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Abstract. Graph theory is one of the branches of mathematics that is rapidly devel-
oping due to its applications in solving various problems, including electronic networks,
communication network models, transportation systems, and carbon reserve networks.
The topology of these networks is simply represented using the concept of graphs. Specif-
ically, graph labeling is widely used to address issues such as radio frequency assign-
ment, computer network coding, data transfer optimization, and marketing distribution.
Thus, conducting research to develop graph labeling methods is highly significant. Let
G = (Vg, Eg), be a simple connected graph, and A : Vg UEg — {1, 2,--- ,k} be a label-
ing function on G. The inclusive weight of a vertexr v € G is defined as the sum of the
labels of v, all vertices in the v neighborhood, and its incident edges. If all vertices in Vg
have a distinct inclusive weight, then X is called an inclusive distance vertex irregular
total k-labeling of G . The total distance vertex irregularity strength of G, denoted by
tdis (@), is the minimum k for which such a labeling exists. This paper investigates the
inclusive distance vertex irreqular total k-labeling for certain classes of joint product
graphs. Specifically, we determine the inclusive total distance irregularity strength of
the joint product of path, cycle, and complete graphs, providing new insights into their
structural labeling properties.
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1. Introduction

Graph theory, specifically with regard to graph labeling, has witnessed rapid de-
velopment due to its wide array of applications in solving real-world problems. As
highlighted by Fournier [1], graph labeling plays a crucial role in addressing issues
in areas such as electronic networks, communication networks, and transportation
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networks. More particularly, researchers such as Bloom and Golomb [2], Basak [3],
Arkut et al. [4], Jin and Yeh [5], and Indriati et al. [6], have applied various types
of graph labeling to problems like radio frequency assignment, computer network
codes, high-speed backbone data transfer systems (such as MPLS), and marketing
distribution. These real-world problems can be simplified and modeled using graph
theory.

The notion of graph labeling was first introduced by Wallis [7], who defined it
as a mapping from the elements of a graph to a set of non-negative integers. Since
its introduction, graph labeling has developed into a rich research area, giving rise
to numerous labeling schemes motivated by both theoretical and applied consider-
ations. One notable development is distance magic labeling, which was originally
proposed by Vilfred [8] under the name Y-labeling. This concept was later revisited
by Miller et al. [9] and formally established under the term distance magic labeling.
Subsequent extensions were introduced by Arumugam and Kamatchi [10], as well
as Ngurah et al. [11], who proposed the notion of D-distance (anti)magic labelings
on shadows of graphs.

Another important direction in graph labeling concerns irregular labeling. This
concept was initiated by Chartrand et al. [12] and later significantly advanced by
Baca et al. [13,14], who introduced the notion of k-total irregular labeling and
studied inclusive distance vertex labelings. Integrating distance considerations into
irregular labeling, Slamin [15] defined irregular distance vertex labeling.

Building upon these ideas, Wijayanti et al. [16,17] integrated the concepts of
total labeling and irregular distance labeling to define a new type of labeling, the
distance vertex irregular total k-labeling. Furthermore, they advanced the research
by investigating the total labeling of irregular vertex distances in fan graphs, wheel
graphs, and corona product graphs. Moreover, in [18], the concept of total labeling
of distances-{1} was generalized to total labeling of distances-D.

Motivated by these developments, the present paper continues the study of total
labeling of distances by exploring the distance vertex irregular total k-labeling on
joint product graphs. Specifically, this study investigates the inclusive total distance
irregularity strength of joint product graphs, involving the complement of complete
graphs with path and cycle graphs.

2. Preliminaries

This section discusses some basic concepts of graph labeling, specifically distance
vertex irregular total k-labeling. The terminology and notation used in this paper
follows [17].

Let G = (V, E) which we will then denote by G, be a simple and finite graph,
with vertex set V (G) and edge set E (G). The open neighborhood of z € V(G)
is N(z) = {y € V(G) | zy € E(G)} and the degree of z is deg(x) = |N(z)|. If
deg(x) = § < deg(v) for every v € V(G) then § is the minimum degree of G, and if
deg(x) = A > deg(v) for every v € V(G) then A is the maximum degree of G.

