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Abstract. In this paper, we observe the special orthogonal matriz Lie group con-
taining of all 2x 2 real matrices, denoted by SO(2), which can be geometrically visualized
as the one-dimensional torus St which is nothing but the unit circle. A Brownian motion
on SO(2) can be constructed and represented by a stochastic differential equation defined
over a dynamic state space. The research aims to derive a short-term interest rate model
on SO(2) through Brownian motion analysis which is a geometric approach. We employ
a qualitative methodology, including a literature review of Brownian motion, stochas-
tic differential equations, and dynamical state-space techniques on SO(2). Firstly, we
prove the isomorphism SO(2) = S, secondly, we determine Brownian motion on SO(2)
and its equivalent, and thirdly, we formulate the corresponding stochastic differential
equation, and the last, determine the short-term interest rate equation on SO(2). In this
study, it is confirmed Lim and Privault’s work that the interest rate equation on SO(2)
is giwen by r¢ = B + 2vycos(Wy) with B,v is constant and Wy is standard Brownian
motion. To clarify the obtained results, this study also gave a quantitative approach that
is Python simulation of interest rate calculation using the matriz Lie group interest rate
and other equations. The interest rate equation uses the matriz Lie group SO(n) with
n > 3 still open to further research that can be applied to long-term interest rates.

Keywords: Brownian Motion; Lie group matrix SO(2); Short-term interest rates;

1. Introduction

Interest rate is defined as the amount of charge on the principal loan that must
be repaid by the debtor [1]. This interest rate can be formulated in mathematical
models and is subsequently referred to as an interest rate model. For instance,
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Brownian Motion on the Matrix Lie Group 133

interest rate models can be modeled using linear regression or machine learning
approaches [2]. In general, the prevailing interest rate models used in the banking
sector are still based on standard stochastic processes.

Interest rate models play a crucial role in a country’s economic instruments
because they can function as a tool for maintaining stability [3]. This important
role is evident in instruments such as bonds and deposits [4]. Furthermore, interest
rates are also essential in green economics. In the 2022 World Economic Forum, the
Indonesian government committed to improving the national economy through the
synergy of human resources, economic growth, and environmental quality sustain-
ability. One example of this economic improvement is the implementation of green
economics, which is expected to support the government in achieving the Sustain-
able Development Goals (SDGs) ([5],[6],][7],[8]). However, green financing remains
a challenge not only in Indonesia but also in many countries, such as China and
India ([9],[10]). A primary barrier to accessing such green financing is an interest
rate structure that inadequately considers sustainability and long-term risk dynam-
ics. Current interest rate models remain conventional and insufficiently adaptive to
economic policies. Moreover, long-term projects are not yet the primary preference
for financial institutions, resulting in relatively high offered interest rates ([11],[12]).

Mathematically, prevailing interest rates still follow standard stochastic process
models such as Vasicek and Cox-Ingersoll-Ross ([13],[14],[15]). Additionally, conven-
tional interest rate models — including those using linear regression — often fail to
accurately represent the random behavior of real-world interest rates. The need for
adaptive interest rate models extends beyond green economic policies to encompass
all economic types. This necessitates innovation in conventional interest rates that
have long dominated financial markets.

Two critical factors requiring attention are the stochastic behavior of interest
rates and financing complexity. First, random behavior in data—particularly con-
cerning interest rates—can be addressed by implementing the concept of Brownian
motion [16]. This Brownian motion originates from the random movement of micro-
scopic particles in liquid or gaseous media [17]. Mathematically, Brownian motion
can be represented as a stochastic process [18], with its state space constructible
from vector spaces [19]. Second, financing complexity can be resolved by involving
matrix Lie groups which applies the geometric approach.

