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Abstract. Let (R,+,-) be a ring with unity. An element in R is called a clean
element if it is the sum of a unit element and an idempotent element. A ring R is called
a clean ring if all elements in R are clean elements. The notion of a clean element was
generalized to a clear element by replacing the idempotent element with a unit-reqular
element. An element in R is called a clear element if it is the sum of a unit element
and a unit-reqular element. A ring R is called a clear ring if all elements in R are clear
elements. In this paper, we study the new properties of clear elements in a ring and
clear properties in certain special rings, such as opposite rings, quotient rings, corner
rings, Morita rings, and group rings.
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1. Introduction

Let (R,+,-) be a ring with unity 1z. An element r € R is said to be clean if
it is the sum of a unit element and an idempotent element of R. A ring R is
called a clean ring if every element of R is a clean element. This concept was first
introduced by Nicholson [1]. Research on clean rings is still developing to this day.
Several researchers have continued to study and expand the concept, as presented
in [2,3,4].

An element r € R is said to be unit-regular if there exists a unit element 7’ € R
such that r-r’-r = r. For every idempotent element r € R, there exists a unit element
1g € R such that r- 1z -7 = r. In [5], Zabavsky, Domsha, and Romaniv introduced
the notion of clear elements by generalizing the definition of clean elements through
the generalization of an idempotent element to a unit-regular element. An r € R is
said to be clear if it is the sum of a unit element and a unit-regular element of R.
Therefore, a ring R is called a clear ring if every element of R is a clear element. In
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other words, the concept of clear rings can be viewed as a generalization of clean
rings.

Several results from [5] include the following: every clean element is a clear
element; every unit-regular element is a clear element; the image of a ring homo-
morphism from a clear ring is also a clear ring; and the direct product of clear rings
is also a clear ring. In this paper, we continue the study of properties of clear ele-
ments in a ring, as well as the properties of clear rings within certain special classes
of rings. The relationships between the main concepts in this study are illustrated

in Figure 1.
Ring
Theory
Idempotent Unit Unit-regular
Element Element Element
Clean generalized to Clear
Element Element

Futher Properties
l l = of Clear Elements
and Clear Rings

Clean generalized to Clear

Ring Ring

Figure. 1. The main concepts in this study

Throughout this paper, R denotes a ring with unity 1g. The set of all unit
elements of R is denoted by U(R), the set of all idempotent elements of R is denoted
by Id(R), the set of all unit-regular elements of R is denoted by Uy..4(R), the set of
all clean elements of R is denoted by Cln(R), and the set of all clear elements of R
is denoted by Clr(R).

In this paper, we continue the study of properties of clear elements in a ring, as
well as the properties of clear in several specific ring structures, such as the ring in
the Morita context, the abelian ring, the opposite ring, the group ring, the Dorroh
ideal, and others. The results of this research are expected to contribute to the
development of the theory of algebraic structures on clear elements.

2. Some Concepts

Clear rings generalize the notion of clean rings. To understand the concept of clear
rings, it is essential to first understand the notions of units, idempotent elements,
clean elements, regular units, and other related concepts. This section introduces
the fundamental notions relevant to this research.
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Definition 2.1. [6] Let (R,+,) be a ring. An element r € R is said to be a unit
if there exists v’ € R such that rv’ = 15 = 1'r.

To facilitate the understanding of Definition 2.1, the following is an example of
a unit element.

Example 2.2. Consider the ring (Zg, +¢, -6). The units in Zg are 1 and 5.

Definition 2.3. [6] Let (R,+,-) be a ring. An element r € R is said to be idempo-
tent if r2 =r.

To facilitate the understanding of Definition 2.3, the following is an example of
an idempotent element.

Example 2.4. Consider the ring (Zg, 46, ). The idempotent elements in Zg are
0,1,3, and 4.

Definition 2.5. [7] Let (R,+,-) be a ring. An element r € R is said to be unit-
reqular if there exists v’ € U(R) such that rr'r = r.

To facilitate the understanding of Definition 2.5, the following is an example of
a unit-regular element.

Example 2.6. Consider the ring (Zg, +¢,6). The unit-regular elements in Zg are

4=4-¢1¢4,and 5=51-65, for some for some unit elements 1 and 5 in Zg.

The next basic notion required for research on clear rings is the concept of clean
rings. The definition of a clean ring is presented as follows.