Definition 2.1. [17] A distance vertex irregular total k-labeling of G is a function
o:V(G)UE(G) — {1,2,--- ,k} such that the weight of every vertex in V(G) is



46  Wijayanti et al.

distinct. The weight of x € V(G) under the labeling o is defined as:

we (z) = Y (0 (u)+o(uz)). (2.1)

u€EN (x)

The total distance vertezx irreqularity strength of G, denoted by tdis(G), is defined
as the smallest value of k for which G has a distance vertex irreqular total labeling.

Theorem 2.2. [18] The lower bound of tdis(G) is:

25+|V(G)|1W

X (2.2)

tdis (G) > {
Operations on graphs can be used to construct new graphs. Consider simple
graphs G and H, where V(G) = {z1, 22, - ,zn}, V(H) = {y1, 92, ,p}, E(G) =
{e1,€2, - ,e,} and E(H) = {e'1,€'9, -+, »}. The complement of G, denoted by
G, where V(G) = {x1,22, -+ ,2n} and E(GQ) = E(G) = {yiyj|yi,_yj € V(G)/\gﬁyj ¢
E(G)}. The complement of a complete graph K, is a graph K,, with V(K,) =
V(K,) and E(K,) = {}. The complement of a complete graph is also known as
the zero graph. The joint product of two graphs G and H, denoted by G + H, is
a graph with vertex set V(G + H) = V(G) UV (H) and edge set E(G + H) =
EG)UE(H)U{uv|lu e V(G),v € V(H)}. Some examples of graphs resulting from
the joint product are the fan graph F,, = K7 + P,,, the wheel graph W,, = K; + C,,,
and the complete bipartite graph K,, , = K, + K, [19,20,21].

3. Result and Discussion

The concept of inclusive labeling is based on the definition of closed neighborhoods,
which are neighborhoods that include the vertex itself as a neighbor. This concept
is further explained through the following definition,

Definition 3.1. An inclusive distance vertex irreqular total k-labeling of G is a
function o : V(G)U E(G) — {1,2,--- ,k} such that the weight of every vertex in
V(Q) is distinct. The weight of x € V(G) under the labeling o is defined as:

we(z) =0 (@) + Y (o(u)+o(ur)). (3.1)

u€EN (x)

The inclusive total distance vertex irreqularity strength of G, denoted by zgi\s(G),
is defined as the smallest value of k for which G has an inclusive distance vertex
irreqular total labeling. If graph G has no such labeling, it is said that tdis(G) = oo.

An example of an inclusive distance vertex irregular total k-labeling on the graph
Cy is shown in Figure 1.

The integers inside the blue box represent the vertex weights, while the integers
outside the blue box correspond to the vertex and edge labels. In Figure 1, there
are two inclusive distance vertex irregular total k-labelings on graph Cy, with the
largest label k& = 3. This value of 3 is the smallest value of the largest label, therefore,
tdis(Cy) = 3.
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Figure 1. An Inclusive Distance Vertex Irregular Total k-labeling on Cy.

Theorem 3.2 establishes a general lower bound for ﬁi-z\s(G) for all finite simple
graphs admitting an inclusive total distance vertex irregularity k-labeling.

Theorem 3.2. If G be a simple finite graph, then the lower bound of inclusive total
distance vertex irreqularity strength is,

(3.2)

tdis(G) > P‘;HV(G)—‘ _

2A +1

Proof. Let o be a distance vertex irregular total k-labeling function for G, a finite
simple graph with minimum degree § and maximum degree A. Without loss of
generality, let © € V(G) be the vertex with the smallest weight, i.e., w,(z) < w,(v)
for each v € V(G). The smallest possible value of w,(z) is 20 + 1, which occurs
when o(z) =1, o(v) = 1, and o(xv) = 1 for each v € N(z). The labeling is optimal
if the weights of all vertices form an arithmetic sequence with common difference
1, namely:

264+1, 20 +2, -+, 26 + |V(GQ)|.

Without loss of generality, let y € V(G) be the vertex with weight 2§ + |V (G)|.
Since the vertex weights form an arithmetic progression, the largest weight must
correspond to the vertex of degree A. Therefore, the largest label contributing to
this weight must satisfy:

O

tdis(G) > P‘;HV(GW

2A +1

In certain graphs G, the lower bound of tTlZS(G) formulated in Theorem 3.2
differs significantly from the actual value of @(G) This happened, for example,
in graphs that have a central vertex, which is a vertex with a very high degree,
due to its connection with all other vertices in G. To address this issue, the author
provides a new formulation in Theorem 3.3.