One example of a matrix Lie group is the special orthogonal group which is
denoted by SO(n). The matrix Lie group SO(n) consists of all orthogonal ma-
trices with determinant equal to one. This group is called ”special” because ge-
ometrically, SO(n) represents rotation transformations. Furthermore, SO(n) is a
Lie subgroup of O(n) - the orthogonal matrix Lie group that includes both rota-
tions and reflections in an % (n — 1)-dimensional space. In particular, for n = 2,
the matrix Lie group SO(2) contains rotation matrices in the plane and can
be defined as SO(2) = {A € M(2,R) | AT = A~!, det(A) = 1}.The group SO(2)
is isomorphic to the unit circle S = {z € R? | ||z[| =1} C R? Brownian mo-
tion on SO(2) can be more easily represented on the circle S! and used as a
model for constructing short-term interest rate models. For the case n = 3, the
matrix Lie group SO(3) contains rotation matrices in 3D space and can be defined
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as SO(3) = {A€ M(3,R) | AT = A~1, det(A) = 1}. Geometric visualizations of
SO(2) and SO(3) are shown in Figure 1 and Figure 2 respectively.

= initial Vector
= Rotated Vector (0 = 45°)

Figure. 2. Illustration of Vector Rotation with SO(3)

Research on matrix Lie groups and their applications has been extensively con-
ducted by various researchers ([20,21,22,23,24,25,26,27,28,29,30]). Therefore, matrix
Lie groups are highly relevant as powerful tools in various scientific fields, particu-
larly in constructing interest rate models [30]. On the other hand, several researchers
have conducted studies on short-term interest rates. Pintoux [31] investigated Brow-
nian motion on the matrix Lie groups SO(2) and SO(3) but did not utilize it to
determine interest rate models. Bildirici, Ucan, and Lousada [32] tested interest rate
structures using Lie algebras and the SO(3) matrix Lie group, considering external
factors such as economic crises, US military intervention in Iraq, and the COVID-19
pandemic during economic lockdowns. Park et al. [33] studied the non-linear and
random behavior of interest rates represented by stochastic differential equations
evolving in dynamic state spaces. Nevertheless, research related to the analysis of
Brownian motion on SO(2) for determining short-term interest rate models.

Thus, the analysis of Brownian motion on the SO(2) matrix Lie group is
considered capable of ”reforming” conventional interest rates to make them more
adaptive in financing schemes for the general public. In this research, we demon-
strate a geometric approach to short-term interest rate processes on SO(2). Starting
from the proof of the isomorphism S! = SO(2), we examine Brownian motion on
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SO(2) and its equivalences, determine stochastic differential equations, and confirm
Lim and Privault’s work about the short-term interest rate formula on SO(2). Sub-
sequently, the derived formula is simulated using Python to clarify the obtained
results.

2. Preliminaries

This section presents a discussion on some important materials which shall be ap-
plied in this research: Lie matrix groups, Brownian motion, and models of short-term
interest rates.

2.1. Matrix Lie Groups

Definition 2.1. [3/] A subgroup G of GL(n,C) is called a matrix Lie group if for
every sequence of matrices {Am} € G converging to some matric A € GL(n,C),
exactly one of the following holds A € G or A is non—invertible.

Definition 2.2. [30] A matriz Lie group G is said to be compact if it satisfies:

(1) Whenever a sequence {A,} € G converges to a matriz A, then A € G.
(2) There exists a constant C > 0 such that for every A = (A;;) € G and all
1 <4i,j <n, then |A;;] < C.

Subsequently we will discuss the matrix Lie group of orthogonal matrices, de-
noted by SO(n,R).
Proposition 2.3. [30] Let
SO(n,R) = {Ae M(n,R) | AT = A", det(A4) =1}.
Then SO(n,R) is a compact matriz Lie group.
Proof. First, (SO(n,R), x) is clearly a group. We show it is a closed subgroup of

GL(n,C). Let {A,} € SO(n,R) be any sequence converging to A € GL(n, C). Since
each A, satisfies AT A,, = I and det(4,,) = 1, taking limits gives

lim ATA, = ATA=1, lim det(A,) = det(A) = 1.
n—oo

n—00

Hence A € SO(n,R). Thus SO(n,R) is closed in GL(n,C) and so is a Lie matrix
group. To prove compactness, observe that for any A = A;;) € SO(n,R), orthogo-
nality (AT A = I) forces each entry to satisfy |4;;] < 1. Hence one may take C' =1
in Definition2.2, and conclude that SO(n,R) is compact. |

Example 2.4. For n = 2, the matrix Lie group SO(2) can be written as
SO(2) = { [

Algebra of the Lie group SO(n) is given by
so(n) = {Ac M(n,R) | AT = —A}. (2.2)

cosf) —sinf

I ] ] 6 € R (mod 27r)}. (2.1)
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Example 2.5. The elements of s0(2) are exactly those 2 x 2 real matrices satisfying
AT = — A, In particular one finds
a 0

A:
0—a

], a € R.

