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Abstract. In this paper, we present a study on the impact of bounds on selected
topological indices, utilizing the extreme values of each topological index. In this study,
we choose the Albertson index and the Sigma index as selected models. The Sigma index
is defined by the following relationship:

(@)= D (du(G) - du(G))*.
uwveE(G)

Additionally, we derive bounds for the minimum and mazimum Albertson indices (irrmin
and irrmax) across various tree structures. We also provide upper and lower bounds,
incorporating parameters such as the maximum degree A and the minimum degree §.
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1. Introduction

Throughout this paper, let G = (V,E) be a simple, connected graph, where
[V(G)| = n, |[E(G)| = m, the minimum and the maximum degree of G are de-
noted by J, A, where 1 < § < A <n — 1. Let P, be a path of order n and S,, the
star tree of order n, typically denoted by Kj ,—1. Let e = uwv € E(G) be an edge;
then the imbalance of e, known as |dg(u) — dg(v)], is employed in the “Albertson
index”. In 1997, Albertson in [1] denoted the imbalance of an edge uv by imb(uv),
where a graph G is considered regular if all of its vertices have the same degree.
The irregularity measure is defined in [1,2,3,4] as:

(@)= Y lda(u) — d(v)] (1.1)

weEE(Q)
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Denote by irrpyax the maximum of the Albertson index and irry;, the minimum of
the Albertson index. Furthermore, there are studies related to the Albertson index
and irregularity; see [1,5,6,7,8,9,10]. Two graphs G and H are deemed identical if
their vertex sets are equal, V(G) = V(H), and their edge sets are equal, E(G) =
E(H), or equivalently, if G C H and H C G. The graphs G and H are said to be
isomorphic [11], denoted G = H, if there exists a bijection ¢ : V(G) — V(H) such
that an edge uwv € F(QG) exists if and only if the edge ¥ (u)y(v) € E(H). A subset
S C V of vertices in a graph G = (V, E) is termed a dominating set [11] if every
vertex v € V either belongs to S or is adjacent to at least one vertex in S.

Let 2(G) = (di,da,- - ,d;) be a degree sequence [6,12,13,14,15] of G where
dy >dy > - >d,. Let 2 = (dy,da,- - ,dy) be a non-increasing degree sequence
with n > 2. There is a graph Gy with V(G1) = {v2,vs, - ,v,}; then the degrees
of the vertices [17] are:

(1.2)

d,—1 if2<i<d;+1,
dglvi—
d; ifdi +2<i<n.

We assemble a graph G from G by adding a new vertex v; and the e; edges vyv;
for 2 < i < dy + 1. By considering dego v, = d; for 1 < i < n, if d; > 1, this is
graphical if and only if the sequence Z = (da—1,d3—1, -+ ,de,41—1,de; 42, ,dn)
is graphical. The first Zagreb index M;(G) and the second Zagreb index Ms(G),
respectively, are defined in [21,22,1] as:

M(G) =) _d;, and My(G)= >  da(u)-da(v).
i=1 uwveE(G)
The recently introduced o(G) irregularity index is a simple diversification of the
previously established Albertson irregularity index, where o, denotes the maxi-

mum Sigma index and o,;, the minimum Sigma index. The Sigma index is defined
in [16,20] as:

o(G)= Y (de(u) —dc(v)* = F(G) — 2Ma(G),

weE(G)

where F'(G) is the sum of squared degrees over all edges, and Ms(G) is the second
Zagreb index. This formulation amplifies large degree differences and provides a
more sensitive measure of irregularity.

Our goal in this paper is to conduct a study of the bounds related to the selected
topological indices, specifically the Albertson index and the Sigma index, particu-
larly when examining the maximum and minimum values of each index and linking
these values with the first Zagreb index, the second Zagreb index, and the forgotten
index.

