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Abstract. The purpose of this paper is to study the space of continuous functions,

C[a, b] as a 2-normed space. In particular, we show that the space is complete with
respect to some linearly independent set.
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1. Introduction

Let X be a (real) vector space (of dimension at least 2). Then a mapping ∥·, ·∥ :

X2 → R satisfying the following properties:

(1.1) ∥x1, x2∥ = 0 if and only if x1, x2 are linearly dependent,

(1.2) ∥x1, x2∥ is invariant under permutation,

(1.3) ∥αx1, x2∥ = |α| ∥x1, x2∥ for every x1, x2 ∈ X and α ∈ R,
(1.4) ∥x+ y, x2∥ ≤ ∥x, x2∥+ ∥y, x2∥ for every x, y, x2 ∈ X,

is called a 2-norm on X, and the pair (X, ∥·, ·∥) is called a 2-normed space.

The notion of 2-normed spaces was first introduced by Gähler [1] in 1960’s

and its generalization can be found in [2,3,4]. Related works may be found in

[5,6,7,8,9,10,11,12,13,14].

In 2-normed spaces, the definition of Cauchy sequence, convergence and complete-

ness are given by as follows.

∗Corresponding author

213



214 Ekariani et al.

Let (X, ∥·, ·∥) be a 2-normed space. A sequence (xk) in X is said to converge to an

x ∈ X (in 2-norm ∥·, ·∥) if

lim
k→∞

∥xk − x, y∥ = 0,

for every y ∈ X. Also, a sequence (xk) in X is called a Cauchy sequence if

lim
k,l→∞

∥xk − xl, y∥ = 0,

for every y ∈ X.

If every Cauchy sequence (xk) in X converges to an x ∈ X, then X is said to be

complete. A complete 2-normed space is called a 2-Banach space.

By the above definition of convergent (or Cauchy) sequences, the area of parallel-

ogram which was spanned by (xk − x) and y goes to zero whenever the value of k

goes to infinity, for every y in X. This condition is too strong.

In 2011, Junaeti [15] studied the space of continuous functions, C[a, b]. It is shown

that C[a, b] can be equipped with a 2-norm ∥·, ·∥∞, where for every f1, f2 ∈ C[a, b],

we have:

∥f1, f2∥∞ := max
a≤x1,x2≤b

∣∣∣∣det( f1(x1) f1(x2)

f2(x1) f2(x2)

)∣∣∣∣ . (1.1)

In [15], Junaeti also studied the completeness of the space with respect to the

following linearly independent set {a1, a2}, where the graphs of a1 and a2 are in

Figure 1 as follows.

Figure. 1. The graphs of a1 and a2

The purpose of this paper is to investigate the completeness of (C[a, b], ∥·, ·∥∞)

with respect to some linearly independent sets, namely {e1, e2}, with e1(x) = x,

e2(x) = 1− x, and {b1, b2} whose the graphs are in Figure 2 as follows.
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Figure. 2. The graphs of b1 and b2

Observe that, for x is close to zero, we have sinx ≈ x. By first establishing the

completeness of (C[a, b], ∥·, ·∥∞) with respect to {b1, b2}, we get an idea to show the

completeness of (C[a, b], ∥·, ·∥∞) with respect to {e1, e2}. Moreover, we can extend

the result to any linearly independent set {α1 + β1x, α2 + β2x}.

2. Result and Discussion

In C[a, b], the norm ∥ ·∥∞ defined by ∥f∥∞ := max
a≤x≤b

|f(x)| makes C[a, b] a complete

space. To show that (C[a, b], ∥·, ·∥∞) is complete with respect to {b1, b2}, as well as
to {e1, e2}, we shall derive a norm from the 2-norm.

Before we present the main results, we have the following useful lemma which we

shall apply quite often.

Lemma 2.1. For every f1, f2 ∈ C[a, b], we have

∥f1, f2∥∞ ≤ 2∥f1∥∞∥f2∥∞.

