similar way. O

The above theorem tells us about the relation of convergence (or Cauchy sequence)

between (Cla, b], ||, *[|eo) and (Ca, bl, || ||oo ). From this result, we have the following
corollary.

Corollary 2.6. The space (Cla,b],]|", |l) s a 2-Banach space with respect to
{b1,b2}.

Proof. Let (fx) be a Cauchy sequence in (C'[a, b], ||, “|loc)- Then, by Theorem 2.5,
(fx) is a Cauchy sequence in || - || . Since (C'[a,b], | - ||s) is a Banach space and so
(fx) must converges to an element f € C'[a,b] in || - ||oo- By Lemma 2.1, (f) must
also converges to f in || - ||eo. Therefore, (C'[a,b], ||, ||co) is a 2-Banach space. 0O

2.2. The completeness with respect to {e1, ez}

As shown in Eq. (2.1), we shall define another formula of derived norm with respect
to {e1, ez} in C[0,1]. Suppose that {e;, es} is a linearly independent set in C[0, 1]
and f is an element of C|0, 1]. Then the following function:

1f115% = max{||f, exllco, lf; €2lloc }, (2.7)

defines a norm on C0,1].

Before we show that norm || - ||%, and usual norm || - ||« are equivalent, we have an

[
o0
interesting observation as follows.

Remark 2.7. The space spanned by linearly independent set {e1,ea} is the same
as the space spanned by {1,x}, as well as spanned by the linearly independent set
{1 + 1z, an + Pax}. As a consequence, we have:

’det (al + i1 a +511’2>‘ _ ‘det (041 ﬂl)det( 11 )’7

ag + Baxy o + Paxa ag B2 T T

ay B e1(r1) 61(952))‘
det <a2 52> det <62(w1) ea() )|

By taking the mazximum over all x1,x2 on the both sides, we have:

lor + Br, 2 + Ballco = [KII|1, #f|oo = [K|[le1; €2l

ay By

where K = det (al ﬁl) # 0.

By different linearly independent set, we have the following proposition.
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Proposition 2.8. Let {e1,e2} be a linearly independent set in C'[0,1] (see Figure
2). The derived norm || - defined by (2.7) is equivalent to the usual norm || - ||oo-
Precisely, we have:

[
o0

1 * *
SIF% < M1flloe < 311 f1I%
for every f € C[0,1].
Proof. Suppose that f is an element of C[0,1]. Then, for every i € {1,2} hold
(from Lemma 2.1):
£, €illoo < 2[|flloo-

As a consequence of Lemma 2.1, we have:

1f1l% = max{[lf, exlloo, I f; €2lloc}
< max{2(|f{loo; 2[[ o },
= 2[|flloo-

Conversely,

[flloe = max [f(x1)],

0<z;<1
(If ()22 — z3]),

i) X3
det
¢ (1—9521—333)‘)’

aar (2272 ) ).

max
0<21,22,23<1

= s (176

0<z1,22,23<

max (176

0<21,22,23<1

Then, observe that:

det (61(962) e1(x3) ) ‘

62(1‘2) 62(1‘3)

|f(z1)]

< lea(w3)|

det<f(x1) efl(x” >’+|61(a:1)|

e1(x1) e1(z2)

e (102) 1103 >‘

+ lea(z2)]

det ( Flws) flar) ) ‘ . (2.8)

61(1‘3) 61(1‘1)

By taking the maximum over all x1,x2,x3 of the left and the right hand side in
(2.8), we have:

[fllee < 2[1f; exlloc + [ €2loo,
< 3max{||f, e1lloc, [If; €2/l }
=3lf1%-

The derived norm || - is equivalent to the usual norm || - ||, as claimed. O

113
oo
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In Proposition 2.8, we can extend the closed interval [0, 1] become arbitrary [a, b].

Then, by replacing [0, 5] in Proposition 2.2 and [0, 1] in Proposition 2.8 becomes
[a, b], we have the following corollary.

Corollary 2.9. The norm || - are equivalent.

[
o0

IS, and the norm || -

By completeness of the space (C[a,b], | - ||lo), we obtain the following corollary.
Corollary 2.10. The space (C[a,b], || - ||%,) is complete.

In the previous subsection, we have shown the completeness of (C' [a, b], ||, *||oo) With
respect to {b1,b2}. In this part, the following theorem become the most important
tools for showing the completeness of (C' [a, b], ||, *||oo) With respect to {e1,e2}. The
details are as follows.

Theorem 2.11. If a sequence (fi) € Cla,b] converges to some f € Cla,b] with

respect to {e1,ea} in ||, ||, then it also converges to f in || - ||eo- Also, if (fi) is a
Cauchy sequence with respect to {e1,ea} in ||+, +||oo, then it is a Cauchy sequence in
Il lloo-

Proof. By replacing {b1,bs} to {e1,ea} in Theorem 2.5, this theorem is proved in
a similar way. O

Corollary 2.12. The space (Cla,b], |, ||oo) i a 2-Banach space with respect to

{61,62}.

By observing Remark 2.7, we have a more general result, that is, the completeness
of (Cla,b], ||, ||co) With respect to the linearly independent set {o; + 1z, ag+ B2}
Before we present this result, we derive a norm from the 2-norm ||+, -0 Wwith respect
to {1 + f1z, ag + Pox}, namely:

115 := max{[lf, o1 + Brzlloc, | f; a2 + B2zl }- (2.9)
Then, we need the following useful theorem to show our goal.

