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Abstract. Let G = (V(G), E(G)) be a simple graph and A be a nonempty set of
parameters. Let R C A x V(G) be an arbitrary relation from A to V(G). A mapping
F: A — P(V(G)) can be defined as F(z) = {y € V | zRy} and a mapping K : A —
P(E(G)) can be defined as K(z) = {uv € E | {u,v} C F(z)}. A pair (F,A) and (K, A)
are soft sets on V(G) and E(G), respectively, then (F(a), K(a)) is a subgraph of G. The
4-tuple SG = (G, F, K, A) is called a soft graph of G. In this paper, we will construct a
soft graph for the barbell star graph BSp, n, a graph obtained from the amalgamation
of a path graph P, with m vertices and two star graphs S, with n 4+ 1 vertices.

Keywords: Soft Set, Soft Graph, Barbell Star Graph

1. Introduction

In 1965, Zadeh [1] introduced the concept of fuzzy sets that could be used to handle
problems involving uncertainty, vagueness, or subjectivity in various fields such as
artificial intelligence, control systems, and decision-making. Fuzzy sets discuss the
membership of an element represented by a value between 0 and 1. However, the
theory faces practical limitations, especially when it comes to combining member-
ship functions for specific cases. To overcome this, Molodstov [2] introduced soft set
theory in 1999 as a mathematical tool designed to address uncertainty and handle
multiple parameters without requiring the exact specification of each parameter.
Furthermore, Maji et al. [3] described some fundamental algebraic operations
on soft sets and provided an analytical framework for soft set theory. Ali et al. [4]
proposed several operations on soft sets and formulated the notion of their comple-
ment, showing its compliance with De Morgan’s laws. Later, Maji et al. [5] explored
the application of soft sets in decision-making problems. In their subsequent work,
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Maji et al. [6] combined soft sets with other mathematical structures, presenting
a hybrid model known as fuzzy soft sets, a fuzzy extension of soft sets. They also
investigated several results related to this model. The concept of soft sets is also
modified and extended into the graph domain to form soft graph theory.

The soft graph theory was first developed by K. Thumbakara and Bobin George
in 2014 [7]. This research conducted a study on the definition of soft graph homo-
morphism, complete soft graph, soft tree, and its properties. Then in 2015, Akram
modified the definition of a soft graph and explained some soft graph operations [8].
In 2019, Abbood provided a soft graph characterization for null graphs, complete
graphs, cycle graphs, bipartite graphs, and star graphs [9]. Thenge then provides the
definitions of connected and degree for soft graphs [10]. In 2022, George provided
definitions for the Hamilton soft graph and examined some of its properties [11].
Significant research has been conducted to establish the soft graphs corresponding
to certain special graphs. In 2021 and 2022, Palani constructed soft graphs for path,
cycle, complete bipartite, and combinations of cycle graphs with complete graphs
[12,13]. Once the soft graph representation of a given graph is established, it be-
comes possible to extend the analysis by incorporating additional graph-theoretic
notions, such as the domination number or the metric dimension, within the frame-
work of the soft graph. In this research, we construct a soft graph for the barbell
star graph BS,, , with several different soft-set definitions.