Proof. By using triangle inequality for real numbers, observe that

∥f1, f2∥∞ = max
a≤x1,x2≤b

∣∣∣∣det( f1(x1) f1(x2)

f2(x1) f2(x2)

)∣∣∣∣ ,
= max

a≤x1,x2≤b
|f1(x1)f2(x2)− f2(x1)f1(x2)| ,

≤ max
a≤x1,x2≤b

(|f1(x1)f2(x2)|+ |f2(x1)f1(x2)|) ,

≤ max
a≤x1,x2≤b

|f1(x1)f2(x2)|+ max
a≤x1,x2≤b

|f2(x1)f1(x2)|,

= 2∥f1∥∞∥f2∥∞.

This completes the proof.

Now, we come to the main results.
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2.1. The completeness with respect to {b1, b2}

As shown in [15], we can derive a norm from the 2-norm ∥·, ·∥∞ in C[a, b]. The

following definition is connecting between C[a, b] as a 2-normed space and C[a, b]

as a normed space. In this part, we shall study C[a, b], especially for a = 0 and

b = π
2 . Let {b1, b2} be a linearly independent set in C

[
0, π

2

]
(see Figure 2). Then

the following function

∥f∥◦∞ := max{∥f, b1∥∞, ∥f, b2∥∞}, (2.1)

defines a norm on C
[
0, π

2

]
. Generally, for C[a, b], the proof of this statement can

be seen easily in [15].

On infinite-dimensional vector spaces there is no guarantee that every two norms

are equivalent. Nevertheless, for ∥ · ∥◦∞ and ∥ · ∥∞, we have an important result as

follows.

Proposition 2.2. Let {b1, b2} be a linearly independent set in C
[
0, π

2

]
(see Figure

2). The derived norm ∥ · ∥◦∞ defined by Eq. (2.1) is equivalent to the usual norm

∥ · ∥∞. Precisely, we have

1

2
∥f∥◦∞ ≤ ∥f∥∞ ≤ 6∥f∥◦∞,

for every f ∈ C
[
0, π

2

]
.

Proof. Suppose that f is an element of C
[
0, π

2

]
. Then, for every i ∈ {1, 2}, the

following hold (from Lemma 2.1).

∥f, bi∥∞ ≤ 2∥f∥∞∥bi∥∞.

As a consequence of Lemma 2.1, we have:

∥f∥◦∞ = max{∥f, b1∥∞, ∥f, b2∥∞},
≤ max{2∥f∥∞, 2∥f∥∞},
= 2∥f∥∞.

Conversely, observe that:

max
0≤x1≤π

2

|f(x1)| = max
0≤x1≤π

2

∣∣1 · f2(x1)
∣∣ 1
2 ,

= max
0 ≤ x1 ≤ π

2
π
4 ≤ x2 ≤ π

2
0 ≤ x3 ≤ π

4

∣∣f2(x1)
[
cos2(x2 − x3) + sin2(x2 − x3)

]∣∣ 1
2 .

The last equality can be written as:

max
0 ≤ x1 ≤ π

2
π
4 ≤ x2 ≤ π

2
0 ≤ x3 ≤ π

4

∣∣∣f2(x1) sin
2
(π
2
− (x2 − x3)

)
+ f2(x1) sin

2(x2 − x3)
∣∣∣ 1
2

. (2.2)
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Applying Ptolemy’s identities for sine, the first term in Eq. (2.2) becomes:[
f(x1) sin

(
x2 −

π

4

)
cos

(π
4
+ x3

)
− f(x1) cos

(
x2 −

π

4

)
sin

(π
4
+ x3

)]2
. (2.3)

By setting y2 = x2 − π
4 and y3 = π

4 + x3, subtracting and adding some term on Eq.