Definition 2.7. [1] Let (R,+,-) be a ring. An element r € R is said to be clean
if r =u+e, for someu € U(R) and e € Id(R). A ring R is called a clean ring if
every element of R is a clean element.

Definition 2.8. [5] Let (R,+,) be a ring. An element r € R is said to be clear if
r=u+wv, for someu € U(R) and v € Uy,eq(R). A ring R is called a clear ring if
every element of R is a clear element.

To facilitate the understanding of Definition 2.8, the following are examples of
clear rings.

Example 2.9. Let (Zg, +¢,6) be the ring of integers modulo 6. The elements of

Zg are 0,1,2,3,4, and 5. We will show that (Zg, +¢, ). Consider the following
decompositions.

) For 0 € Zg, 0 = 1 +¢ 5, where (Zg) and 5 € Uyeg(Zs),
) For 1 € Zg, 1 =1 +4 0, where (Zg) and 0 € Uyeg(Zs),
) For 2 € Zg, 2 =1 +¢ 1, where (Zg) and 1 € Uyeg(Zs

) For 3 € Zg, 3 =1 +¢ 2, where (Zg) and 2 € Uyeg(Zs),
) For 4 € Zg, 4 = 1 +¢ 3, where (Zg) and 3 € Uyeg(Zs),
) For 5 € Zg, 5 =15 +¢ 0, where 5 € U(Zg) (
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Based on the decompositions above, it follows that every element in Zg can be
expressed as the sum of a unit and a unit-regular element. Hence, (Zg, 46, '¢) is a
clear ring.

Example 2.10. Let (R, +,-) be a division ring. Take any » € R. Consider the
following two cases:

(1) If r = Og, then r = 1g + (—1g), where 1z € U(R) and —1g € Useg(R).
(2) If r # Og, then 7 = r 4+ Og, where r € U(R) and Og € U,eg(R).

Since every element r € R can be written as the sum of a unit and a unit-regular
element, it follows that the division ring (R, +, ) is a clear ring.

In the following, we present several properties of clear elements and clear rings
that are used in this research.

Proposition 2.11. [5] Every clean element is a clear element.
Proposition 2.12. [5] Every homomorphic image of a clear ring is clear.
Proposition 2.13. [5] Every direct product of clear rings is a clear ring.

Definition 2.14. [8] Let (R, +,-) be a ring. An element r € R is said to be quasi-
regular if there exists ' € R such that r + 1" =rr’ =1'r.

To facilitate understanding of Definition 2.14, the following are several examples
of quasi-regular elements.
Example 2.15. Let (R,+,-) be a ring. An element Og € R is a quasi-reguler

element since Og + 0gr = 0g - Og.

01

Example 2.16. The element A = <O 0

) € Msyx2(R) is a quasi-regular element,

since there exists B =
in re exi <O 0

-1
0 > € Msy2(R) such that A+ B = AB = BA.
The following proposition presents the relationship between quasi-regular ele-
ments and units in a ring.
Proposition 2.17. [9] Let (R,+,-) be a ring. An element r € R is said to be
quasi-regular in R if and only 1g — r € U(R).
Proof. Let (R,+,-) be a ring.

(=) Assume that r € R is a quasi-regular element. We will prove that 1g—r € U(R).
Since r € R is a quasi-regular element, there exists v’ € R such that r + 1’/ =
rr’ = r'r. Note that:

Ag—r)Ag—r)=1g—r"—r4+r'=1g—1r'—r+r+71" =15,
and
(lg—rYlg—-r)=1lg—r—r"+7'r=1g—r—r"+r+7" = 15.

Hence, 1z — r € U(R).
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(<) Assume that 1g —r € R is a unit element. We will prove that » € R is a
quasi-regular element.
Since 1z — 7 € U(R), then there exists (1gz — r)~! € R such that

(lg—7)"'"Ar—r)=1g=(1r—1) "(1g — 7).

We have (1g —7)"'r = (1g =)' =1lgp and r(1g —7)~' = (Ig — )~ ' — 1p.
Then,

(g —r)tr=r(lg—7r)"".
Let 7/ = 1r — (1g — r)~!. Note that:
r’' =r(lg = (g —r)")=r—r(lg—r)" ' =r— (g —71)""r,

=(r—(1r—r)""r,

=7r'r,
and
r+r’'=r+lg—(Qp—r)"'=r—(-lg+(r—71)")=r—(Qg—7r)"'r,
=(1r— (1R_T)_1)rv

=7r'r.
Hence, r + 1’ = rr’ = r'r. Therefore, r € R is a quasi-regular element.
Thus, it is proved that an element r € R is said to be quasi-regular in R if and only
lp —re€ U(R) O
Definition 2.18. [10] Let (R,+,-) be a ring. A ring R is called a strongly regular

ring if for every r € R there exists ' € R such that r’r’ = r.