2.2. Brownian Motion
Definition 2.6. [18] A stochastic process {X (t)}1>0 is called a Brownian motion
if it satisfies:

(1) X(0) =0.
(2) {X(t)} has independent and stationary increments.
(3) For each t >0, X (t) is normally distributed with mean 0 and variance o>t.

Definition 2.7. [18] A stochastic process {X (t)}1>0 is called a Brownian motion
with drift g and variance parameter o if it satisfies:

(1) X(0) =0.
(2) {X(t)} has independent and stationary increments.
(3) For each t >0, X (t) is normally distributed with mean pt and variance o°t.

Theorem 2.8. [18] A stochastic process {W;}i>0 is a standard Brownian motion
if and only if the process

X(t) = put + oW, (2.3)

satisfies the state-equation for Brownian motion with drift u and diffusion o.

2.3. Short-Term Interest Rate Models

A short-term interest rate model is a mathematical framework that describes how
short-term interest rates evolve over time, enabling predictions of future interest
rate behavior [35].

Definition 2.9. [36] The model for the short-term interest rate process on matriz
Lie groups is given by the following equation:

re=B+ytr(ge), (2.4)
where (g¢)ier, 5 Brownian motion on a matriz Lie group.

Other commonly used interest rate models include the Vasicek model and the
Cox-Ingersoll-Ross (CIR) model. According to [37], the Vasicek model is given by:

dry = k(@ —1¢)dt + odWr, (2.5)
while the CIR model is given by:
dry = k(p — r)dt + o/redWr, (2.6)

where k represents the speed of mean reversion, ¢ is the long-term interest rate
level, and o denotes volatility. The parameter estimation formulas for x, ¢, and o
are as follows.
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3. Result and Discussion

We state here some new results of short rate model through the matrix Lie group
SO(2). The short rate model which is given by SO(2) is obtained by Lim and Privault
but for own interest, we shall give the complete proof. Indeed, to strengthen the
results obtained we also demonstrate this models compared with ordinary least
square (OLS), Vasicek, and CIR.

Proposition 3.1. The Lie matriz group SO(2) defined in (2.1) is isomorphic to
St={z e R z] =1}.

Proof. Consider the mapping f : SO(2) — S! defined by the (3.1)
f ([C?Sg sm@]) = (cos ,sin0). (3.1)

sinf cosf
First, we prove that f is a mapping. We will show that for all A € SO(2), it holds
that f(A) € S*. Suppose A € SO(2) with
_ |cos@ —sinf
~ |sin@ cosf |’
Based on Eq. (3.1), the value of
f(A)=Ff ({C.OSG —sm@}) = (cosf,sinf) € S*.

sin@ cosé
Next, we must prove the injectivity of the map, that is,
VA € SO(2),3! (cosf,sinf) € S' = f(A) = (cos,sind).

Suppose f(A) = y; and f(A) = yo. We will prove that y; = yo. By contradic-
tion, assume that y; # ya, then we have (cos,sin6) # (cos,sind). This implies
cosf # cosf and sinf # sin@, which is a contradiction. Therefore, we must have
y1 = yo. Thus, f is a well-defined function. Second, we prove that f is a group
homomorphism. Assume A, B € SO(2) such that

= {cos 0, —sin91} B [cos fy —sin 92} '

sinf; cos 6 sinfy cos s
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Then,
_ [cos@; —sin#,] [cosfhy — sin by
J(AB) = f (_sin 61 cos6; } Lin 0y cosOy })

[cos(0; + 02) —sin(0; + 62)
|sin(01 + 62) cos(01+62) | )’

= (cos(fy + 63),sin(0; + 65)),

B [cos @, —sin 6, cos o — sin 6
=/ (_sin@l cos 0 }) f (|:Sin02 cos 05 }) ’
— F(A)F(B).