(2.3), the first term can be rewritten as:(
cosx2

∣∣∣∣ f(x1) f(y3)
cosx1 cos y3

∣∣∣∣+ cosx1

∣∣∣∣ f(y3) f(y2)
sin y3 sin y2

∣∣∣∣+ sinx3

∣∣∣∣ f(y2) f(x1)
cos y2 cosx1

∣∣∣∣)2

. (2.4)

Then, observe the second term in Eq. (2.2), that is:

f2(x1) sin
2 (x2 − x3) = [f(x1) sinx2 cosx3 − f(x1) cosx2 sinx3]

2
. (2.5)

Using the same method with the first term, this expression equals:(
sinx2

∣∣∣∣ f(x1) f(x3)

cosx1 cosx3

∣∣∣∣+ cosx1

∣∣∣∣ f(x3) f (x2)

sinx3 sinx2

∣∣∣∣+ sinx3

∣∣∣∣ f (x2) f(x1)

cosx2 cosx1

∣∣∣∣)2

. (2.6)

By substituting Eq. (2.4) and Eq. (2.6) into Eq. (2.2) and by Minkowski’s inequality,

we have:

∥f∥∞ = max
0≤x1≤π

2

|f(x1)|

≤ 4∥f, b2∥+ 2∥f, b1∥
≤ 6max{∥f, b1∥, ∥f, b2∥}
= 6∥f∥◦∞.

This completes the proof.

Remark 2.3. In general, we can replace the closed interval
[
0, π

2

]
in Proposition

2.2 become [a, b]. As a consequence, we have the positive constants depends of a and

b, namely C1 and C2, such that:

C1∥f∥◦∞ ≤ ∥f∥∞ ≤ C2∥f∥◦∞,

for every f ∈ C [a, b]. We leave the proof to the reader.

Since (C [a, b] , ∥ · ∥∞) is a complete, we have the following corollary.

Corollary 2.4. The space (C [a, b] , ∥ · ∥◦∞) is complete.

In Proposition 2.2, we have shown that the derived norm ∥ · ∥◦∞ is equivalent with

the usual norm ∥ · ∥∞ in C [a, b]. This proposition is useful to show the notion of

completeness on the space C [a, b] (which is equipped with the 2-norm ∥·, ·∥∞). The

main result is given by the following theorem.

Theorem 2.5. If a sequence (fk) ∈ C [a, b] converges to some f ∈ C [a, b] with

respect to {b1, b2} in ∥·, ·∥∞, then it also converges to f in ∥ · ∥∞. Also, if (fk) is a

Cauchy sequence with respect to {b1, b2} in ∥·, ·∥∞, then it is a Cauchy sequence in

∥ · ∥∞.

Proof. Suppose that {b1, b2} is a linearly independent set in C [a, b] (see Figure

3), and ∥ · ∥◦∞ is defined by Eq. (2.1). If (fk) converges to some f ∈ C [a, b] in
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∥·, ·∥∞, then for every i ∈ {1, 2}, we have ∥fk − f, bi∥∞ → 0, as k → ∞. Hence we

obtain ∥fk − f∥◦∞ → 0, as k → ∞. So, a sequence (fk) converges to f in ∥ · ∥◦∞. By

Proposition 2.2, we conclude that (fk) also converges to f in ∥ · ∥∞. The result for

the Cauchy sequence is proved in a similar way.

The above theorem tells us about the relation of convergence (or Cauchy sequence)

between (C[a, b], ∥·, ·∥∞) and (C[a, b], ∥·∥∞). From this result, we have the following

corollary.

Corollary 2.6. The space (C [a, b] , ∥·, ·∥∞) is a 2-Banach space with respect to

{b1, b2}.

Proof. Let (fk) be a Cauchy sequence in (C [a, b] , ∥·, ·∥∞). Then, by Theorem 2.5,

(fk) is a Cauchy sequence in ∥ · ∥∞. Since (C [a, b] , ∥ · ∥∞) is a Banach space and so

(fk) must converges to an element f ∈ C [a, b] in ∥ · ∥∞. By Lemma 2.1, (fk) must

also converges to f in ∥ · ∥∞. Therefore, (C [a, b] , ∥·, ·∥∞) is a 2-Banach space.

2.2. The completeness with respect to {e1, e2}

As shown in Eq. (2.1), we shall define another formula of derived norm with respect

to {e1, e2} in C[0, 1]. Suppose that {e1, e2} is a linearly independent set in C[0, 1]

and f is an element of C[0, 1]. Then the following function:

∥f∥∗∞ := max{∥f, e1∥∞, ∥f, e2∥∞}, (2.7)

defines a norm on C[0, 1].