2. Some Concepts

For the basic concepts of graph theory, we refer to [14] and [15]. A graph is defined
as the set of ordered pairs (V, E) denoted G = (V(G), E(G)) where V(G) is a
nonempty set of vertices and E(G) is the set of possibly empty edges. The number
of vertices in the graph G is called orde which is denoted by |V(G)|. The number
of edges in the graph G is called the size which is denoted by |E(G)|. Two vertices
u and v in a graph G are adjacent if v and v are connected by an edge. A simple
graph is a graph without loops or multiple edges. A loop is an edge that connects
a vertex to itself, while multiple edges are two or more edges that connect the
same two vertices. A graph H is said to be a subgraph of a graph V(H) C V(G)
and E(H) C E(G). A subgraph can be denoted by H C G. A path from vertex vg
to the vertex v, in the graph G is a finite sequence of vertices and edges in G such
that v;—1v; € E(G) for i =1,2,3,--- ,n. The vertex vy is called the initial vertex,
and the vertex v,, is called the end vertex. The length of a path is the number of
edges involved in the path. The length of the shortest path from vertex w to v is
called the distance between two vertices u and v denoted by d(u,v). A graph G
is said to be connected if there is a path connecting every vertex to every other
vertex. The eccentricity of a vertex v in G is defined as the maximum distance of
one vertex from another vertex in G denoted by e(v). The vertex v is said to be an
eccentric vertex of u if the distance from u to v is equal to the eccentricity of u
or d(u,v) = e(u). The radius of G is the minimum eccentricity of all vertices in G*
denoted by rad(G). The diameter of G* is the maximum eccentricity of all vertices
in G denoted by diam(G). A null graph is a graph with no edges. A star graph
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S, is a graph with n 4+ 1 vertices where there is a center vertex of degree n and
n other vertices of degree one called leaves. A path graph P, has two vertices of
degree one and the other n — 2 vertices of degree two. Fort € N andi € 1,2,--- ,t.
Let G; be a simple connected graph, and |V (G;)| = k; > 2, for some k; € N. For
t> 2, let G;,Ga, -+, Gy be a finite collection of graphs, and each G;, i€ 1,2,--- ,t
has a fixed vertex vg; called a terminal. The amalgamation Amal(G;,vy;) is a
graph formed by taking all G}s and identifying their terminals. The definition of
amalgamation refers to [16].

Definition 2.1. [2] Let U be a finite nonempty set of objects called the universe,
P(U) be a power set over U, and let E be a nonempty set called parameters. An
ordered pair (F, E) is said to be a soft set over U, where F is a mapping from E
into the set of all subsets of the set U, that is, F : E — P(U).

Definition 2.2. [8] Let G = (V, E) be a simple graph and A be any nonempty set
of parameters. Let the subset R of A x V' be an arbitrary relation from A to V.
A mapping F : A — P(V(Q)) can be defined as F(x) = {y € V(G) | xRy} and a
mapping K : A — P(E(G)) can be defined as K(z) = {uv € E(G) {u,v} C F(x)}.
The pair (F, A) is a soft set over V and the pair (K, A) is a soft set over E. A
4-tuple SG = (G, F, K, A) is called a soft graph of G if it satisfies the following
conditions:

G = (V(G)), E(GQ)) is simple graph,

A is nonempty set of parameters,

(F, A) is soft set over V,

. (K, A) is soft set over E,

. (F(z), K(x)) is subgraph of G for all x € A.

SARRSENCERS

The subgraph (F(x), K (x)) is denoted by H(x). A soft graph can also be represented
by SG = (F, K, A) = {H(z) | = € A}.

3. Result and Discussion

Suppose that two-star graphs and a path graph, G; = S,,,Go = S,, and G3 = P,
The star graph Sy, has one center vertex vg ; and other vertices v; ; of degree one
called leaves. The path graph has two terminal vertices, a; and a,, (vertices of degree
one), and the other vertices are of degree two. Furthermore, an amalgamation graph
is constructed from two star graphs and a path graph by linking a leaf from each
star graph to the initial and final vertices of the path graph. We designated vertex
v1,1 in the first star graph, vertices a; and a,, in the path graph, and vertex v, »
in the second star graph as terminal vertices. Then attached vertices v;; and a;
to a fixed vertex aj(a; = v1,1) and also attached vertices a,,, and v1,2 to a fixed
vertex (@, = v1,2). Thus, an amalgamation graph of two star graphs and a path
graph results in a barbell star graph, and is denoted by BS,, , for m,n € N with
m>1,n2>2.
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The set of vertices and edges of graph B.S,, , are defined as follows.

V(BSmn) = {voj,vij,a|i €{2,3,...,n}, je{1,2}, le{1,2,....,m} },

E(BSmn) = {vojvij|ie{23,....n}, je{1,2}}

U {wojar|je{1,2}, 1ef{l,...,m}}

U {alalH ’l € {1,2,...,m}},
with  |[V(BSpn)|=2(n+1)+m—2,

|E(BSm.n)| =2(n)+m—1 (3.1)

The barbell star graph B.S,, , is shown in Figure 1.