Since f(AB) = f(A)f(B), f is a group homomorphism. Third, we prove that f
is injective. Suppose A4, B € SO(2) with f(A4) = f(B). We must prove A = B.

f ([00391 sm91]> =f <|:C0892 s1n¢92]> = (cosfy,sinf;) = (cosfs,sinby).

sinf; cos6; sinfly cos by
Therefore, cosf; = cosfy and sinf; = sinfy, implying A = B.So f is injec-
tive. Fourth, we prove that f is surjective. Let z = (cos®,sinf) € S. Choose

cosf —sind cosf —sinf .
= Lin@ s ] € SO(2). Then, f(A)=f ([sin@ s }) = (cosf,sinf) = z.

Therefore, f is surjective. Since f is a group homomorphism, injective, and surjec-
tive, it follows that f is a group isomorphism. Thus, SO(2) = St. O

Next, we discuss Brownian motion on SO(2). Since SO(2) is isomorphic to the
circle group S!, Brownian motion on SO(2) can be visualized as follows.

® A= (cos(8y), sin(fg))
& B = (cos(8), sinl8))

-1.00 -0.75 —0.50 —0.25 L] 025 050 075 Loo

Figure. 3. Visualization of Brownian Motion on S!

Figure 3 illustrates the random movement from an initial rotation () to a
rotation at time ¢ (6;) along the arc of S'. The starting point and the point at time
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t along the S! arc are represented as (cos 6, sinfp) and (cos 6y, sin 6;) respectively.
This random motion can be interpreted as Brownian motion on S!, with details
provided in the following Proposition 3.2.

Proposition 3.2. Brownian motion on S' is given by
Ht = 90 + O'Wt, (32)

where 0, is the angle at time t, 0y is the initial angle, o is the diffusion coefficient,
and Wy is a standard Brownian motion.

Proof. Referring to Figure 3, let 6y be the initial angle at ¢ = 0 and 6; the angle at
time ¢. The arc on the circle from 6y to 8; has central angle 6; = 6y + cW;. Define
gt := 0y — 0y. Then from Eq. (3.2) we get:

gt:CTWta
gt:O't—f—O'Wt.

Eq. (3.2) is exactly the state equation X (¢) = pt + cW; in Eq. (2.3) with drift
p = 0. Hence {6} is a Brownian motion on S'. m|

Next, we discuss Brownian motion related to stochastic differential equations
(SDEs) that will be used to analyze short-term interest rate processes. Let g; be
Brownian motion on SO(2) as described in Eq. (3.2). The stochastic differential
equation for this Brownian motion can be stated in Proposition 3.3 below.

Proposition 3.3. Brownian motion Eq. (3.2) with o = 1 is equivalent to the Brow-
nian motion of Eq. (3.3) below.

dgt = gtA @) qu (33)
with g, being Brownian motion on SO(2), Wy being standard Brownian motion, [J
0-1
and A = [1 0 ] .

Proof. Since SO(2) is isomorphic to S!, we define a rotation mapping R by angle
0; as follows.

cosf; —sin 6,
sin#; cos 6,

R0 — g(6;) = ( ) € 50(2). (3.4)

Differentiating g(6;) with respect to ¢ gives:

dg(0:)

= 0,9 (6,), (3.5)

where 6§, = df, /dt. Consider g(§) = (COS@ o 6) for § € R (mod 27). Its deriva-

sinf cos 6
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tive is:

( cosf —sind
cosf) —sin 0 0-1
sin@ cos® 10)’

=g(0)A

—sinf — cos 0)

Therefore,

dg(0:)
dt
= 9t9 (0:)dt,
= g, Af,dt,
= g; A o db;.

dgt = dt

From Eq. (4.2) 6; = 6y + Wy, we have df; = dW;. Substituting yields:
dgi = g1A o dW,

which completes the proof. O

Corollary 3.4. [36] The stochastic differential equation in Eq. (3.3) can be trans-
formed into Eq. (3.6):