This paper is organized as follows. In Section 1, we observe the important con-
cepts for our work, including a literature review of the most related papers. In
Section 2, we provide preliminaries on some of the important theories and proper-
ties we utilize in understanding the work. In Section 3, we introduce the main results
in Subsection 3.1, for some bounds on the Albertson index, and in Subsection 3.2,
for some bounds on the Sigma index.
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2. Preliminaries

In this section, we explore important concepts and recent advancements in graph
irregularity indices, with a particular emphasis on trees. Let S be a class of graphs.
Then we have the maximum and minimum Albertson indices of a graph G, where:
irrax (S) = max{irr(G) | G € S},
iITin (§) = min{irr(G) | G € S}.
In [8], total irregularity is mentioned when > .5, n; = [V(G)|, where [V(G)]|
is the number of vertices of degree i in graph G; it is known as irrp(G) =
Yi<icjen_1Minj(j —i). Thus, [8] proved irrp(G) < - irr(G). In this case, if G
is a tree, then irrp(G) < (n — 2)irr(G). Lina, Z., et al. [13] defined the “general
Albertson irregularity index” of a graph such that for any number p > 0:

P

irr, (G) = Z |d(u) — d(v)[?

weE(G)

According to [13,18], if p > 1 and 0 < d < n — 1, then for a degree sequence 2
satisfying:

(idﬁ’)p < (n—l)lﬁi:df. (2.1)

We present the concept of a caterpillar tree in Definition 2.1.

Definition 2.1. A tree T' of order n > 3 is a caterpillar tree if the graph obtained
from T by deleting all its pendant vertices is a path, called the spine of T'. We write
T = T(n,m) for a caterpillar tree with n vertices and m pendant vertices, where
2 <m < n-—1. The spine of T(n,m) has k = n—m vertices, and m = n— 1 if and
only if T = §,.

Let T be the caterpillar tree whose spine is v1vs - - - v, and in which exactly three
pendant vertices are attached to each v;, as illustrated in Figure 1. The degree of
v; is denoted by d;, for 1 < i < n.

U1 V2 U3 Un—1 Un

Figure. 1. Caterpillar tree with three pendant vertices at each spine vertex.

Theorem 2.2. [13] Let G be a connected graph. If% + % =1, then:
irr, (Q) irry (G) > F — 2Ms,

with equality if and only if p =2, or G is a regular graph.
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Proposition 2.3 (Upper Bound Sigma index [16]). For any connected
graph G with n vertices, minimum degree §, maximum degree A, and mazimal o
irreqularity, the upper bound of o is:

0 1

o(G) > TH(A —0)%n, o(G) > A7+1(A —1)3n. (2.2)
Yang and Deng [25] provided 1 < p < n — 3. Then A(G) = n — 1. According
to [23], with path vertices of degrees dy,ds, - ,d,, we have:
n—1 n—1
irr(G) = (dn — 1)* + (dy — 1)° + > (di = 1) (di = 2) + Y _ |d; — dig].
i=2 i=1

Theorem 2.4. [5] Let T be a tree of order n > 4. The total Albertson index of T
satisfies:

max (G) = (
irr;,, (G) =2(n—2).

irry

i (G) = {

3. Main Result

In this section, we present some bounds on the Albertson index in Subsection 3.1,
starting with Proposition 3.1 on the Fibonacci number of the Albertson index.

3.1. Some Bounds of Albertson Index

In this subsection, we present a study of some bounds on the Albertson index and
specify certain bounds between irry., and irryi,. In Proposition 3.2, we provide
the lower bound of irry,;, and the upper bound of irryay.

Proposition 3.1. Let Fy = Fo =1, F;11 = F;+F;_1, and let T,, be the caterpillar
where m > 4 with spine degrees (F3,Fy, -+, Fy,). Then

irr(Tm) = FinFrg1 — 3Fq2 + 2F,, +2m + 1. (3.1)

Proof. According to [23], irr = Y"1 . (F; — 1)(F; —2) — 2+ 2F,,. Since Y ;» | F? =
FFrt1 and Y1 F; = F,p0 — 1 we find that: for i = 1,2,

ZFE =FoFpit — 2, ZFi =Fhi2—3 (3.2)
=3 =3
Then,
> (F} = 3Fi+2) = FpuFpy1 — 2= 3F s + 9+ 2(m — 2). (3.3)
1=3
Hence, from (3.2) and (3.3) and by adding —2 + 2F,, gives (3.1). |

Proposition 3.2. Let T be a caterpillar tree of ordern, let 9 = (dy,ds,- -+ ,dy) be
an increasing degree sequence, let irTy ., be the maximum Albertson indezx, let irry;,
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be the minimum Albertson index, and let A be the mazximum degree of vertices and
0 the minimum degree of vertices. Then:
2(nm)3 + 2mA?
8ntA 4+ 8m3JA + A2(A —1)
Indeed, from Proposition 3.2, we present Proposition 3.3 for the upper and lower
bounds of the Albertson index, and Proposition 3.4 for the lower bound.