V31 V2,1

V41
[ @ —— —

20,1 Ty Tay as Q-1 Sm

Un—1,1 Un,1

Figure. 1. Barbell Star Graph BSm »

The eccentricity for all vertices of BS,,, graph is shown in Table 2.

Table 1. Eccentricity of Vertices of BSm n

m is Odd Number || m is Even Number
T e(x) T e(x)
Vi1 m+3 Vi1 m+ 3
V0,1 m 4+ 2 V0,1 m + 2
ay m+1 al m+1

T3 :

ama | [PF] | ax |25
Am m+1 am m+1
Vp,2 m + 2 0,2 m+ 2
V5,2 m+3 Vi, 2 m+3

Theorem 3.1. Let G = (V(G), E(G)) be a barbel star graph BSy, » graph, and let
A be a nonempty set of parameters where A =V (G). If (F, A) is a soft set over V(Q)
defined by a mapping F : A — P(V(G)) such that F(z) ={y € V | d(z,y) = k} for
all x € A, and (K, A) is a soft set over E(G) defined by a mapping K : A —
P(E(@)) such that K(z) = {uv € E | {u,v} C F(x)} for all x € A, then SG =
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(G,F,K,A) is a soft graph represented by {H(x) |z € A} where H(x) is a null
graph for 0 < k < diam(G). Furthermore, no such soft graph of G exist when
k> diam(G).

Proof. Let G = (V(G), E(G)) be a BSy,,, graph and let A be a set of all ver-
tices in G, so A = V(G). Define a function F(z) = {y € V |d(z,y) = k}, and
K(z) ={w € E | {u,v} C F(z)} for every = € A.

Since 0 < k < diam(G) and F(z) = {y €V |d(z,y) =k} for all x € A, then
there exist y € V(G*) such that d(x,y) = k. Consequently, F(z) # @ and con-
tains vertices with no adjacent vertices. Thus K(z) = 0. Therefore, the subgraph
H(z) = ((F(x),K(x)) is a null graph.

Conversely, for k > diam(G), it is clear that there does not exist y € V(G) such
that d(z,y) > diam(G) then F(z) = 0, consequently K(z) = (. Therefore soft
graph of BS,, ,, does not exist. O

Theorem 3.2. Let G = (V(G), E(G)) be a barbel star graph BS,, , and let A be
a set of parameters where A = V(G). If (F, A) is a soft set over V(Q) defined by a
mapping F : A — P(V(Q)) such that F(x) = {y € V | d(x,y) < 1} for all x € A,
and (K, A) is a soft set over E(G) defined by a mapping K : A — P(E(G)) such
that K(x) = {uv € E | {u,v} C F(x)} for all z € A, then SG = (G, F,K,A) is a
soft graph represented by {H(x) | x € A}, where:

Py, forx=w;;; i=2,3,---,n, j=1,2,
H(x)=( P, forx=a;1l=1,2,---,m,
Sp, forx=wvp1; l=10r x=1v92;l=m.
with

a) Ps is a path graph with two vertices,
b) P is a path graph with three vertices,
¢) S, is a star graph with n + 1 vertices.

Proof. Let G = (V(G), E(G)) be a BSy,, graph and A be the set of all vertex
in G that is A = V(G). Define a function F(z) = {y € V | d(z,y) < 1} and
K(z) ={uw € E | {u,v} C F(x)} for every z € A.

Consider the following cases.
Case 1. Forz =v;;; 1 =2,3,---,n, j=1,2.
Since F(z) ={y € V |d(z,y) <1l}andz =v;,;; i =2,3,--- ,n, j = 1,2, then F(x)
contains two adjacent vertices {v; ;,vo ;} and K(z) is the set an edge connected the
two vertices in F(x). Thus, H(z) = (F(x), K(x)) is isomorphic to Ps.
Case 2. Forxz =q;; [ =1,2,--- ,m.
Since F(z) = {y eV |d(z,y) <1} and « = a3 | = 1,2,--- ,m, then F(z) =
{aj—1,a;,a;41 | 1 =1,2,--- ;m}, contains three consecutive vertices in P,,, and
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K(z) = {aj—1ar, qpai41 | L € {1,2,--- ;m}} contains edges in P,, that connect the
vertices in F(z). Thus, H(x) = (F(z), K(z)) is path graph with length 3, Ps.
Case 3. For x =wvg1; [ =1o0r x =vp2;l =m.