Before we show that norm ∥ · ∥∗∞ and usual norm ∥ · ∥∞ are equivalent, we have an

interesting observation as follows.

Remark 2.7. The space spanned by linearly independent set {e1, e2} is the same

as the space spanned by {1, x}, as well as spanned by the linearly independent set

{α1 + β1x, α2 + β2x}. As a consequence, we have:∣∣∣∣det(α1 + β1x1 α1 + β1x2

α2 + β2x1 α2 + β2x2

)∣∣∣∣ = ∣∣∣∣det(α1 β1

α2 β2

)
det

(
1 1

x1 x2

)∣∣∣∣ ,
=

∣∣∣∣det(α1 β1

α2 β2

)
det

(
e1(x1) e1(x2)

e2(x1) e2(x2)

)∣∣∣∣ .
By taking the maximum over all x1, x2 on the both sides, we have:

∥α1 + β1x, α2 + β2x∥∞ = |K|∥1, x∥∞ = |K|∥e1, e2∥∞,

where K = det

(
α1 β1

α2 β2

)
̸= 0.

By different linearly independent set, we have the following proposition.



The Space of Continous Functions with 2-Norms 219

Proposition 2.8. Let {e1, e2} be a linearly independent set in C [0, 1] (see Figure

2). The derived norm ∥ · ∥∗∞ defined by (2.7) is equivalent to the usual norm ∥ · ∥∞.

Precisely, we have:

1

2
∥f∥∗∞ ≤ ∥f∥∞ ≤ 3∥f∥∗∞,

for every f ∈ C [0, 1].

Proof. Suppose that f is an element of C[0, 1]. Then, for every i ∈ {1, 2} hold

(from Lemma 2.1):

∥f, ei∥∞ ≤ 2∥f∥∞.

As a consequence of Lemma 2.1, we have:

∥f∥∗∞ = max{∥f, e1∥∞, ∥f, e2∥∞},
≤ max{2∥f∥∞, 2∥f∥∞},
= 2∥f∥∞.

Conversely,

∥f∥∞ = max
0≤x1≤1

|f(x1)|,

= max
0≤x1,x2,x3≤1

(|f(x1)||x2 − x3|),

= max
0≤x1,x2,x3≤1

(
|f(x1)|

∣∣∣∣det( x2 x3

1− x2 1− x3

)∣∣∣∣) ,

= max
0≤x1,x2,x3≤1

(
|f(x1)|

∣∣∣∣det( e1(x2) e1(x3)

e2(x2) e2(x3)

)∣∣∣∣) .

Then, observe that:

|f(x1)|
∣∣∣∣det( e1(x2) e1(x3)

e2(x2) e2(x3)

)∣∣∣∣
≤ |e2(x3)|

∣∣∣∣det( f(x1) f(x2)

e1(x1) e1(x2)

)∣∣∣∣+ |e1(x1)|
∣∣∣∣det( f(x2) f(x3)

e2(x2) e2(x3)

)∣∣∣∣
+ |e2(x2)|

∣∣∣∣det( f(x3) f(x1)

e1(x3) e1(x1)

)∣∣∣∣ . (2.8)

By taking the maximum over all x1, x2, x3 of the left and the right hand side in

(2.8), we have:

∥f∥∞ ≤ 2∥f, e1∥∞ + ∥f, e2∥∞,

≤ 3max{∥f, e1∥∞, ∥f, e2∥∞},
= 3∥f∥∗∞.

The derived norm ∥ · ∥∗∞ is equivalent to the usual norm ∥ · ∥∞, as claimed.
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In Proposition 2.8, we can extend the closed interval [0, 1] become arbitrary [a, b].

Then, by replacing
[
0, π

2

]
in Proposition 2.2 and [0, 1] in Proposition 2.8 becomes

[a, b], we have the following corollary.

Corollary 2.9. The norm ∥ · ∥◦∞ and the norm ∥ · ∥∗∞ are equivalent.