- 0 —W,
dgy =g od (Wt 0 ) : (3.6)

Proof. Differentiating Eq. (4.3) from Proposition 4.3 gives:

dg: = g1 A o dWr,
= gt o (AdWy),
=gt ©° d(AWt)

0
_gtod<<1 O)Wt>7
—wod 0 W,
gt Wt 0 : O

Proposition 3.5. [33] The Brownian motion in equation (2.3) on SO(2) with
nonzero drift u can be transformed into the following stochastic differential equation:

dgy = g Bdt + g, dWy, (3.7)
with
0 —H 0 *th
B — , = S 50(2), ,LL S R~
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Proof. Let g, € SO(2). Then

cosf —sinf
gt = :
! sinf cos6

Take o =1 and set § = X (¢). Hence the Brownian motion in (2.3) becomes

0

d
0:/1,t+Wta dt

Differentiate g; with respect to 6:

dg: [— sinf — cos 9]

dd | cosf —sind

By the chain rule,

dg;  dgy do —sinf — cos 6
dt  do dt

dt + dWy).
cosf —sin 9] (M t)
Distributing, we obtain:

dge _ dge do

dt — do dt’
[~ sinf — cos

= dt + dWy),
_cos@ —sin&] (M + t>

[—psinf@dt — sin@dW; —ucosfdt — cosfdW,
| pcosfdt + cos@dW; —usinfdt — sinddW,; ’

dt,

[— sin 6 dW, — cos@th] [u sin 6 —pucos 6|

| cosOdW; —sinfdW; peost —psind |

gt dW gt B

0 —dW, cosf —sind| [0 —a
+ dt,
dw; 0 sinf cos6 a 0

cosf —sin6

sinf cos®

Since B,dW € s0(2) and p € R, then Eq. (3.7) follows, proving the claim. O

Proposition 3.6. The explicit solution to Eq. (3.6) is given by:

_ [(cos Wy —sin W
9t = (sin W, cos Wy ) ’ (3.8)

where Wy is standard Brownian motion.

Proof. Based on Eq. (3.6),

0 —W,
dgt:gtod[ t]’

W 0
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_ _ 0 —W,
gtlodgt—gt1<gt (d {Wt 0 tD)

Since g; is Brownian motion on SO(2) so g € SO(2), therefore g, has an inverse

and g; has entries that are greater than or equal to 0. O
Then,
dge _ d [ 0 Wt]
gt W, 0 ]’
fa=felw ]
gt Wy 0 ’
Inar — 0 -W;
gt = Wt 0 )
Cex 0 —W;
gt = €Xp W, 0 |
Compute the value of g; = exp [V?ft (I)/Vt] by setting A = [V?ft (I)/Vt] € M(n,C).

The exponential of matrix A can be calculated using the following steps:
(1) Find the eigenvalues of A with the characteristic polynomial:

Ca(A) = det (Al — A),

=\ + W2

The C()\) obtained is Ca(\) = A2 + W72. The eigenvalues of matrix A can be
obtained by finding all roots of the equation C4(A\) = 0, which are A\; = iW; and
Ao = —iW; with ¢ being the imaginary number.

(2) Find the eigenvectors corresponding to Ay = iW; or A = —iW;. For the
case A1 = Wy, it can be obtained by determining the solution to the homogeneous
system (iW Iy — A)v = 0, with v; = [zl] The augmented matrix [iW;ls — A : 0]

2

gives the solution to the homogeneous system:

v = Fl} s{l],SER.
i) 1

Therefore, the eigenvector corresponding to eigenvalue A\; = iW; is [ 1]. Hence,
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S| = { K] } is a basis for eigenspace F,. Next for the case Ao = —ilV;, it can be
obtained by determining the solution to the homogeneous system (—iW; Iy — A)v =
0, with vy = [xl} If the augmented matrix is [—iW;Is — A : 0], then the solution

x2
to the homogeneous system is:

Therefore the eigenvector corresponding to eigenvalue Ay = —iW; is {_12} Hence,
Sy = { {_12] } is a basis for eigenspace Fy. The matrices obtained are P = [i _11
iWe 0
dD= .
an { 0 —z'Wj
(3) The exponential of D are given by:
. . Wy 0
eP = diag{e™t, =Wt} = {60 e_th:| .