Since F(z) ={y € V | d(z,y) <1} and x = vp1; | = 1 or © = vg2; | = m then

F(z) = {a1,v01,vi1 | ¢ = 1,2,--- ,n} for x = vo1 or F(z) = {am,vo2,vi2 | i =
1,2,--- ,n} for x = vg 1, contains all vertices in S,, and K (z) contains all edges in
Sy. Thus, H(z) = (F(z), K(x)) is isomorphic to S,,. O

Theorem 3.3. Let G = (V(G),E(G)) be a BSy,n, graph. A is an arbitrary non-
empty set of parameters where A C V(G*). If (F,A) is a soft set over V(G*)
defined by a mapping F : A — P(V(QG)) such that F(z) = {y € V | d(x,y) < k}
with k > 2 for every x € A, and (K, A) is a soft set over E(G) defined by a mapping
K : A — P(E(Q)) such that K(x) = {uv € E | {u,v} C F(x)} for all x € A, then
SG = (G, F, K, A) is a soft graph represented by {H(x) | v € A} where:

BSpm, for k> e(x), x € A,
H(z) = { Papy1, fork<m+2—e(x), z €A,

Amal(Sp, Ppyit2—e(z)s @), otherwise.

Proof. Let G = (V(G), E(G)) be a simple graph and A be a set of all vertices in
G that is A = V(G). Define a function F(x) = {y € V | d(z,y) < k} with k > 2
and K(z) = {uw € E | {u,v} C F(z)}.

Consider the following cases.

Case 1. For k > e(x); z € A.

Since F(z) = {y € V | d(z,y) < k} and k > e(z) for k > 2, then F(z) =
{vo,j,vij,a | j=1,2;4=2,3,--- ,n;l=1,2,--- ,m} contains all vertices in BS,, ,,
and K (x) contains all edges of BSy, . Thus, H(x) = (F(z), K(z)) is isomorphic to
BSpmn-

Case 2. For k<m+2—e(zx); v € A

Since F(z) = {y € V | d(z,y) < k} and &k < m + 2 — e(z), then the vertices

having eccentricity m,m —1,m —2,---, {#] satisfy the given conditions. They
are precisely the vertices of the path graph P, excluding its final vertex (see Table
1),80 F(x) ={aj—k, - ,a1—1,a1,a141, -+ , a4+ contains 2k+1 consecutive vertices

of P, and K(z) contains the edges of P, that connect the vertices in F(x). Thus,
H(z) = (F(x), K(x)) is isomorphic to Pajy1.

Case 3. For k <e(x);z € Aor k>m+2—e(z); z € A.

Sub-case 3.1 Fork <e(z);z € A

Since k < e(x) and F(x) ={y € V | d(z,y) < k} for k > 2, then
F(z)={vo1,vi1,a [;9=2,3,--- ,n;l=1,2,--- ,m} or

F(z) = {vo2,vi2,a ;i =2,3,--- ,m;1 =1,2,--- ,m} contains all vertices from a
star graph S,, and all the vertices of the path graph P, and K (x) contains all edges
in S, and P,,. Thus, H(x) = (F(z), K(z)) is isomorphic to Amal(Sy, Prn,).
Sub-case 3.2 For k > m+2 —e(z); z € A

Since k>m+2—e(z) and F(z) ={y € V | d(z,y) < k} for k > 2, then
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F({E) = {’UO,h/Ui,laal |77’ = 2737 e, Ny
F(z) = {vo2,vi2,a; ;1 =2,3,---,n

=1,2,-
=12,

,m} or

,m} contains all vertices from a

star graph S, and all the vertices of the path graph P,,, and K (z) contains all edges
in S,, and P,,. Thus, H(zx)

(F(z), K(x)) is isomorphic to Amal(Sy, Pp).

