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Abstract. The rose graph, denoted by R(Cyr), n > 3, constructed by a cycle graph
Chp with n isolated vertices that connect every two vertices in the cycle graph with one
isolated vertez. The barbell rose graph, denoted by Br(c,) is a simple graph formed

by connecting two rose graphs R(Cy) by edges v1,v/1 as a bridge. In this paper, we
determined the partition dimension of the rose graph and its barbell.
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1. Introduction

Let G = (V, E) be a connected graph. For a subset S C V(G) and a vertex v € V(G),
the distance between v and S is defined as d(v, S) = min{d(v, z),z € S} with d(v, )
is the distance from vertex v to z. Suppose V(G) is partitioned into ¢ mutually
exclusive sets {S7,Sa,---,S:}. For t-ordered partitions A = {Sy,S3,---,St} of
V(@) and a vertex v € V(G), the representation of v with respect to A, is defined
as k(v | A) = (d(v,S1),d(v, S2), -~ ,d(v,St)). A partition A is called the resolving
partition of V(G) if k(u | A) # k(v | A) has two distinct vertices u,v € V(G). The
smallest ¢ value (minimum cardinality) such that graph G has a resolving partition
with ¢ partition class is the partition dimension of graph G. The partition dimension
of graph G is denoted by pd(G) [1].

Asmiati in [2] successfully determined the partition dimension of the amalga-
mation of star graphs. Amrullah et al. in [3] successfully determined the partition
dimension of subdivision graph on the star and in 2020, Amrullah successfully de-
termined the partition dimension for a subdivision of a homogencous firecracker [4].
Other studies on similar topics such as [5], [6], [7], and [8]. Latest research on this
topic can be found in [9], [10], [11], [12], [13], and [14].
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In this paper, we determine the partition dimension of the rose graph and
the partition dimension of the barbell rose graph. The rose graph, denoted by
R(Cy), n > 3 is a connected graph constructed by a cycle graph C, with ver-
tices v1,v2, - - - ,v, and n isolated vertices wy,ws, - -+ , wy, by connecting every two
vertices vg, V541 With wg, for s = 1,2, ,n where v,11 = v; [15]. The barbell rose
graph, denoted by Bg(c,) is a simple graph formed by connecting two rose graphs
R(C,,) by edges v1,v] as a bridge [9]. Theorem 1.1 gives the partition dimension of
cycle C, for n > 3.

Theorem 1.1. [I] The partition dimension of the cycle graph Cy, forn >3 is 3.

2. Result and Discussion

In this section, we determine the partition dimension of the rose graph and the
barbell rose graph.

Theorem 2.1. The partition dimension of the rose graph pd(R(C},)) is 3 forn > 3.

Proof. Let R(C,) with n > 3 be the rose graph with the set of vertex V(R(C,,)) =
{vs | s=1,2,--- ,n} U{ws | s =1,2,---,n}, and the set of edges E(R(C,)) =
{vsvs41 | s = 1,2, ,n} U {vsws | s = 1,2,--- ;n} U {vspiws | s =1,2,--- ,n}
with v, 41 = v1.

We begin by determining the lower bound of the partition dimension of the rose
graph R(C),), for n > 3. Since the rose graph R(C,,) contains the cycle graph C,,
it follows from Theorem 1.1 that:

pd(R(Cy)) >3, forn>3. (2.1)

To find the upper bound of the partition dimension of R(C),), we examine the
following three cases.

(Case 1) For n > 3, with n =0 (mod 3).
Let A = {51,52,53} be a partition of the set of vertex V(R(C,)). The
partition classes of the graph R(Cn) are defined as follows.

51:{v5|1s$§§}u{ws|1§ss§},

2 2
Sp={os | "2 <5< 0w | T <5 < 2,
2 2
Sy = fo, | 223 < g Uu | S <<y

3

The representation of all vertices in the rose graph R(C,,) with respect to
A are defined as follows:

3
r(vs|A):(O,n+ —8,9), forlgsgg,
2n+3 3 2
r(vJA):(s—%,O,%—s), for n—?|)— §s§?n7
2 2 3
T(US|A):(n—s+1,s—?n,0), for n;— < s<n,
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3
T(wS|A):(O,n;’_ — 5,8+ 1), forlgsgg,
3 2 3 3 2
r(ws|A)=(S—n_§ 0, ”3* ), forn; <s<
2 3 2 3
r(ws|A) =(n—s+1,s — n ,0), for nt <s<n

Since each vertex in the rose graph R(C,,) for n > 3 with n = 0 (mod 3) has
a distinct representation with respect to A, it follows that A is a resolving
partition of the rose graph R(C),). Therefore,

pd(R(Cy)) < 3. (2.2)

(Case 2) For n > 3, with n =1 (mod 3).
Given A = {57, 52, S3}, the partition classes of the graph R(C),) are defined
as follows:

2 —1
Slz{vs|1Sss%}U{ws|1Ss§”T},

5 2 1 2 2 1
Sp={o | 2 <5< P U, | TS s < Ry
2n+4 2n+4

S3 = {vs |

<s<n}U{ws]|

3 <s<n}.