Theorem 3.3. Let G be a simple finite graph with a central vertex v consisting of
n+ 1 vertices: ny vertices of degree 01, no vertices of degree da,-- -, and n, vertices
of degree 0,., where 6 = 01 < dp < -+ < 6, — 1 < 6, = A. The lower bound of
inclusive total distance vertex irregularity strength is:
204+mn—1 26+n1+n2—1 20401+ +np_g—1 204+n
| [ e )
(3.3)

tdis(G) > max{ [
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Proof. Let o be a distance vertex irregular total k-labeling function for G, a simple
graph with a central vertex v of degree A, and consisting n + 1 vertices: ny vertices

of degree 01 = 4, ng vertices of degree do,--- ,n, vertices of degree §, = A, where
§=01<da<--<éb=Aandn,=1,|V(G)|=n1+na+---+n,=n+1
Without loss of generality, let v,,,4 = 1,2,--- ,r denote the vertices of degree

d; that have the largest weight among all vertices with the same degree. Since the
smallest weight is 20 + 1, and the weights of each vertex must be distinct, then the
set of minimum values for wy(vy,),4 = 1,2,--- ,r is given by:

{we(vn,) |i=1,2,-+- 7} ={204+n1,20+n1+n2, -+ , 20401+ +n,._1,20+n}.

(3.4)

Furthermore, let © € V(G) be vertex with the smallest weight, we(x) =20 + 1,

which occurs when o(x) =1, o(y) = 1, and o(zy) = 1 for each y € N(z). Since v

is adjacent to every vertex, then v € N(x) and o(v) = 1. Moreover, to make the

lower bound of t/dZS(G) approach the actual value of t/dZS(G) more closely, we must
excluded o(v). Then we obtained:

{we(vp,)=1]i=1,2,--- ,r} = {20+n1—1,204n1+na—1,--- ,20+n1+- - -+n,_1—1,20+n—1}.

(3.5)
Since wy (vn,)—1,7 = 1,2,...,ris the result of adding 24; integers, the Inequality
3.3 is proven. O

Some joint product graphs exhibit a graph structure with a central vertex. For
instance, the graphs K|+ K,,, K| + P, and K; +C,,, all possess this structure. The
distance vertex irregular total k-labeling of these graphs is discussed specifically in
the following theorems.

Theorem 3.4. IfG = K, + K,,, then the inclusive total distance vertex irreqularity
strength of G is,

0, formn=1,

(22, forn > 1. (3.6)

tdis(G) = {

Proof. Since G = K1+ K,, then V(G) = {v; | i = 1,2,--- ,n}u{v}, [V(G)| = n+1,
deg(v;) = 8 = § = 1 and deg(v) = 2 = A = n. It is clear that |[{v; | i =
1,2,--+,n} =nand [{v}| = 1.

Let o be a total labeling function of G,

(Case 1) If n =1 then |V(G)| = 2, namely v1,v2 € V(G). N(v1) = v2 and N(ve) =
v1, which result in wy(v1) = o(v1) + 0(v2) + o(v1v2) = ws(v2). Since there
are two vertices with the same weight, for n = 1, the graph G has no
distance vertex irregular total k-labeling, and thus @(G) = 00.

(Case 2) To prove that t?lZs(G) = [2EL] for n > 1, we show that t/dZs(G) > [ndl]
and %(G) < [2L]. The inequality %(G) > [2£1] is established by
Theorem 3.3. To prove tdis(G) < [2+L], we demonstrate that G has an
inclusive distance vertex irregular total k-labeling, where the value of k is

Eal
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Let o be a total labeling function of G, defined as follows.
o(v) =1,
1—1
i) =1
o) =1+] 5

-‘,fori:1,2,~~,n,

o(vy;) = [;—‘, fori=1,2,---,n.