O

We will give the soft graph of barbell star graph BS,,, with m = 2,3,4,5 for
every x € A as shown in Table 3 — Table 6 below. The symbol A in the table denotes
the amalgamation.

Table 2. Soft Graph of BS2

H(x)
™ aEg e U@, ) <3 A,y <7 Ay <k F>5
'Ui,l 5 A(Sn,Pl,al) A(Sn,Pg,al) A(S,,,.,Pg,al) A(2Sn7P2,a17a2)
vo,1 4 | A(Sn, P, a1) A(Sn, P3,a1) A(2Sn, P2, a1,a2) | A(2Sn, P2, a1,as)
a 3 A(Sn,Pg,a]) A(ZSn,Pg,al,ag) A(2Sn,P2,a1,a2) A(QSW,P27CL1,L12)
as 3 A(Sy,, P3,a2) A(2S,,, P2, a1, a2) A(2S,, P2,a1,a2) A(2S,,, P2, a1, a2)
’U072 4 A(S,L7P27a2) A(SV,L,P37(12) A(2S,L7P2,a1,a2) A(2S,,L,P2,a17a2)
'Ui12 5 A(Sn,Pl,G,Q) A(SH,PQ,G,Q) A(Sn,Pg,az) A(QSH,Pz,al,az)
Table 3. Soft Graph of BS3 ,
H(z)

S Sl R Az, <3 Az, y) <1 W@ <5 [ d@g <k kS0
1)1‘71 6 A(Sn,Pl,al) A(Sn,Pz,al) A(Sn,P3,a1) A(S’n,P4,a1) A(QSn,ng,al,ag)
’L)()’l 5 A(Sn,Pg,al) A(Sn,Pg,al) A(S,,,,P4,a1) A(ZSW,,Pg,al,a;;) A(an,Pg,al,as)
al 4 A(Sn,Pg,al) A(Sn,PAL,U.l) A(QST,,,P;;,(Ll,(lg) A(ZSn,Pg,al,ag) A(QSn,Pg,(ll,(lg)
as 3 Ps A(2S,, P3,a1,a3) | A(2S,,Ps,a1,a3) | A(2S,,Ps,a1,a3) | A(2S,, P3,a1,a3)

as 4 A(Sy, P3,a2) A(Sy, Pa,az) A(2S,, P3,a1,a3) | A(2S,, P3,a1,a3) A(2S,, P3,a1,a3)
V0,2 5 A(SV,L,P27(12) A(SV,L,P3,(12) A(SV,L,P47(12) A(QS,,L,Pg,ahag) A(2S,L7P3,a1,a3)
Ui=2 6 A(Sn,Pl,G,Q) A(Sn,Pg,az) A(Sn,Pg,,ag) A(S’n,P4,a2) A(2Sn,Pg,a1,a3)

Table 4. Soft Graph of BSy »n
H{z)

T ey [ dew<3 | dww<i dy) <5 iy <6 [dep <k k7
Vi1 7 A(S,,,,Phal) A(S,,,,P27a1) A(S7,7P37a1> A(S,“P4,a1) A(Sn P5 al) A(ZS,,,P4 al,a4)
V0,1 6 | A(S,, Py,a1) | A(Sn, Ps,a1) A(Sy, Py, ay) A(Sn, Ps,a1) A(2Sy, Py,a1,a4) | A(2Sn, Py, a1,a4)

ay 5 A(Smpgg,al) A(Sn P4,a1) A(Smps,(“) A(an,P4,a1,(L4> A(an,P4,a1 (M) A(2 ns 4,01,624)

as 4 P:, A(S,hpg),(l,l) A(ZSn,P4,a1,a4) A(ZSn,P4,a,1,a4) A(QSH,PL;,(M, 4) A(QSH P4,(11 (14)

as 4 P:, A(Sn P{,, (1,2> A(2Sn,P4, (ll,(14) A(2Sn, P4, ai, (14) A(QSH P47 ai, 4) A(an, P47 ai, (14)