To facilitate the understanding of Definition 2.18, the following is an example
of a strongly-regular ring.

Example 2.19. Let (R, +, ") be the ring of real numbers. The ring R is a strongly
regular ring because for every r € R\ {0}, we have r = r?
have 0 = 02 - 0. Therefore, R is a strongly regular ring.

-r~1 and for r = 0, we

Definition 2.20. [11] Let (R,+,-) be a ring. A ring R is called abelian ring if
every idempotent e € R is central, i.e., re = er, for all r € R.

To facilitate the understanding of Definition 2.20, the following is an example
of an abelian ring.

Example 2.21. Let (Z,+,-) be the ring of integers. The set of all idempotent
elements in Z is Id(Z) = {0,1}.

(1) fe=0¢€ Id(Z), we have r -0 =0 - r, for every r € Z and
(2) fe=1€Id(Z), we have r -1 =17, for every r € Z.

Therefore, (Z,+,-) is an abelian ring.
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3. Result and Discussion

This study began with an examination of basic theories regarding rings and a review
of previous results related to clean rings and clear rings. From this study, advanced
properties related to clear elements in a ring were identified. Furthermore, this study
includes a discussion of the properties of clear in several specific ring structures, such
as the ring in the Morita context, the Dorroh ideal, the corner ring, the opposite
ring, the group ring, and others.

3.1. Further Properties of Clear Elements in a Ring

Before investigating the properties of clear elements in special rings, the first step is
to examine the advanced properties of clear elements in a ring. Han and Nicholson in
[12] state that “If x is a clear element in R, then 1g —x is also a clear element in R.”
This statement does not hold in clear rings. As a counterexample, consider the ring
(Z,+,-). The set of all units and regular units in Z are respectively U(Z) = {—1,1}
and U,ey(Z) = {—1,0,1}. Consequently, the set of all clear elements in the ring Z
is Clr(Z) = {—2,—1,0,1,2}. Based on the set Clr(Z), we obtain —2 € Clr(Z) but
1—-(-2)=3¢Clr(2).

Furthermore, in a clean ring, the statement “If = is a clean element in R, then
—2x is a clean element in R” does not apply. However, in a clear ring, the statement
“If x is a clear element in R, then —z is a clear element in R” applies.

Proposition 3.1. Let (R,+,-) be a ring. If x is a clear element of R, then —x is
also a clear element of R.

Proof. Let x € Clr(R). It means x = u + v, for some u € U(R) and v € U,¢4(R).
Since u € U(R), we have ut = tu = 1g, for some ¢t € R and since v € U,4(R), we
have vyv = v, for some y € U(R). Next, consider the following decomposition:

—x = —u+ (—v). (3.1)

It is clear that —u € U(R) since (—u)(—t) = ut = tu = (—t)(—u) = 1g, for
some —t € R and also —v € U,.4(R) since there exists —y € U(R) such that
(=v)(—y)(—v) = —vyv = —v. Thus, —z € Clr(R). O

The following presents the properties of the clear element in a ring related to
the quasi-regular element.

Proposition 3.2. Let (R,+,-) be a ring. If x is a quasi-reqular element of R, then
x s also a clear element of R.

Proof. Let x € R and z is a quasi-regular element. Therefore, by Proposition 2.17,
we have 1g — 2 € U(R). Since 1g — 2 € U(R), then  — 1g € U(R). Note that:

x:(x—13)+13, (3.2)

for some z — 1g € U(R) and 1g € U,eq(R). Thus, z € Clr(R). O
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But, the converse of Proposition 3.2 is not true. As a counterexample, consider
Example 3.3.

Example 3.3. In the ring (Z4, +4,4), the element 3 € Clr(Z,), but 3 is not a
quasi-regular element because there does not exist § € Z4 such that 347 = 3+, 7.

Proposition 3.4. Let (R,+,-) be a ring. If x is a strongly regular element of R,
then x is also a clear element of R.