By completeness of the space (C [a, b] , ∥ · ∥∞), we obtain the following corollary.

Corollary 2.10. The space (C [a, b] , ∥ · ∥∗∞) is complete.

In the previous subsection, we have shown the completeness of (C [a, b] , ∥·, ·∥∞) with

respect to {b1, b2}. In this part, the following theorem become the most important

tools for showing the completeness of (C [a, b] , ∥·, ·∥∞) with respect to {e1, e2}. The
details are as follows.

Theorem 2.11. If a sequence (fk) ∈ C[a, b] converges to some f ∈ C[a, b] with

respect to {e1, e2} in ∥·, ·∥∞, then it also converges to f in ∥ · ∥∞. Also, if (fk) is a

Cauchy sequence with respect to {e1, e2} in ∥·, ·∥∞, then it is a Cauchy sequence in

∥ · ∥∞.

Proof. By replacing {b1, b2} to {e1, e2} in Theorem 2.5, this theorem is proved in

a similar way.

Corollary 2.12. The space (C[a, b], ∥·, ·∥∞) is a 2-Banach space with respect to

{e1, e2}.

By observing Remark 2.7, we have a more general result, that is, the completeness

of (C[a, b], ∥·, ·∥∞) with respect to the linearly independent set {α1+β1x, α2+β2x}.
Before we present this result, we derive a norm from the 2-norm ∥·, ·∥∞ with respect

to {α1 + β1x, α2 + β2x}, namely:

∥f∥∗∗∞ := max{∥f, α1 + β1x∥∞, ∥f, α2 + β2x∥∞}. (2.9)

Then, we need the following useful theorem to show our goal.

Theorem 2.13. Let {α1 + β1x, α2 + β2x} be a linearly independent set in C [a, b].

The derived norm ∥·∥∗∗∞ defined by Eq. (2.9) is equivalent to the derived norm ∥·∥∗∞,

as well as to the usual norm ∥ · ∥∞.

Proof. We shall only give the proof for C[0, 1] and leave that for C[a, b] to the

reader. Suppose that f is an element of C[0, 1]. Observe that:

∥f, α1 + β1x∥∞ ≤ |α1|∥f, 1∥∞ + |β1|∥f, x∥∞,

and

∥f, α2 + β2x∥∞ ≤ |α2|∥f, 1∥∞ + |β2|∥f, x∥∞.
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Hence we have:

∥f∥∗∗∞ = max{∥f, α1 + β1x∥∞, ∥f, α2 + β2x∥∞},
≤ max{|α1|∥f, 1∥∞ + |β1|∥f, x∥∞, |α2|∥f, 1∥∞ + |β2|∥f, x∥∞},
≤ max{|α1|+ |β1|, |α2|+ |β2|}max{∥f, 1∥∞, ∥f, x∥∞},
≤ max{|α1|+ |β1|, |α2|+ |β2|}max{∥f, 1− x∥∞ + ∥f, x∥∞, ∥f, x∥∞},
≤ max{|α1|+ |β1|, |α2|+ |β2|}max{2max{∥f, 1− x∥∞, ∥f, x∥∞}, ∥f, x∥∞},
= 2max{|α1|+ |β1|, |α2|+ |β2|}max{∥f, 1− x∥∞, ∥f, x∥∞},
= 2max{|α1|+ |β1|, |α2|+ |β2|}∥f∥∗∞.

By Proposition 2.8, we have:

∥f∥∗∗∞ ≤ 2max{|α1|+ |β1|, |α2|+ |β2|}∥f∥∗∞ ≤ 4max{|α1|+ |β1|, |α2|+ |β2|}∥f∥∞.

Conversely,

∥f∥∗∞ ≤ 2∥f∥∞,

= 2 max
0≤x1≤1

|f(x1)|,

= 2 max
0≤x1,x2,x3≤1

(|f(x1)||x2 − x3|),

= 2 max
0≤x1,x2,x3≤1

(
|f(x1)|

∣∣∣∣det( 1 1

x2 x3

)∣∣∣∣) ,

=
2

|K|
max

0≤x1,x2,x3≤1

(
|f(x1)|

∣∣∣∣det(α1 + β1x2 α1 + β1x3

α2 + β2x2 α2 + β2x3

)∣∣∣∣) .