irrmin (T) < 2nd

< irrmax (7). (3.4)

Proposition 3.3. Let T, A be the class of trees of order n and maximum degree
A, where 2 < A <n—1. Then,

irrmin(Tn,a) = A(A — 1), (3.5)
and consequently,
. (A —2)3
lrrmm( n,A) = nA — 5 ) (3 6)
i § 5  A%2(A-0)
. < —_—. .
i min (Tn,a) < A+1nA + G3(A — 1) (3.7)

Proof. Since every tree has a leaf, § = 1, and all degrees lie in [1, A]. Let T € Tp, A
and let v be a vertex with degv = A > 2. The forest T'—v has exactly A components
Ci, -+ ,Ca, and each Cj is joined to v by exactly one edge vw; with w; € C;. We
claim that each C; contains a leaf ¢; of T. If C; = {w;}, then degw; =1 in T, and
we put £; = w;. Otherwise Cj is a tree with at least two vertices, hence with at least
two leaves, and we choose a leaf ¢; of C; with ¢; # w;. The only edge joining C; to
the rest of T" is vw;, so ¢; has degree 1 in T.

Let P; be the path from v to ¢; in the subgraph induced by C; U {v}. The sets
Cq, -+ ,Ca are pairwise disjoint, so the paths Py, -+, Pa share only the vertex v,
and therefore they are pairwise edge-disjoint.

Lower bound. Along P;, the triangle inequality gives

> ldu—dy| > |degv —degli| = A - 1. (3.8)
wweE(P;)

Summing over the edge-disjoint paths and dropping the non-negative contribution
of the remaining edges,

A
ir(T) > Y > du—du| > A(A-1). (3.9)

i=1 wweE(P;)
Since n — 1 > A, we can choose integers ai,--- ,aan > 1 with Zf‘zl a; = n—1.
Let S be the spider with centre v of degree A and legs of lengths ay, -+ ,aa. Then
S € Toa. Aleg of length 1 is a leaf adjacent to v and contributes A — 1. A leg of
length at least 2 has degrees A,2,---,2,1 and contributes (A —2)+0+1=A—1.
Hence,

irr(S) = A(A — 1). (3.10)

Inequality (3.9) holds for every T € 7, a, and (3.10) shows that it is attained.
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Since n > A+ 1 and § = 1, we have nA —§ > A2+ A —1 > A2, Then, for
A>2,
(A-2)3 (A—-2)3 .
< < -2 < — = i .
A_g S e < A-2 < AA-1) it min(7Tn,a), (3.11)
which gives (3.6).
Upper bound. With 6 = 1 the right-hand side of (3.7) equals:

nA? A?
AT 6 (3.12)
Since n > A + 1, we have ZA:l > A?, and therefore:
A? A?
A”+ S 2 AT 2 AB-1) = iran(Taa), (3.13)
which gives (3.7). O

Proposition 3.4. Let T be a caterpillar tree, where n = |V| and m = |E|, with
maximum degree A and minimum degree 6. Then the upper bound of the minimum
Albertson index irryin 8:

irrmin > [logo(n +1) — 1] + 2A(T) — 1. (3.14)

Lemma 3.6 considers a pair of caterpillar trees, 71 and T, with distinct degree
sequences: T possesses a degree sequence dominated by vertices of degree 2, resem-
bling a path graph, while 75 is characterized by a degree sequence comprising prime
numbers. Lemma 3.7 focuses on a single tree with general degree properties, intro-
ducing a parameterized lower bound that accounts for the maximum and minimum
degrees, modulated by a scaling factor a.

The next result gives sharp bounds for arbitrary trees.

Proposition 3.5. Let T be a tree of order n > 3 with maximum degree A. Then,

irr(T) < (n — 1)(A — 1). (3.15)

Proof. Since T is connected and n > 3, every vertex has degree at least 1, and by
the definition of A at most A. Hence for every edge uww € E(T), 1 < dy, dyy <
A. Then, |d, — dy| < A — 1. The tree T has n — 1 edges. Thus (3.15) holds.
Since n > 3 we have A > 2. Equality in (3.15) holds if and only if every edge
has imbalance exactly A — 1. Let u be a vertex of degree A. Each neighbour w

of w satisfies |d, — dy| = A — 1, d, = 1. Thus all neighbours of u are leaves,
and since T is connected, T" has no other vertices. Hence T' = S,,. Conversely,
irr(Sp)=(n—-1)(n-2)=(Mn-1)(A-1). |