(4) The exponential of A can be calculated with the help of Euler’s formula for
complex numbers, namely eWr = cos W, + isin Wy and e~ "Wt = cos W, — isin W,.
The calculation of the exponential of A are given by:

-1

1 =1 .. i —i v —1
et = [1 1}d1ag{elwt,e Wy L 1] ,

i =] [e™ 0 111

11 0 e We] 25 [—14)’
1 |ietWt —je—tWe 1 4

T 2% | eWr e—iWe | =14

1 lleZWf _|_Z'e—iW1, _ein, _1_6—th‘|

2 Wi _ o= iWe oiWi 4 jo—iW,

| —

eth + e—th Z'ein, _ Z'e—in,
_Z'eth _’_,L‘efth eth + efth ’

| —

2

2cos Wy —2sin W,
2sin Wy 2cos Wy ’

cos W; —sin W,
sin Wy cos W; '

0 —-W; cos Wy —sin W,
Therefore, g = exp W, 0 = | W, cosW, |
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Proposition 3.7. [36] The short-term interest rate model for Brownian motion on
SO(2) is given by Eq. (3.9) as follows.

re =B+ 2y cos Wy, (3.9)

where the condition 8 > 2|v| ensures ry > 0 for allt € Ry.

Proof. From Eq. (2.4) and the explicit solution in Eq. (3.8), we have:
re =B+ -tr(g),
cos W; —sin W,
= .t
pra-tr <(sinWt cos Wy >) ’
= [+ 2~ cos Wr. m|
The simulation in this study uses U.S. interest rate data. The data set consists

of monthly interest rates from January 2023 to May 2025. Data was accessed on
June 1, 2025, from https://fred.stlouisfed.org/.

Table 1. US Interest Rate Data

Date US interest rate ‘ Date US interest rate
01/01/2023 1.7831 01/04/2024 1.9382
01/02/2023 1.4202 01/05/2024 2.1034
01/03/2023 2.0596 01/06/2024 1.9996
01/04/2023 1.4439 01/07/2024 2.0484
01/05/2023 1.5369 01/08/2024 1.6642
01/06/2023 1.0606 01/09/2024 1.5816
01/07/2023 1.4260 01/10/2024 1.4801
01/08/2023 1.6021 01/11/2024 1.9584
01/09/2023 1.6997 01/12/2024 1.8244
01/10/2023 2.0825 01/01/2025 2.0555
01/11/2023 2.0943 01/02/2025 2.0277
01/12/2023 1.6809 01/03/2025 1.8592
01/01/2024 1.6809 01/04/2025 1.6705
01/02/2024 1.6186 01/05/2025 1.6676
01/03/2024 1.9260

In Table 1, it can be seen that there are data fluctuations every year. These
interest rates will be simulated by several models, namely ordinary least square
(OLS), SO(2), Vasicek, and CIR. The simulation results will be compared across
each model.

The OLS calculation with Python produces the equation y = 0.1z 4+ 1.6187.
Meanwhile, for the SO(2) interest rate model, we use the assumptions § = T = 1.758
and v = 5 = 0.1302 with x being the data mean and s the data standard deviation.
The SO(2)-based model, according to Eq. (3.9), yields r; = 1.758 + 0.2604 cos W;.
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Parameter estimation for the Vasicek and CIR models using Eq. (2.7), Eq. (2.8), and
Eq. (2.9) gives k = 0.0149, ¢ = 0.0283, 0 = 0.2268. Substituting these parameters,
the resulting Vasicek model is dr; = k(0 — r)dt + odW; = 0.0149 (0.0283 —
r¢) dt 4 0.2268 dW;, and the CIR model obtained is dr; = 0.0149(0.0283 — r) dt +
0.2268,/r; dW;. Simulations are performed up to 5000 iterations and each iteration
is evaluated using MAPE. The model selected is the one with the smallest MAPE.
The simulation results of these four best models can be seen in Table 2 and Figure