We obtained, the weight of all vertices in V(G) are:
We(v1) = o(v1) +o(vvr) +o(v) =1+1+1=3,
we(v2) = o(va) + o(vve) +o(v) =2+ 1+ 1 =4,

we (vn) : o(vp) + o (vvp) + o(v) = <1+ i 1D +[ 2] +1.
For 7 odd,
[ ] =[]  [2] = [22]

. n—1 n+1 d[n‘< n+1
— 11 — .
2 2 | 2 2
Hence, {ws(v;) | 1 = 1,2,--- ;n} = {3,4,--- ,n + 2}, forms a progressive
arithmetic sequence, with the highest label ("T“w

This provides evidence that G has an inclusive distance vertex irregular
total k-labeling, with k = ("T“] O

For n even,

Next, Theorem 3.5 discusses the labeling of G = K1 + P,

Theorem 3.5. If G = K, + P,, then the inclusive total distance vertez irregularity
strength of G is:

3, forn =2,
tdis(G) = 4 2, forn =3, (3.7)
(23] forn > 3.

Proof. Let o be a total labeling function of G. To prove that @(G) = [2£2] for
n > 3, we show that @(G) > [2E2] and t?iZs(G) <[22
Since G = K1+ P,,, then V(G) = {v; | i=1,2,--- ,n}U{v}, and |V(G)| = n+1.
Let v; and v, be the vertices at the ends of the path graph P,, hence deg(vy) =
deg(vy,) = 61 = 6 = 2, deg(v;) = 02 = 3 and deg(v) = 03 = A = n. It is clear that
Hoi,on=m1 =2, {v; |1 =2,3,--- ,n—1}=ny=n—2and |[{v}| =nz =1.
By Theorem 3.3, we obtain that:

t/cl—iTS(G)Zmax 224+2-1 7 22424n-2-1 7 224 n ’
2.2 2.3

- {[5]T Pa =[5

2.n
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Furthermore, to prove t/dZS(G) < {"T"'?’L we show that the graph G admits an
inclusive distance vertex irregular total k-labeling. In particular, the labeling is
constructed with k = {"T'*'S] for n > 3, while for the exceptional cases k = 2 for
n=3,and k = 3 for n = 2.

(Case 1) When n = 2, the graph G = K; + P, becomes a cycle graph C3, where
all vertices are interconnected and consequently share the same neighbors
in the context of closed neighborhoods. Therefore, in order for the vertex
weights to be distinct, the labels of the edges must also be distinct. The
description of the distance vertex irregular total k-labeling, with £ = 3, on
the graph K7 + P», can be seen in Figure 2. It clarifies the argument that
when n = 2, then tdis(K; + P,) = 3.

8

(v)

2 3
(1; 1 1.~

(@ }/Tfy
6 7

Figure 2. The Inclusive Distance Vertex Irregular Total k-Labeling on G = K1 + Ps.

(Case 2) For 2 < n < 7, the labeling is given in Figure 3.

1 1 1 1 1 1 ’1
(vy 1 () 1 D) ) L, 1\173; 1('174;
6 \ 7 y 5 6 8 7 5
211 2211
N/ =
L @1
10 14
(a) Ky + P3 (b) K1 + Py
1 1 ’1 1 1 1 2 1 1 1 1
\‘vl‘l (1) 2 (v3) 1 ;v,,wl (vs) v Ly Ly 2 (v4)~(vs)~(ve)
& 2—3)—\% Ul V3 {
6.8, 9 |7 15 6 -8 10 9 /7 5
N \ /) /
2;1\% 11 112211
\“1:"’,‘//1 v
4 4
(c) Ky + Ps (d) Ky + Ps

Figure 3. Total Distance Labeling on G = K1 + P, for 2 <n < 7.

For G = K1 + P,,2 < n < 7, G has a distance vertex irregular total
k-labeling, with k = [2£3].
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(Case 3) For n =1 (mod 6), o is defined as follows.

o(v) = 1, for central vertex v,

i) = IV%-|7 fOI"[;:l’2’ ”V% )
J(UZ) B { {n ?Z)Jrl—‘ , for 1 = {%“ + 17 n,
2, fori =1,
151W+17 forz—2,...’(%1’

=l 9 forZ: ’Vﬂ—l +17

2

[HL], fori=1,2,---,[%],
gﬂ, for i = [%W—!—l,u-,n—l.

(Case 4) For n = 2,3,4 (mod 6), define the labeling o for vertices v, v;, and edges
v;0;4+1 the same as in Case 3. While for edges v;v, define the labeling o as
follows.