Lemma 3.6. Letny > 5 and 2 < Ay <ny —3. Let T1 € Tpy o, and Ty € Ty ny
with ng =np — 1 and Ay = A1 + 1. Then

2A2 < irr(Th) +irr(Te) < (2n1 —3)A; —ng + 1. (3.16)

The lower bound is attained by a pair of spiders, irtwin(Tny,A;) + itTmin(Tny,a,) =
2A2.
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Proof. Since Ay = A1 +1 < n; —2 =ny —1and Ay > 2, the class Tp, A, is
non-empty, and likewise 7, A, is non-empty.
Lower bound. Since irr(T;) > irTmin(Tn;,A,) = Ai(A; — 1) for i = 1, 2. Hence,

irr(Ty) +irr(T) > A(A; — 1)+ (A +1)A; = 2A%. (3.17)

Equality holds in (3.17) whenever 77 and Tb are spiders with centres of degrees
A; and As. Such spiders exist since A; < n; — 1, and by (3.10) each of them has
irr(T;) = Ai(A; — 1). Therefore,

Tmin Ty Ay ) + iTmin (Tnp.a,) = 2A7. (3.18)
Upper bound. Since no = n1 —1 > 4, Proposition 3.5 applies to both trees and gives:
irr(T;) < (n;—1)(A; — 1), 1=1,2, (3.19)

with equality if and only if 7; is a star, that is, if and only if A; = n; — 1. Since
Ay < my —3 < ny — 1, the tree T3 is not a star, so (3.19) is strict for ¢ = 1 and
holds for ¢ = 2. Adding the two inequalities and using no =ny — 1, Ag = Ay + 1,

irr(Th) +irr(T2) < (np —1)(A; = 1)+ (n1 — 2)Aq. (3.20)

Expanding the right-hand side,
(n1 —1)(A1 —=1)+ (n1 —2)A1 = (2ny —3)A1 —ng + 1. (3.21)
Inequalities (3.17), (3.20) and equation (3.21) give (3.16), and (3.18) gives the last
claim of the lemma. |

Lemma 3.7. Let T be a tree (in particular, a caterpillar tree) of order n > 4 with
mazximum degree A, minimum degree 6 = 1, and let 0 < « < 1. Then the upper
bound on the Albertson index is:

2 j—
irr(T) < \‘?mzl()nJ 2% + A2 _ p§. (3.22)
2 _
Proof. From (3.15), we find that irr(7) < (n — 1)(A —1). Let N = w

Since 2N is an integer, |[N| > N — % Moreover N > 4 > 0 for n > 4. Thus,
[N|2% > |N| for 0 < o < 1. Hence,

2 2 _ _
{WJ 2a+A2 —nd > W_FAQ—?L (323)
Therefore,
2 B 2 _ _
LQO”HALWWA)(AA) = W+At(n4m. (3.24)

Since A% —(n—1)A = (A— "T_I)Q— @, A?—(n—1)A > —%, the difference
in (3.24) is at least:
3?2 —-10mn—-3 (n-1)% 5n2—-18n—-7
2 4 4
n(bn —18) -7

= >0,
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for n > 4, because n(5n — 18) > 8. Thus, from (3.23) and (3.24),

3n2 — 10n
2

as desired. O

(M) < (n—1)(A-1) < { JQO‘ + A? —né, (3.25)

The second Zagreb index Ms(T) and the forgotten index F(T) were defined
in [20,19] as:

My(T)= > dudy, F(T)= > (du)®= > [(du)?+(dy)?]. (3.26)

wweE(T) ueV(QG) wveE(G)
Proposition 3.8. Let G be a non-reqular connected graph with m edges, minimum
degree & and mazimum degree A. Then,
F(G) - 2M5(G)
A—-96

< ir(GQ) < Vm(F(G) — 2My(G)). (3.27)

Proof. A vertex v lies in exactly d, edges and contributes d? to each of them, so
S e (@ + ) = v du - 2 = F(G). Since o(G) = F(G) — 2M4(G), let
Ze = |dy, — dy| for e = uv. Then,

irr(G) = Z Te < Im Z 22 =+/mo(G). (3.28)

e€E(G) c€E(G)

Since § < d,,d, < A, every edge satisfies z. < A — 6. Hence, 22 < (A — §)z..

e =

Summing over the edges,
(@) < (A =9)irr(G). (3.29)

As G is non-regular, A — § > 0; dividing (3.29) by it and using ¢(G) = F(G) —
2M5(G) gives the lower bound in (3.27). Equality holds iff 22 = (A —§)z. on every
edge, i.e. iff |d, — d,| € {0,A — §} for all uwv € E(G). O

3.2. Some Bounds of Sigma Index

In this subsection, we present a study of some bounds on the Sigma index and
specify certain bounds between o, and o, which we show in Proposition 3.9
and Proposition 3.10.