Theorem 2.13. Let {a1 + b1z, a2 + S22} be a linearly independent set in C [a, b).
The derived norm || |55 defined by Eq. (2.9) is equivalent to the derived norm ||-||%,,
as well as to the usual norm || - ||co-

Proof. We shall only give the proof for C[0,1] and leave that for Cfa,b] to the
reader. Suppose that f is an element of C[0,1]. Observe that:

1fs 00+ Brzlloe < lealllf; Uloo + [Bulllf; #lloo,

and

1fs 02 + Bozlloo < fealllf; Uloo + [B2]llf; %l oo-
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Hence we have:

11155 = max{[|f, a1 + Brzlloc, | f; a2 + B2zl },
< max{laa [ o + [Bolllf oo, ezl f5 Uloo + |82 [Lf; #llo0
< max{|ay| + (6], [az| + [Bal} max{[[f, U|oo, [|f, 2]l oo},
< max{laa| + (6], [az| + [Bal} max{[[f, 1 = #llcc + |If; Zlloc, [1f; #llo0 }
< max{|ay| + B, [az| + [Baf} max{2 max{[|f, 1 = @[|co; [[f, 2]l }, [ /s #lloc
= 2max{|ar| + A1, aa| + [B2[} max{[[ f;1 = @[|oo, | f, #[loo }
= 2max{lon| + [Au, [ez| + [B2 I FI%-

By Proposition 2.8, we have:
11158 < 2max{|on |+ [B1l, [az] + B2 }HIfII5 < 4max{|aa| + |1, loz] + B2l H flloo-
Conversely,

1115 < 211 fllsos

-2
Og;gllf(xl)l,

=2 max 1(|f(951)|\$2—$3\)7

0<z1,22,03<
11
e (4, a)])
To I3

det (a1 + Prxa o1 + 519€3> D
g + Baxa g + Pows

2 max _ (1f()

0<z1,22,23<1

2

= [K[oerasms<t

(17

Then, observe that:

o1 + frze a1 + Pfrxs
|f(l‘1)| det (042 + 52;52 a9 + 52%3 > '
f(x1) f(z2) f(x2) f(x3)
< |ag+PBaxs| |det (Oq P +ﬁ1332> ’+|o¢1+,31x1| det <a2 + Bows s + Bos

+ |ag + Bao|

det ( fles) — fla1) )’ . (2.10)

o + frxs a1 + Bz

By taking the maximum over all x1, z2, z3 and multiplying ﬁ on the both sides in
Eq. (2.10), we have:

1115 < 2[Ifllsos
2
< & (2l + Balllf; 1 + Brzlloo + o1 + Bl f; a2 + Bazlloo) ,
6 max{|ay + B1], |ag + 5
< Smeliont Bblos £ A0 .-+ Buale 1.t + ol
— 6max{|ozl + 61‘7 ‘042 + ﬂ2|} ”fH**
K| =
The derived norm || - [|%* is equivalent to the derived norm | - ||%,, as well as to the

usual norm || - ||, as claimed. O

)
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Since (C[a,bl, | - |leo) is & complete and by Theorem 2.13, we have (Cla, b], || - |5)
is also complete. Then, by replacing {e1, ea} to {a1 + 512, as + S22}, the analogues
of Theorem 2.11 hold. Now, we come to the result.

As a generalization of Corollary 2.12, we have:

Corollary 2.14. The space (Cla,b], ||, |loo) is complete with respect to the linearly
independent set {oq + S1x, s + Bax}.

Proof. Let (f;) be a Cauchy sequence in (Cla, b], ||, ||s)- By Eq. (2.9) and The-
orem 2.13, (fx) is a Cauchy sequence in || - ||o. Since (Cla,bl,| - [s) is & Banach
space and so (fj) must converges to an element f € C[a,b] in || ||cc. By Lemma 2.1,
(fx) must also converges to f in ||+, ||co. The last statement completes the proof. O

3. Conclusion

We have first shown the completeness of (C[a,b], ||, |lcc) With respect to linearly
independent set {b1,bo}. This result gives us inspiration to show the completeness
of (Cla,b], ||, |leo) With respect to linearly independent set {ei,e2}. Then, for the
further result, we have (Cla,b], ||, ||so) is complete with respect to the linearly
independent set {1 +51x, as+Bax}. For Cla, b] as an n-normed space, we also derive
a norm from the n-norm ||-, ..., ||, where the definition of n-norm ||-,..., || is
given by as follows.

fi(@y) - fi(zn)
||f1a7fn||oo = u< max det ,

<x1,..., z,<b

for all f1,..., fn € C[a,b]. It is unknown whether we can use the same method such
that the usual norm is equivalent to the derived norm. This problem is interesting
to study.

Then, we have a question, how about the completeness of C'[a, b] (which is equipped
with the 2-norm ||, ||, as well as with the n-norm ||,...,|l) with respect to
arbitrary linearly independent set? This question is not easy to answer. We have a
difficulty to show equivalence between the usual norm and the derived norm. The
research on this problem is still ongoing at the present time.
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