2, fori =1,
o(vw) =4 [FH] +1, fori=2,--,[2],
[2=H2] ) fori=[%2]+1,-- ,n.

(Case 5) For n =5 (mod 6), the labeling o of vertices v, and v; are define the same
as in Case 3. While for edges v;v, and v;v;41, define the labeling o as follows.

2, fori=1,
(S +1, fori=2,---,[2] —2,[%]
. _ _43 ) ) b 2 ) 2 )
TEIENIR, =[] -1
_7"—”2] , fori= fg] +1,---,n

-+
=W

=1 fori=1,---,[2] -2,
o(vvit1) = l 1}4—1, fori=|
5

5
for i = {%w,-u,n—l.

fEe]

(Case 6) For n =0 (mod 6), o is defined as follows.

o(v) = 1, for central vertex v,

(%13 fOI'Z':]_’ ’IV% 71,
o\vi) = n—i . n
0= {1, i ]
2, fori=1,
[151]+1; fOrZ—2’...7[%]_2,|'%‘|)
o(viv) = q [5], fori—[2] -1,
[m=52] — 1, fori=[2] +1,
(22T, fori=[2]+2,-,n,
[ fori=1,-, 2] -1,
O'(’Uz’Uerl)_{"n;i'I’ for i = [2], 1

From Case 3 to Case 6, it is obtained that the weight of all vertices in V(G)
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are as follows.

Wy (Vy) = o(vy) + 0(v) + o(vp—1) + o0(Vav) + o (Vyvp—_1),
=141414+14+1=5,

We(v1) = o(v1) + 0(v) + o(v2) + o(v1v) + o(v1v2),
=1+1+1+2+1=6,

o(p—1) +0(v) + o(vp—2) + 0(vy) + 0 (Vy—1V) + 0 (Vp—1Up—2) + 0 (Vn—1Vn),
=14+14+14+1+14+14+1=7,

we(v2) = o(va) + 0(v) + o(v1) + o(v3) + o(vav) + o(vav1) + o (vav3)
=14+14+1+1+24+14+1=38,

We (’Unfl)

For n odd,

For n even,

n n—2 n+2
o n = - 2 2.
wolvrg) 3[61+ { 6 M{ 6 }r
For various cases, the value of wg(vfﬂ) can be readily obtained as
2
n + 3, with the largest label corresponds to [2+3]. Hence, {w,(v;) | i =
1,2,---,n} = {5,6,--- ,n + 3}, forms a progressive arithmetic sequence,
with the highest label [”TJFBW It is proven that K7 + P, has an inclusive
distance vertex irregular total k-labeling, with k = {"T%] O

Furthermore, we will discuss the labeling of the graph G = K; + C),, through
Theorem 3.6.

Theorem 3.6. If G = K1+ C,, with n > 3, then the inclusive total distance vertex
irreqularity strength of G is:

3, forn =3,

%(G) = { {n+5

& —| , forn > 3. (3.8)
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Proof. Let G = K7 + C,, and o be a total labeling function of G. For n = 3, we
prove that EZZS(G) = 3 by a direct construction in Case 1. For n > 3, we prove that
@(G) = [2£5] by establishing both %(G) > [2£2] and t/dZS(G) <[],

Since G = K1 4+ C,,, we have V(G) = {v; | i =1,2,--- ,n} U {v}. Clearly, |{v; |
i=1,2,--- ,n} =ny =nand [{v} = ny = 1, and hence |V(G)| =n; +ns =n—+1,
deg(v;) = 0 = 3 and deg(v) = A = n. By Theorem 3.3, it follows that:

23+n-1 23+n+1-1
v | Iy

tdis(G) > max{ {

2.n

02 [137] [0 [5]

Furthermore, to show that %(G) < {"T*'E’], we construct an inclusive distance
vertex irregular total k-labeling of G, where k = {"T“’]

Thus,

(Case 1) For n = 3, the description of the distance vertex irregular total k-labeling,
with k = 3, on the graph K7 + C3, can be seen in Figure 4. It clarifies the
argument that when n = 3, then tdis(K; + C),) = 3.

Figure 4. The Inclusive Distance Vertex Irregular Total k-Labeling on G = K1 + Cs.