Let T, be the class of caterpillar trees of order n, and o, = min{o(T) : T € T, }
and opax = max{o(T): T € T, }.

Proposition 3.9. Let n > 5, let T, be the class of caterpillar trees of order n.
For T € T,, let A > 2 and § = 1 be its maximum and minimum degrees, let
2 = (dy,- - ,dy) be its degree sequence. Define:
mn(A2 +2A) + 2msA
n(T) =0 — ) (n+2)log
(A% — 2)(A —1)2 + 2nAVmMmAZ?
Then owmin = 2, Omax = (n — 1)(n — 2)2, and for every T € T,

O'min(T) S ’I’}(T) S GIIlaX(T)' (330)

My(T)
on
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Proof. A tree with n > 3 has at least two leaves, each adjacent to a vertex of
degree at least 2. These are two distinct edges, each with imbalance at least 1.
Thus, o(T) > 2, and o(P,,) = 2. Every imbalance is at most A —1 < n — 2 and
there are n — 1 edges. Then, o(T) < (n — 1)(n — 2)?, with equality for the star S,,.
Both P,, and S,, are caterpillars. Hence, opmin(T') = 2 and opmax(T) = (n—1)(n—2)2.
Assume that n = n(n + 2) Q L with:

mnA(A +2) +2mA
(A2 —2)(A —1)2 +2nA2/m’

Since ), _;d; =2m and 6 =1, we have 4n — 6 < M (T) < A)",_, d;i = 2mA, the
lower bound attained by the path. Hence, for n > 5,In(2—-3/n) < L < In A(” y <
Inn, and in particular L > In1.4 > 0.33.

Lower bound. Since (A% —2)(A —1)2 < A%(n — 1)2, the numerator of Q is at least
mnA2%. The denominator is at most Az((n —1)2 + Qn\/M) Thus, by considering

vn—12>2,

M
Lzlog—1

@= 2n

—_

n n
> > > = 3.31
Q_(n—1)+2n/s/n—1_2nfl 2 (3:31)

Then, from (3.31) gives n > omin(T).
Upper bound. Dropping (A? —2)(A — 1)2 > 0 from the denominator gives:

Q_\F(1+z+—)<\ﬁ(1+—)§1.1\/ﬁ

Hence, n < 1.1n(n+ 2)v/n — 1 lnn. Thus,

_n__
Omax (T)

For 6 < n < 399 we evaluate the bound n(n+2)Q In(min{2mA, n(n—1)}/2n) over
all 2 < A <n-—1. For n =5 there are three caterpillars (Ps, the spider, S5). Thus,
from (3.32), direct computation gives 17 < omax(T"), which (3.30) yields. |

0< <1 (3.32)

Proposition 3.10. Letn >3 and 2 < A <n—1. Let T, a be the class of trees of
order n with mazimum degree A, so that 6 = 1, and let owin(Tn,a) = min{o(T) :
T €Tt Then,

AZ(A —1)2

n—1

Omin(Tn,a) > , (3.33)

Omin(Tn,a) < A (A* —4A +5) + (2A — 4) max{0, 2A —n + 1}. (3.34)

Moreover, o(T) > A%(A —1)?/(n — 1) holds for every T € Ty a, with equality if
and only if T = S,, or T is the spider with three legs of length 2.

Proof. Lower bound. Let T' € T, A and let v be a vertex with degv = A. The forest
T — v has exactly A components, and each of them contains a leaf ¢; of T. Let P;
be the path from v to ¢; and let L; > 1 be its length, for 1 < ¢ < A. These paths
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share only the vertex v, hence they are pairwise edge-disjoint, and Zle L; <n-1.