Proof. Let € R and z is a strongly regular element. Then, z = zyz and zy = yz,
for some y € R. Next, consider the following decomposition:

r=(r—(lgp —2y)) + (1r — 2y). (3.3)
Note that:

(= (1r — 2y))(yzy — (g — 2y)) = 2yry — = + T2Y — Y2y + vYy2y + 1§ — Y,
=ay —z +ayr —yry + xyryy + 1g — xy,
=zy—z+x—yxy+yry + 1r — xy,
= 1g,

(yry — (1r — 2y))(z — (1r — 2y)) = yoyz — yoy + yryry — x + xyz + g — 2y,
=yr —yry +yzry —r+ o+ 1r — zy,
=yr —yry+yry —r+x+ 1gp — yz,

= 1g,
and
(1r —2y)lr(lr —ay) = (g —2y)(1r — 2y), = 1r — 2y — 2y + TYTY,
=1r — 2y —xy + 2y,
=1 —2y.
As a result, we have x — (1g — zy) € U(R) and 1g — 2y € U,¢y(R). Therefore,
x € Clr(R). |

But, the converse of Proposition 3.4 is not true. As a counterexample, consider
Example 3.5.

Example 3.5. In the ring (Z4, +4,-4), the element 2 € Clr(Z,), but 2 is not a
strongly regular element because there does not exist § € Z4 such that 24742 = 2.

3.2. Clear Properties in Certain Special Rings

After discussing the advanced properties of the clear element, we will now examine
the properties of clarity in several types of special rings. The first discussion focuses
on the properties of clear rings related to the opposite ring, as presented in the
following proposition.

Proposition 3.6. Let (R,+,) be a ring. A ring R is a clear ring if and only if
R°P is a clear ring.
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Proof. Let (R,+,-) be a ring.

(=) Assume that R is a clear ring. We will prove that R°P is a clear ring.
Let x € R°P. Since each element of R°P is also an element of R, we have x € R
and x = u + v, for some v € U(R) and v € U,.4(R). Next, we will prove that
u € U(RP) and v € U,eq(RP). Since u € U(R), we have ut = tu = 1p, for
some t € R and since v € Ureq(R), we have vyv = v, for some y € U(R). Note
that:

uxt=tu=1lg=ut=txu and v*xy*xv =v*xvy =0Yyv = 0.

It is clear that u € U(RP) and v € U,¢4(R°P). Thus, r € Clr(R°P).
(<) The proof is analogous to the previous one.

Thus, we have proved that the ring R is a clear ring if and only if R°P is a clear
ring. O

The following is a proposition regarding the properties of clear rings related to
the quotient ring.

Proposition 3.7. Let (R,+,-) be a ring and an ideal I C R. If R is a clear ring,

then the quotient ring R/I is also a clear ring.

Proof. Let (R,+,-) be a clear ring and an ideal I C R. We will prove that R/I

R

is also a clear ring. Let 7 = x4+ 1 € /I’ where z € R. Since R is a clear ring,

we have = u + v, for some u € U(R) and v € Upq(R). Next, since u € U(R), we
have ut = tu = 1g, for some t € R and v € U,.4(R), we have vyv = v, for some
y € U(R). Consider the following decomposition:

z+I=@w+v)+I=w+1I)+ (v+1). (3.4)
It is clear that (u+1) € U (R/I) since (u+1)(t+1)=(t+I)(u+I)=1g+1, for
somet+1 € R/I and that v+1 € Up,¢q (R/I) since there exists y+1 € U (R/I)
such that (v+ I)(y+I)(v+1)=vyv+1 =v+ 1. Thus, T € Clr (R/I). |

But, the converse of Proposition 3.7 is not true. As a counterexample, consider
Example 3.8.

Example 3.8. Let (Z,+,) be the ring of integers and (6Z,+,-) its ideal. By

Z

the Fundamental Homomorphism Theorem for rings, we have / 67 = Ze¢ and

(Zg, 6, 6) is a clear ring, implies that Z/6Z is a clear ring, while (Z,+,-) is not a

clear ring.

Proposition 3.9. Let (R,+,-) and (S,+,-) be rings and { : R — S be a ring

epimorphism. A ring S is a clear ring if and only if R/ker(() s a clear ring.
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Proof. Let (R,+,-) and (S, +,-) be rings and ¢ : R — S be a ring epimorphism.
Hence Im(¢) = S. Next, by the Fundamental Homomorphism Theorem for rings,
we have:

ey =S

Therefore, we conclude that the ring S is a clear ring if and only if R / ker(¢) is a

clear ring. 0

Next, we investigate a property of clear rings related to corner rings.