ag 5 A(ST”P3,U,2> A(Sn P4,a2) A(SR,P{),G,Q) A(2S71,P4,(ll,(l4) A(QSR,P4,(11 (14) A(QSR,P47(11, 4)
V0,2 6 A(SH7P2,(12> A(Sn,ng,aQ) A(SR,P4,(12> A(SH,P5,(12) A(QSH,P4,(11,(Z4) A(QS,UP4 ay, a. 4)
Vi, 2 7 A(S,,,,Phag) A(S,,,,PQAIQ) A(S,,,,Pgﬂlg) A(S,,,7P4,a2) A(STL,P(),(IQ) A(QS",P4 al,a4)
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Table 5. Soft Graph of BS5 ,

H(xz
¢ ) ey [ awn <3 [ dwmp =i e S CE i@y <7 [dmp <k k8
vii | 8 | A(Sn,Pr,a1) | A(Sp, Pr,a1) | A(Sn, Ps,an) A(S,, Py, a1) A(S,, Ps,a1) A(Sy, Ps,a1) A(2S,,, Ps, a1, a5)
Vo1 7 A(Sp, Py, a1) | A(Sn, Ps,a1) A(Sy, Py, ay) A(S,, Ps,ay) A(Sp, Ps, a1) A(2S,, Ps,a1,a5) | A(2S,, Ps,a1,a5)
ay 6 A(Sy, P3,a1) | A(Sn, Pi,a1) A(Sy, Ps,a1) A(Sy, Ps,a1) A(2S,, Ps,a1,a5) | A(2S,, Ps,a1,a5) | A(2S,, Ps,a1,as5)
as 5 Ps A(Sn,P,r,.,u]) A(Sn, Ps,a1) A(2S,, Ps,a1,a5) | A(2Sy, Ps,a1,a5) A(?b,, Ps,a1,a5) A(?b,, Ps,a1,a5)
as 4 Ps P A(2S,, Ps,a1,az) | A(2S,, Ps,a1,a5) | A(2S,, Ps,a1,a5) | A(2S,, Ps,a1,a5) | A(2S,, Ps,a1,a5)
a; | 5 Ps A(Sn, Ps,a2) | A(Sn, Ps,as) | A(2S,, Ps,a1,a5) | A(2S,, Ps,a1,a5) | A(2S,, Ps,a1,as) | A(2S,, Ps,a1,as)
as 6 A(S,, P3,as) | A(Sn, Py, a2) A(S,, Ps,as) A(Sn, Ps, az) A(2S,, Ps,a1,a5) | A(2Sn, Ps,a1,a5) | A(2S,, Ps,a1,as)
voo | 7 | A(Su, Pr,as) | A(Sn, Ps,as) | A(Sn, Py, as) {x(sn,P&ag) A(Sy, Ps,a2) | A(2S,,Ps,a1,a5) | A(2S,, Ps,a1,a5)
Vi 2 8 A(Syn, P1,az) | A(Sn, P2, az) A(Sy, P3,a2) A(Sy, Py, az) A(Sn, Ps, az) A(Sh, Ps, az) A(25,, Ps,a1,as5)
From the subgraph patterns formed above, if given a function F(z) = {y € V |

d(z,y) <k} with £ > 2 and a function K(z) = {uv € E | {u,v} C F(z)} for every
x € A, then three types of subgraphs H(z) of BS,, , will be formed as follows.

(1) The subgraph H(x) will be of the form BS,, , if:

a)

b)

m = 2 with
k=3 and e(x)
k=4 and e(x)
k=5 and e(x) =
m = 3 with
k=3 and e(z) =
k=4 and e(x) =
k=5 and e(z) =
k=6 and e(z) =
m = 4 with
k=4 and e(x) =
k=5 and e(x) =
k=6 and e(x) =
k=17and e(x) =

:3,
= 3,4,

From the pattern above, we concluded that if & > e(z) then the subgraph H(z)
for an z € A will be of the form BS,, .
(2) The subgraph H(z) will be of the form Pyj1 if

a)
b)
)
)

m = 3 with k = 2 and e(x)
m = 4 with k = 2 and e(x)

=3,
=4,

m =5 with k = 2 and e(x) = 4,5,

m =5 with k = 3 and e(x)

=4.