Let aq,- - ,ar, be the imbalances of the edges of P;. By the triangle inequality,
L;
Zaj > degv —degl; = A —1. (3.35)
j=1

Then, from (3.35)

Li Li
St > L(Ya) = B (3.36)
K3 ]=1 K3

j=1

Hence, by summing (3.36) over the edge-disjoint paths and dropping the non-
negative contribution of all other edges gives:

2
o(T) = (A—l)Ziz:;fi
AZ(A—1)2
a ZiAzlLi
2 2
. A (nA_11) |

which proves (3.33). Hence the paths P; contain all n — 1 edges of T. Thus, T is
a spider with centre v and every other vertex of degree at most 2. It also forces
Ly =---=La =L and, in (3.36), that all imbalances along each leg are equal. For
L =1 this gives T = S,,. For L > 2 the degrees along a leg are A;2,---,2,1 and
the imbalances are A —2,0,---,0,1. These are equal only if L =2 and A —2 =1,
thatis A=3 and n="T1.

Upper bound. Assume that ¢ = max{0,2A —n+1}. Then, 0 <t < A and t+2(A —
t) < n — 1. Thus, there are integers aj, -+ ,aan > 1 with Zle a; = n — 1 such
that exactly t of them equal 1 and the others are at least 2. Let S be the spider
with centre of degree A and legs of lengths aj,--- ,aa. Then S € T, aA. A leg of
length 1 contributes (A — 1)2. A leg of length at least 2 has degrees A,2,---,2,1
and contributes (A — 2)? + 1. Therefore

o(S)=t(A-12+(A-t)((A-2)>+1) = A (A% —4A +5) + t(2A — 4). (3.37)
Since omin(Tn,a) < o(5), inequality (3.34) follows. O
Proposition 3.11. Let T be a caterpillar tree of order n > A + 1 with mazimum
degree A > 4 and minimum degree § = 1. Then the minimum Sigma indez satisfies:

omin(T) > [logy(A% +1) — 1] +2A — 1, (3.38)

that is, o(T") is at least this value for every caterpillar tree T' of order n with
mazximum degree A.

Proof. Let T be such a tree and let v be a vertex with degv = A. By the argument
for the lower bound in Proposition 3.10, applied to the caterpillar structure of 77,
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we have o(T’) > (A —2)(A —1)2+2. For A > 3 we have A? +1 < 24+, Hence,
logy (A% +1) — 1 < A and:

[logo(A%+1) = 1] +2A -1 < 3A - L (3.39)

For A > 4 we have (A —2)(A—1)?+2 > 3A —1, since equality fails at A = 4 where
the left side is 20 and the right side is 11, and the left side grows faster. From (3.39)
gives (3.38). O

Let 7, is the class of caterpillar trees of order n, and nq > 8.

Lemma 3.12. Let T1,T5 be two caterpillar trees, where Ty has 9 = (dq,--- ,d;),
an increasing degree sequence consisting of 2s. Tree Ty has B = (b1, -+ ,b;), an
increasing degree sequence of prime numbers. Consider ny = |V (T1)|,ne = |V (T3)]
and my = |E(T1)|,me = |E(T3)|. Then no =n1 — 1, mo = mq — 1, and A(Th) =
A(Ty) + 1. Then the bound on the Sigma index is given by:

N A3 + na A + my A2
PSS Coun(D). (340)

Then, Omin (T) = O—min(’];n) + Umin(ﬁzg) and Umax(T) = O'max(ﬂzl) + Umax(ﬁtg)'

Jmin(:r) S nl(Al - ]-)

Proof. For a tree of order n > 3 the two leaves lie on two distinct edges, each
of imbalance at least 1, so o > 2, and o(P,) = 2. Every imbalance is at most
A —1 < n—2 and there are n — 1 edges. Thus, o < (n — 1)(n — 2)?, with equality
for S,,. Since P,, and S,, are caterpillars,

Omin(Tn) = 2, Omax(Tn) = (n — 1)(n — 2)2 (n>3). (3.41)
As ny =ny — 1> 7, equation (3.41) applies to both n; and ns. Thus,
Omin(T) = 4, Omax(T) = (ny — 1)(n1 — 2)* + (n1 — 2)(n1 — 3)2. (3.42)

The degree sequence of T3 consists of 2’s; A1 = 2, and then Ay = A;+1 = 3. Trees
satisfy m; =n; — 1 and ny = n; — 1. Hence,

A + oA+ miAZ =270y +16(ny — 1) +9(ny — 1) = 52ny — 25,  (3.43)

and
A3 + n2A4 + m1A2 711(52711 - 25)
Ay —1)2 122 L 2 _ = E(m). 3.44
nl( 1 ) Al(AZ 7 1)2 8 (nl) ( )
For ni > 8 we have:
8-(52-8—-25
E(n) > % =391 > 4 = gpn(T). (3.45)