(Case 2) For n > 3 and for n = 0,1 (mod 6), o is defined as:

o(v) = 1, for central vertex v,
Mitl - n
ot ={ by e
[i+2 ) — P 13
o= {1k iTh
[i+2 ) — A n
o(vvig1) = { 1:?:_311_;,] 7 izi z ; 1{’7;1’ N 1: '{.21,’71 o
o(vpv1) = 1,

(Case 3) For n =2 (mod 6), o is defined identically to Case 2, for vertices v and v;,
and edges v;v;4+1 and v,V .
For v;v, o is defined as follows.

R R
O’(Uﬂ/)_{{n—é+3'|’ fOTZ'ZIV% +2,---,n,
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(Case 4) For n =3 (mod 6), o is defined identically to Case 2, for vertices v and v;,
and edges v;v and v,v1.
For v;v;41, o is defined as follows.

[H], fori=1,2,---,[%] -1,
o(vviy1) = [%’*1} +1, fori= [%W ,
bt ], foriz [4] 4 1

(Case 5) For n =4 (mod 6), o is defined identically to Case 2, for vertices v and v;,
and edge v,v;.
For v;v and v;v;41, o is defined as follows.

[=22], fori=1,2,---,[2] -1,
o(viv) = ¢ [H2] -1, fori=[%2],
{"_3”3} , fori=[2]+1,--,n,
[41], fori=1,2,---,[%] -1,
o(vviy1) = [%l—i— 1, fori= [%W ,

"n i 1L for i = [2W+1,...’n_1’

(Case 6) For n =5 (mod 6), o is defined identically to Case 2, for vertices v and v;,
and edges v;v;4+1 and v,v1.
For v;v, o IS defined as follows.

{%-‘7 fOI"L:172’...7{g—‘7
o(viv) = § [*52] -1, fori=[3]+1,
[2=53] 0 fori=[2] 42, ,n.

Based on Definition 3.1, the weight of each vertex v; € V(G) was determined to be:
wg(vi) = O'(Q)i) —+ O'(Ui_l) —+ CT(UH_l) —+ 0'(1)?)1') + CT('UZ"UZ'_l) —+ U(vivi+l)-
Hence, the calculation of weight for all vertices in V(G) are:

wy(v1) = o(v1) + o(vyp) + o(va) + o(v) + o(vvy) + o(viv,) + o(vivy) =7,
Wo(Vy) = o(v1) + o(vy) + 0(vp—1) + 0(v) + o(vv,) + o(vivy) + o(VUR—1) = 8,

wa(v(%l) = 0(1}"%"_1) + U(’U"%") + U(U[%]_H) + U(’U) + U(U[ﬂw_lv"%")

2

+ U(U(ﬂvf%h‘l) + 0‘(1}(%“ v) =n+5.

The weights for all vertices v1,vs, -+ ,v, form an arithmetic progression starting

from 7 and progressing to the highest weights wg(v[ﬂ) = n + 5 and the highest
2

label being PLT%-I This complete all prove that K1 + C), has an inclusive distance

vertex irregular total k-labeling, where k = [’%5} O

4. Conclusion

In this paper, we have investigated the inclusive total distance irregularity strength
of several classes of joint product graphs. The first contribution of this work is
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the establishment of a new lower bound for the inclusive total distance irregular-
ity strength, denoted by t/dZS(G) which improves the general estimation for graphs
with specific structural properties, especially those containing a central vertex. The-
orem 3.2 provided a universal lower bound for arbitrary finite simple graphs, while
Theorem 3.3 refined this result by giving a sharper bound for graphs with degree
partitions around a central vertex. These results not only strengthen the theoretical
foundation of inclusive irregular labeling but also show that the lower bounds can
be made closer to the actual value of t/dZS(G)

The second contribution lies in the explicit determination of @(G) for specific
joint product graphs. For G = K; + K,,, we proved that the value of %(G) is
infinite when n = 1, and |25 when n > 1. For the joint product G = Ky + P,,
we established that t/dZs(G) = 3 for n = 2, while for n > 2, it is given by (”TH]
Similarly, for the graph G = K;+C,,, we obtained that t?iZs(G) =3 whenn = 3, and
for larger n, the strength is (’%51 These explicit results confirm that the inclusive
total distance irregularity strength in joint product graphs strongly depends on the
underlying structure of the base graph, particularly the degree distribution and the

presence of a dominating central vertex.
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