Proposition 3.10. Let (R,+,-) be an abelian ring and e € Id(R). If R is a clear
ring, then eRe is also a clear Ting.

Proof. Let (R,+,-) be an abelian ring, e € Id(R), and R is a clear ring. Define a
function ¢ : R — eRe by ((r) = ere, for each r € R. Let r,7’ € R. We will prove
that ¢ is an epimorphism. Note that:
Cr+r)=elr+re=-ere+er'e=C((r)+ (),
C(rr') = e(rr')e = e(rr')ee = er(r'e)e = er(er’)e = (ere)(er’e) = ((r)((r'),
and for every ere € eRe, there exists r € R such that ((r) = ere. Therefore, ¢ is a
ring epimorphism. Thus, eRe is a clear ring. O

Proposition 3.11. Let (R,+,) be an abelian ring and e € Id(R). A ring R is a
clear ring if and only if eRe and (1g — e)R(1r — e) are clear rings.

Proof. Let (R,+,-) be an abelian ring and e € Id(R). Then, eRe = eR and
(lR — G)R(lR — 6) = (1R — G)R
(1) We will prove that R =eR + (1g — €)R.
It is clear that eR + (1g — e)R C R. We will prove that R C eR + (1g — ¢)R.
Let r € R, then

r=er+ (1g —e)r,
for some er € eR and (1g —e)r € (1g — e)R. Thus, r € eR + (1gr — e)R.
Therefore, R =eR + (1 — €)R.
(2) We will prove that eRN (1g —e)R = {Or}.
For any x € eRN (1g — e)R, then = € eR and = € (1g — e)R. Since = € eR,
then x = er and © € (1g — e)R, then = (1g — e)r’, for some r,7’" € R. Note
that:
er=(1gr —e)r', = eer = e(lgr — e)r’,

— *r = (e —e*)r/

= er = Opr’,

— er = 0g.

Since x = er = Op for an arbitrary element € eRN(1g —e)R, thus eRN(1x —
6)R = {OR}
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Therefore, R = eRe®(1g—e)R(1g—e). It follows that, R = eRe®(1gr—e)R(1g—e).
It has been proved that the ring R is a clear ring if and only if e Re and (1g—e)R(1g—
e) are clear rings. |

Considering that e? = ¢, (1 —€)? = 1g —2e+e = 1gr — ¢, and e(lg —€) =
e — €2 = 0. We conclude that e and 1 — e are orthogonal idempotent elements
in R. In the following, we generalize Proposition 3.11 for the case of n orthogonal
idempotent elements in R.

Proposition 3.12. Let (R,+,) be an abelian ring and ey, ea, - - , e, are orthogonal
n

central idempotents in R with Zei = 1g. A ring R is a clear ring if and only if

i=1
e;Re; are clear rings, for eachi=1,2,--- ,n.

Proof. Since e; +es + -+ + e, = lg, then every r € R can be written as
r=r-lg=r(e1+ex+- ---+e,) =re;+res+---+re,.

As aresult, R = Rey+ Rea+- - -+ Re,,. Moreover, since eq, e, -+ - , €, are orthogonal
idempotent elements in R, it follows that R = e; Re; 4+ esReg + - -+ + e, Rey,. Let
T € e;Re; N ZejRej, then x = e;re; and x = Zejrjej. So, e;re; = Zejrjej.
J#i J#i J#i
By multiplying e; on the left, we obtain e;e;re; = e; Zejrjej = ¢;re; = 0p. As
J#i
a result e; Re; N Z ejRe; = {Og}. Thus, R = e;Re; @ eaRey & --- @ ey Re,,. It has

J#i
been proved that the ring R is a clear ring if and only if e; Re; are clear rings, for
eacht=1,2,--- ,n. O

Next, the following proposition presents a property of clear rings related to
diagonal matrix rings denoted by D,,(R). In this paper, diag(ry, 2, ,7,) denotes
an n X n diagonal matrix whose main diagonal entries are r1,7r3,--- ,7, € R.

Proposition 3.13. Let (R,+,-) be a ring. A ring R is a clear ring if and only if
D, (R) is a clear ring.