From the pattern above, we concluded that if k+e(x) < m+2or k < m+2—e(x)
then, the subgraph H(z) for an z € A will be of the form Pyj;.
(3) The subgraph H(z) will be of the form BS,, , if

a)

m = 2 with
k=2 and e(x)
k=2 and e(x)

k=2 and e(x)

= 3 then H(x)
=4 then H(x)
=5 then H(x)

mal(Sy, Ps,a;) ;1 =1,2,

=A
= Ama
=A

l(Sn,Pz,al) 1=1,2,

mal(Sy, P1,a;) ;1 =1,2,
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k=3 and e(z) = 4 then H(z)
k=3 and e(z) = 5 then H(z)
k=4 and e(z) = 5 then H(x)

b) m = 3 with
k=2ande(x) =
k=2and e(x) =
k=2 and e(x)
k=3 and e(x)
k=3 and e(x)
k=3 and e(x)
k=4 and e(x)
k=4 and e(x)
k=5 and e(x)

¢) m =4 with
k=2 and e(x)
k=2 and e(x)
k=2 and e(x) =
k=3 and e(x) =
k=3 and e(x) =
k=3 ande(z) =
k=3 ande(z) =
k=4 and e(x) =
k=4 and e(x) =
k=4 and e(x) =
k=5 and e(x) =
k=5 and e(x) =

)=

From the pattern above, we concluded that for otherwise k < e(x) or
kE > m + 2 — e(x) the subgraph H(z) for an x € A will be of the form

= Amal(Sp, Ps,a;) ; 1 =1,2,
= Amal(Sp, Py, ;) ; 1 =1,2,
= Amal(Sp, Ps,a;) ; 1 =1,2,

4 then H(x) = Amal(S,, Ps,a;) ; 1 = 1,2,
5 then H(x) = Amal(Sy, P2, a;) ;1 =1,2,
= 6 then H(xz) = Amal(Sy,, P1,a;) ;1=1,2,
=4 then H(z) = Amal(Sy, Py,a;) ;1=1,2,
=5 then H(z) = Amal(Sy, P3,a;) ;1=1,2,
= 6 then H(z) = Amal(Sy, P2,a;) ;1=1,2,
= 5 then H(z) = Amal(Sy, Py, a;) ;1=1,2,
= 6 then H(z) = Amal(Sy, Ps,a;) ;1 =1,2,
= 6 then H(xz) = Amal(Sp, Py, a;) ;1=1,2,
=5 then H(xz) = Amal(Sy, Ps,a;) ;1 =1,2,
= 6 then H(z) = Amal(Sp, P2, a;) ;1=1,2,
7 then H(z) = Amal(Sy, P1,a;) ;1 =1,2,
4 then H(xz) = Amal(Sy,, Ps,a;) ;1 =1,2,
5 then H(z) = Amal(S,, Py,a;) ; 1 =1,2,
6 then H(x) = Amal(S,, Ps,a;) ; 1 = 1,2,
7 then H(z) = Amal(Sy, P2, a;) ; 1 =1,2,
=5 then H(x) = Amal(Sy, Ps,a;) ;1 =1,2,
= 6 then H(x) = Amal(Sy, Py, a;) ;1 =1,2,
=7 then H(x) = Amal(Sy, P3,a;) ;1 =1,2,
= 6 then H(x) = Amal(Sy, Ps,a;) ;1 =1,2,
=7 then H(x) Amal(Sy, Py,a;) ;1=1,2,

= Amal(Sy, Ps,a;) ; 1 =1,2.

Amal(Sn, PerkJrQ,e(m), al) for [ = 1, 2.

4. Conclusion

In this paper, we constructed the barbell star graph from the amalgamation of the
star graph and the path graph, denoted by BS,, ,, and also enumerated the soft
graph forms of this amalgamation graph for different definitions of F'(z).
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