Since (n—1)(n—2)2 =n3—5n?+8n—4 and (n—2)(n—3)? =n—8n?+21n— 18
gives:

8(0max(T) — E(n1)) = 160§ — 156n3 + 257n; — 176 =: p(n1). (3.46)
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Now p(8) = 88 > 0 and p(9) = 1165 > 0. For ny > 10, p(n1) = n?(16n; — 156) +
257ny — 176 > 0 where 16n; — 156 > 0. Therefore E(n1) < omax(T) for all ny > 8.
From (3.42), (3.44), (3.45) and (3.46) we obtain:

Umin(T) < E(nl) < Umax(T)v
which is (3.40). O

Lemma 3.13. Let T be a caterpillar tree with n = |V(T)|, m = |E(T)|, with
mazimum degree A and minimum degree § = 1, and 0 < a < 1. Then the lower
bound on the Sigma index is:

4 _
o(T) < f’”;m”J 2% 4+ A2 — g,

Proof. Since T is a tree with A > §, we have n > 3,0 =1l and 2 < A <n — 1.
Let N = 3n* — 2n? + 2n. Then, every edge has imbalance at most A —1 < n — 2,
and T has n — 1 edges. Thus, o(T) < (n—1)(n—2)? < n® Since A <n — 1,
we have N/A > N/(n —1). Moreover N — 3n3(n — 1) = 3n3 — 2n% + 2n > 0. Then,
N/A > 3n3. As 3n? is an integer, this gives:

N

{AJ > 3nd. (3.47)

For 0 < aw < 1 we have 2% > 1, and the floor in (3.47) is positive,

3nt —2

VA’”J 20 > 3, (3.48)

Since A > 2 and § = 1, we also have A? —nd > 4 —n. Then, from (3.48) satisfies:

49
L?’”Am”J 294 A2 —ng > 303 —n+4 > nd. (3.49)

Combining (3.49) gives:

42
o(T) < n® < f’"Aan 2% 4+ A2 — g, (3.50)
which proves the lemma. The inequality is strict, and it holds for every tree of order
n > 3. O

Theorem 3.14. Let G = (V, E) be a connected graph of order n with a vertex
ve € V(G) such that degn(ve) = A > 3. Let § be the minimum degree and A the
maximum degree. Then,

irr(G) < o(G) < (A—96)irr(G) < AA—1)irr(G). (3.51)

Proof. For an edge e = uv put p. = |degs(u) — degy(v)|, where Each p. is a
non-negative integer, and since 6 < degq(u),degs(v) < A, 0 < pe < A—4. Since

o(T) <irr(T) < /ma(T) and p2 < (A —)pe, 0(G) < (A —0) irr(G).
Since degg(ve) = A > 3, we have A > 3, and therefore A(A — 1) > 1. Together
with § > 1 this gives A —§ < A —1 < A(A — 1)2. Consequently,

o(G) < (A—96)irr(G) < A(A—-1)? irr(G), (3.52)
together with (3.52) establishes (3.51). |
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4. Conclusion

In this paper, we studied bounds on the Albertson index irr and the Sigma index o
for trees, expressed through the order n, the maximum degree A, and the classical
indices My and F'. For the Albertson index, every tree T of order n with maximum
degree A satisfies A(A —1) < irr(T) < (n—1)(A —1). The lower bound is
attained by every spider, and therefore irry,in(7,,4) = A(A —1). The upper bound
is attained exactly by the star S,. For the Sigma index, we showed o, = 2 and
Omax = (n — 1)(n — 2)? over trees of order n. For a fixed maximum degree, every
tree T' € T, A satisfies % < o(T), with equality exactly for the star and
for the spider with three legs of length 2. In the other direction, the spiders give
Omin(Tn,a) < A (A? —4A +5) + (2A — 4) max{0, 2A — n+ 1}. This upper bound
equals the true minimum for A < 4 in all cases we checked, but it is not sharp in
general.

Several questions remain open. The exact value of opin(7pn,A) is not known
for A > 5, and the bounds above are the only ones available in that range. For
caterpillar trees, the minimum Sigma index behaves differently, since the spiders
are not caterpillars when A > 3, and the extremal caterpillars need a separate
analysis.
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