Proof. Let (R, +,-) be a ring. Define a function:

¢:R" —5 Dy(R)

(7"1,7'2,"' ,Tn) — diag(TI;TQa"' 77‘1'7,)7

for each (r1,7r2, -+ ,mn) € R™ Let (ri,ra,--- ,1ry), (ri,7h, -+ ,7,) € R". We will
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prove that ¢ is an isomorphism. Note that:

/

C((T‘h?"g,--- 7Tn) + (7“/1,7“57"' ,’I“n)) = C((Tl +T/17T2 +Tév"' ,Tn-i-’l“;z)),

. / / /
= dlag(rl +r, T2, Ty +Tn)a

= diag(r1, 7o, -+ ,rn) + diag(ry, 5, -+ ,70),

= C((r1, 2y ) + (L 75, 1)),
C(r1,ra, o o) (1, g,y 1p)) = C(rarg, rarg, -+, Taty),

= diag(r17],marh, -, Tarh),

= diag(ry,ra, -+ ,ry)diag(ry, rh, -+ ,11),

= C((Tlvr% U 7rn))<((r/17r/2’ T 77“;))7
ker(C) = {(7‘1,7"2, Tt 7rn) € R" ‘ C((rlar% T ’rn» - Oan}’
= {(OR7ORa e 7OR)}a
and for every diag(ry,ro, -+ ,7r,) € Dy(R), there exists (r1,72, -+ ,7,) € R™ such
that (((r1,72, -+ ,7rn)) = diag(ry,re, -+ , 7). Therefore, ¢ is a ring isomorphism or
R"™ = D, (R). Thus, it has been proved that the ring R is a clear ring if and only if
D,,(R) is a clear ring. |

Next, the following proposition presents a property of clear rings related to
triangular matrix rings denoted by T, (R).

Proposition 3.14. Let (R,+,") be a ring. If T,,(R) is a clear ring, then R is also
a clear ring.

Proof. Let (R, +,-) be a ring. Suppose that T}, (R) is a clear ring. Define a function
¢ : Tn(R) — R by (([a]ij) = a11, for each [a];; € T, (R). Let [alj, [b]i; € Tn(R).
We will prove that ¢ is an epimorphism. Note that:
C(lals; + [blij) = ¢([a + blij) = a1 + bix = (([ali;) + C([0]i5),
C(lalij [bli) = arbir = C([ali;)C([bli),

y Op--- Og
0p Op -+ Og

and for every y € R, there exists X = [ | | . | € T (R) such that {(X) =
0p Og -+ Og

y. Therefore, ¢ is a ring epimorphism. Thus, R is a clear ring. O

Next, we investigate a property of clear rings related to Dorroh ideals. A study
on Dorroh ideals can be found in [13,14]. Let (R, +,-) be a ring and B an (R, R)-
bimodule such that for every a,b € B and r € R, we have:

(ab)r = a(br), (ar)b=a(rb), and (ra)b=r(ad).

Then the set I(R, B) = R@® B forms a ring under pointwise addition and multipli-
cation defined by

(r,a)(s,b) = (rs,rb+ as + ab).
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Proposition 3.15. Let (R,+,) be a ring and B an (R, R)-bimodule. If I(R, B) is
a clear ring, then R is also a clear ring.

Proof. Let (R,+,-) be a ring and B an (R, R)-bimodule. Assume that I(R, B)
is a clear ring. Define a function ¢ : I(R,B) — R by (((r,b)) = r, for each
(r,b) € I(R, B). Let (r,b), (', b') € I(R, B). We will prove that  is an epimorphism.
Note that:
C((r,b) + (', 0)) = C((r + 7,0+ ) = r+ 1" = ¢((r, b)) + ¢((r, 1)),
C(r, ) (', 0)) = C((rr!, 7t + br’ +bb)) =7’ = (((r,0))C((17, 1)),
and for every r € R, there exists (r,05) € I(R, B) such that ¢((r,05)) = r. There-
fore, ( is a ring epimorphism. Thus, R is a clear ring. O

However, the converse of Proposition 3.15 does not hold. The following provides
a necessary condition for the converse of Proposition 3.15 to be valid.

Proposition 3.16. Let (R,+,-) be a ring and B an (R, R)-bimodule. If R is a
clear ring and for every x,y € R and b € B it follows that byx 4+ byb+ xzyb = b, then
I(R, B) is a clear ring.