4.
Table 2: Simulation Results of the Four Models
Date Actual Data  SO(2) Model Vasicek Model CIR Model OLS Model
01/01/2023 1.7831 1.7360 1.7831 1.7831 1.6187
01/02/2023 1.4202 1.6648 1.5257 1.6440 1.6286
01/03/2023 2.0596 2.0126 1.5527 1.9953 1.6386
01,/04/2023 1.4439 1.5085 1.3411 1.6210 1.6486
01/05/2023 1.5369 1.7016 1.1006 1.5756 1.6586
01,/06,/2023 1.0606 1.7255 0.9813 1.5623 1.6686
01/07/2023 1.4260 1.7715 1.2115 1.6441 1.6785
01,/08/2023 1.6021 1.8857 1.8663 1.7156 1.6885
01/09/2023 1.6997 1.9042 1.9941 1.7830 1.6985
01/10/2023 2.0825 1.9904 1.8689 2.0946 1.7085
01/11/2023 2.0943 2.0188 1.9585 1.9484 1.7184
01/12/2023 1.6809 2.0021 1.6536 1.8269 1.7284
01/01/2024 1.6809 2.0177 1.6187 2.1401 1.7384
01,/02/2024 1.6168 1.6298 1.7038 1.7644 1.7484
01/03/2024 1.9260 1.7297 1.6100 1.8092 1.7584
01/04/2024 1.9382 2.0184 1.8116 1.8706 1.7683
01/05/2024 2.1034 1.8736 2.0274 1.7530 1.7783
01/06/2024 1.9996 1.9370 2.1378 2.0069 1.7883
01/07/2024 2.0484 1.9643 1.8857 1.4164 1.7983
01/08/2024 1.6642 1.5738 1.7302 1.5306 1.8082
01/09/2024 1.5816 1.7545 1.9004 1.8110 1.8182
01/10/2024 1.4801 1.9968 1.7543 1.9839 1.8282
01/11/2024 1.9584 1.9790 1.8678 1.9303 1.8382
01/12/2024 1.8244 1.9886 2.2332 1.6519 1.8482
01/01/2025 2.0555 2.0172 2.1608 2.0202 1.8581
01/02/2025 2.0277 1.8882 1.9228 1.8251 1.8681
01/03/2025 1.8592 1.9049 1.5098 2.3646 1.8781
01,/04/2025 1.6705 2.0164 1.4547 2.0340 1.8881
01/05/2025 1.6676 1.8045 1.7315 1.6670 1.8981

Figure 4 demonstrates that the SO(2), Vasicek, and CIR models closely follow
the fluctuations in the data, while the OLS model produces only a straight line
with an upward trend. The MAPE (Mean Absolute Percentage Error) values are
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Figure. 4. Comparison of Four Interest Rate Models

11.58% for the SO(2)-based model, 10.63% for Vasicek, 11.95% for CIR, and 12.17%
for OLS. The SO(2)-based model provides a better approximation of the actual
data compared to the CIR and OLS models. Although the Vasicek model performs
slightly better, the SO(2) model effectively captures the data fluctuations.

4. Conclusion

Brownian motion on the matrix Lie group SO(2) is given by 6, = 6y + oW, where
0; is the angle at time ¢, 6, is the angle at time 0, o is the diffusion coefficient, and

Wy is standard Brownian motion. When o = 1, it is equivalent to dg; = g+ A o dW;
0

with g; being Brownian motion on SO(2) and A = [1

-1
0 }, and thus equivalent

to dgy = g¢A o dW;. For o # 1, dg; = ¢g;Bdt + g;dW with B = B _O’M], dW =
0 —dW,
2 R.
[th 0 } €50(2) and p €
cos Wy —sin Wy
sin Wy  cos Wy

proach implements the Brownian motion function on SO(2) to model the short-term

Finally, it is equivalent to g; = [ } The matrix Lie group ap-

interest rate process. The explicit formula for the short-term interest rate on SO(2)
is r; = B+ 27y cos W; where 3, are constants and W; is standard Brownian motion.
Simulation of the short-term interest rate model based on the matrix Lie group
SO(2) using Python shows model accuracy with a MAPE of 11.58% and follows the
data fluctuations.
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