Then, observe that:

|f(x1)|
∣∣∣∣det(α1 + β1x2 α1 + β1x3

α2 + β2x2 α2 + β2x3

)∣∣∣∣
≤ |α2+β2x3|

∣∣∣∣det( f(x1) f(x2)

α1 + β1x1 α1 + β1x2

)∣∣∣∣+|α1+β1x1|
∣∣∣∣det( f(x2) f(x3)

α2 + β2x2 α2 + β2x3

)∣∣∣∣
+ |α2 + β2x2|

∣∣∣∣det( f(x3) f(x1)

α1 + β1x3 α1 + β1x1

)∣∣∣∣ . (2.10)

By taking the maximum over all x1, x2, x3 and multiplying 1
|K| on the both sides in

Eq. (2.10), we have:

∥f∥∗∞ ≤ 2∥f∥∞,

≤ 2

|K|
(2|α2 + β2|∥f, α1 + β1x∥∞ + |α1 + β1|∥f, α2 + β2x∥∞) ,

≤ 6max{|α1 + β1|, |α2 + β2|}
|K|

max{∥f, α1 + β1x∥∞, ∥f, α2 + β2x∥∞},

=
6max{|α1 + β1|, |α2 + β2|}

|K|
∥f∥∗∗∞.

The derived norm ∥ · ∥∗∗∞ is equivalent to the derived norm ∥ · ∥∗∞, as well as to the

usual norm ∥ · ∥∞, as claimed.
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Since (C[a, b], ∥ · ∥∞) is a complete and by Theorem 2.13, we have (C[a, b], ∥ · ∥∗∗∞)

is also complete. Then, by replacing {e1, e2} to {α1+β1x, α2+β2x}, the analogues
of Theorem 2.11 hold. Now, we come to the result.

As a generalization of Corollary 2.12, we have:

Corollary 2.14. The space (C[a, b], ∥·, ·∥∞) is complete with respect to the linearly

independent set {α1 + β1x, α2 + β2x}.

Proof. Let (fk) be a Cauchy sequence in (C[a, b], ∥·, ·∥∞). By Eq. (2.9) and The-

orem 2.13, (fk) is a Cauchy sequence in ∥ · ∥∞. Since (C[a, b], ∥ · ∥∞) is a Banach

space and so (fk) must converges to an element f ∈ C[a, b] in ∥·∥∞. By Lemma 2.1,

(fk) must also converges to f in ∥·, ·∥∞. The last statement completes the proof.

3. Conclusion

We have first shown the completeness of (C[a, b], ∥·, ·∥∞) with respect to linearly

independent set {b1, b2}. This result gives us inspiration to show the completeness

of (C[a, b], ∥·, ·∥∞) with respect to linearly independent set {e1, e2}. Then, for the

further result, we have (C[a, b], ∥·, ·∥∞) is complete with respect to the linearly

independent set {α1+β1x, α2+β2x}. For C[a, b] as an n-normed space, we also derive

a norm from the n-norm ∥·, . . . , ·∥∞, where the definition of n-norm ∥·, . . . , ·∥∞ is

given by as follows.

∥f1, . . . , fn∥∞ := max
a≤x1,...,xn≤b

∣∣∣∣∣∣∣det
 f1(x1) · · · f1(xn)

...
. . .

...

fn(x1) · · · fn(xn)


∣∣∣∣∣∣∣ ,

for all f1, . . . , fn ∈ C[a, b]. It is unknown whether we can use the same method such

that the usual norm is equivalent to the derived norm. This problem is interesting

to study.

Then, we have a question, how about the completeness of C[a, b] (which is equipped

with the 2-norm ∥·, ·∥∞, as well as with the n-norm ∥·, . . . , ·∥∞) with respect to

arbitrary linearly independent set? This question is not easy to answer. We have a

difficulty to show equivalence between the usual norm and the derived norm. The

research on this problem is still ongoing at the present time.
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