Proof. Let (R,+,-) be aring and B an (R, R)-bimodule. Assume that R is a clear
ring and for every x,y € R and b € B it follows that byx + byb + zyb = b. We
will prove that I(R, B) is a clear ring. Let (r,b) € I(R, B). Since R is a clear ring,
then r = u + v, for some v € U(R) and v € Uy¢y(R). Next, since u € U(R), we
have ut = tu = 1g, for some t € R and v € U,.4(R), we have vyv = v, for some
y € U(R). Consider the following decomposition:

(r,b) = (u,0B) + (v,b). (3.5)
It is clear that (u,0p) € U(I(R, B)) since:
(U,OB)(t,OB) = (ut,OB) = (1R703) = (tu, OB) = (t,OB)(u,OB),

for some (t,0p) € I(R,B) and (v,b) € Ureq(I(R, B)) since there exists (y,0p) €
U(I(R, B)) such that

(’U, b) (y7 OB)(’U, b) = (Uy’l}, vyb + byv + byb) = (Uv b)
Thus, (r,b) € Clr(I(R, B)). m]
Next, we investigate a property of clear rings related to Morita context rings.
A study on Morita context rings can be found in [15]. Let (R, +,-) and (S, +,) be

rings, B an (R, S)-bimodule, C' an (5, R)-bimodule, and let ¢ : B®g C — R and
1 : C ®r B — S be bimodule homomorphisms. The set:

A(«p,w)Z{Ci) |T€R7b€B,ceC,seS}

is a ring under matrix addition and multiplication defined by:

rb\ (O (rr+ebed) rb +bs
cs)\cs) er' + s ss'+YPle@d))
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The ring A, 4 is called the ring over a Morita context (Morita ring).

B
g S) be the Morita ring with two zero pairings.
A ring N0y 1s a clear ring if and only if R and S are clear rings.

Proposition 3.17. Let Ag ) = <

B
Proof. Let A ) = (g S) be the Morita ring with two zero pairings.

=) Assume that Ay ) is a clear ring. We will prove that R and S are clear rings.
(0,0)
Define functions:

C : A(O,O) — R

(T b) — r, for every <r b) € Ao,
cs cs

n: A((),()) — S

<r b) — s, for every (r b> € Ao,0)-
cs cs

/AN,
We will prove that ¢ and n are ring epimorphisms. Let (r b) , <T b ) € Ao,o)-
Note that:

cs cd s
rb r by
(o) +(00) =

r+r" b+ b
c+c s+ ’

and

)e((e2)

and for every r € R, there exists r Oz € A(o,0) such that ¢ " Op =
0¢c Og ’ Oc Os

r. Therefore, ¢ is a ring epimorphism. It is easy to show that 7 is a ring epi-
morphism. Thus, R and S are clear rings.

(<) Assume that R and S are clear rings. We will prove that A ) = (2 g) is a

clear ring. Let (z z> € Aoy lt meansr € R, b€ B, ce€ C, and s € S. Since

R and S are clear rings, then r = u; +v; and s = ug + ve, for some u; € U(R),
v1 € Upeg(R), ug € U(S), and vy € Uy,eq(S). Based on the following facts:
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(a) for an element u; € U(R), there exists t1 € R such that uit; = tyu; = 1g,

(b) for an element vy € Uyeq(R), there exists y; € U(R) such that viy,v1 = v,

(c) for an element ug € U(S), there exists to € S such that ugte = taus = 1g,
and

(d) for an element vy € Uy¢4(.9), there exists yo € U(S) such that voysvs = vs.

Next, consider the following decomposition:

rb\  [ui b vy 0
(c s> N (c u2> + (O 1)2) ' (3:6)
Note that:
(751 b tl —tlbtg _ lR OB _ tl —tlbtg Ul b
C U2 —tQCtl t2 o OC 15 o _tQCtl t2 C U2
v 0 Y1 0 v 0 (w1 0
0 V2 0 Y2 0 V2 o 0 V2 '

up b vy 0
As a result, we have <c u2> € U(MA,0)) and (0 v2> € Upeg(A(0,0))- Hence,

A(0,0) is a clear ring. O

and

Corollary 3.18. A ring T = <R B

0 S’) is a clear ring if and only if R and S is also

a clear ring.

Let (R,+,-) be a ring and G a group. The set of all formal linear combinations
of elements of G with coefficients in R is defined as:

RG] = Z r9g |79 € R, and ry # 0 for only finitely many g € G
geG

The set R[G] is a ring under componentwise addition and convolution multiplication
and is called the group ring of G over R. Next, we investigate a property of clear
rings related to group rings. However, in this study, the discussion is restricted to
the case of finite groups, specifically to the group G = {eg, g}

Proposition 3.19. Let (R,+,) be a ring with 2 € U(R) and G = {eg, g} be a
group with order 2. A ring R|G] is a clear ring if and only if R is also a clear ring.

Proof. Let (R,+,-) be a ring with 2 € U(R) and G = {eg, g} be a group with
order 2.

(=) Assume that R[G] is a clear ring. We will prove that R is a clear ring. Define a
function ¢ : R[G] — R by ((reg +1'g) = r + 7', for each re + G +1'g € R[G].
We will prove that  is a ring epimorphism. Let rie+G+7r g, reeg+rhg9 € R[G].
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Note that:

(((rieg +r19) + (r2e6 +139)) = (((r1 + ra)eq + (11 +72)g),

=7 +r2+1"/1 +r'2,

=7 +7r] +re+ 1),

= ((riec +119) + ((r2ec +r39),

(((rieq +r1g)(raea + r59)) = (((rir2 + rirg)ec + (rirh + rir2)g),

= rire + Tirh + vl + e,

= (r1+ry)(r2 +15),

= ((riec +r1g) C(rec +159),
and for every y € R, there exists yeg +0rg € R[G] such that ((yeg+0rg) = y.
Therefore, ¢ is a ring epimorphism. Thus, R is a clear ring.
Assume that R is a clear ring. We will prove that R[G] is a clear ring. Define
a function n : R[G] — R x R by n(req + r'g) = (r +r',r — '), for each
reqg + r'g € R[G]. We will prove that 7 is a ring isomorphism. Let rieq +
rig,reec + 149 € R[G]. Note that:

n((riec +119) + (r2eq +159)) = n((r1 + r2)ec + (11 +13)g),

((r1+72) + (] +73), (11 +1r2) = (r +715)),

=(ri+ry+ro+rhr—rl +ry—15),

= (r1 + 7m0 = 11) + (r2 + 1,72 — 13),

=n(rieg +119) +n(raec +rig),

n((rieg +r19)(reec +139)) = 77((7“17“2 +riry)ec + (riry +1r1r2)g),

rire +1ir5) + (117 + rira), (rire + 1173) — (r1ry + 117r2)),

1+ 71 (r2 +75), (1 —r1)(r2 = 713)),
=1n(riec +rig)n(r2ec +139),

ker(n) = {reg +1'g € R[G] | n(reg +1'g) = (Or,0r)},

‘e RIG] | (r+7',7 —7") = (0g,0R)},

and for every (r,7’') € R x R, there exists 271 (r +1")eg + 27! (r — r')g € R[G]
such that:

N2+ req + 27N r = 1)g) = @70 £ 27N =), 27 (r ) = 27 (r = 1)),
= (r,r").
Therefore, 7 is a ring isomorphism. Since R is a clear ring, by Proposition 2.13,

we have R X R is a clear ring. Moreover, since R[G] 2 R x R, we conclude that
R[G] is also a clear ring,.

Thus, it is proved that the ring R[G] is a clear ring if and only if R is also a clear
ring. O
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Next, we investigate a property of clear rings related to the set of all endomor-
phisms of the module R over R.

Proposition 3.20. Let (R,+,-) be a ring. A ring R is a clear ring if and only if
Endg(R) is also a clear ring.

Proof. Let (R,+,-) be a ring. Define a function ¢ : R — Endgr(R) by ((r) = n,
and n,.(z) = rz, for each r,x € R. It is clear that ¢ is an isomorphism. Then,
R =~ Endg(R). Therefore, we conclude that ring R is a clear ring if and only if
Endg(R) is also a clear ring. O

4. Conclusion

In this paper, we have proven three new properties of clear elements in a ring. The
properties state that if a certain condition is satisfied, then an element in a ring is
a clear element. We also have proven clear properties in certain special rings, such
as the opposite ring, the quotient ring, the corner ring, the Morita ring, and the
group ring. The propositions and corollary state that certain special rings are clear
under certain conditions.

For future research, the result of this paper can be explored for other algebraic
structures, such as modules, algebras, coalgebras, and comodules. Besides that,
research about clean ring can also be explored under tensor product. The research
could investigate whether the tensor product of two clear rings is necessarily clear
and find sufficient conditions such a property holds.
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