So, the representations of all the vertices of the rose graph R(C,) with
respect to A are defined as follows:

2
r(vs|A) = (O,L—%—s,s), for 1 <s< %,
2 2 4 5 2 1
T(Us|u4)=(s—n;_ ,0, n;— —3), forn;— <s< n;— ,
2 1 2 4
rvsJA) =(n—s+1,s— nt ,0), for n;— <s<m,
) —1
rw,A) = (0,202 — 554 1), for1§8§n3 :
—1 2 4 2 2 1
r(ws|A)=(s—n3 ,0, n;— —3), forn;— <s< n;— ,
2n — 2 2 4
r(ws|A) =(n—s+1,5s— " ,0), for n;— <s<n.

Since each vertex in the rose graph R(C,,) for n > 3, with n = 1 (mod
3) has a distinct representation with respect to A, it follows that A is a
resolving partition of the rose graph R(C,,). Therefore,

pd(R(C,)) < 3. (2.3)

(Case 3) For n > 3, with n =2 (mod 3).
Given A = {51, 52, Ss}, the partition classes of the graph R(C,,) are defined

as follows:
1 1
slz{vs|1gsg%}u{ws|1gsg%},
4 2 2 4 2n—1
52={vs|%§5§ n; }U{wSIn;)F <s< Ty
2 5 2 2
S3 = {vs | nt <s<n}U{ws| n < s <n}.

3
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So, the representations of all the vertices of the rose graph R(C,) with
respect to A are defined as follows:

n+4 n+1

r(vs|A) = (0, —s,8), for 1 <s< 5
1 2 4 2 2
P d) = (s = F L0, T2 ) for TR <5 < 22
2 2 2
r(vs]lA) =(n—s+1,5— nt ,0), for n+5§8§n’
4 1
Pl ) = (0,755 — 5,54 1), for 1 <5 < "2
2 on+5 4 o —1
T(ws|A):(S_nT7O,%—S), forn;— <s< nS ,
2n —1 2n + 2

r(w8|A)=(n—s+1,s—T7O), for <s<mn.

Since each vertex in the rose graph R(C,) for n > 3, with n = 2 (mod
3) has a distinct representation with respect to A, it follows that A is a
resolving partition of the rose graph R(C,,). Therefore,

pd(R(Cyp)) < 3. (2.4)

The following Figure 1 shows a minimum resolving partition of graph R(C5).

Figure 1. A minimum resolving partition of R(C5).

From Eq. (2.2) - Eq. (2.4), it follows that the upper bound of R(C,,) for n > 3
is:

pd(R(Cy)) < 3. (2.5)

Therefore, from Eq. (2.1) and Eq. (2.5), the partition dimension of the rose graph
R(Cy) is 3 for n > 3. m|

Theorem 2.2. The partition dimension of the barbell rose graph pd(Bg(c,,)) i 4,
forn > 3.

Proof. Let Bg(c,) with n > 3 is a barbell rose graph with the set of vertices
V(Bre,)) ={vs |s=1,2,--- ,n} U{ws |s=1,2,--- ,n} U {v; |s=1,2,---,n}
U {w; | s =1,2,---,n}, and the set of edges E(Br(c,)) = {vsvs41 | s =1,2,--- ,n}
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Ufvgws | s =1,2,--- ,n} U {vepiws | s =1,2,--- ,n} U {vjv;} U {U;U;H | s =
1,2,---,n} U {vw, |s=1,2,--- ,n} U {U;Hw; |s=1,2,--- ,n} with v,11 = v;.

First, we will determine the lower bound of the partition dimensions of the
barbell rose graph Br(c, ) for n > 3. Since the barbell rose graph Bg(c,,) contains
the rose graph R(C,,), it follows by Theorem 2.1 that:

pd(Bgr(c,)) >3, forn>3. (2.6)

Suppose that the vertices of the barbell rose graph Bpc,) are partitioned into
three partitions, namely A = {S1, Sa, S3}. As a result, some vertices share the same
representation, as there are at least two vertices that have the same distances to the
other vertices in the barbell rose graph Bg(c,). This contradicts the assumption.
Therefore, at least four partition classes are required to determine the partition
dimension of the barbell rose graph Br(c, ) for n > 3. Thus,

pd(Bgc,)) >4, forn>3. (2.7)

In the following, we determine the upper bound of the partition dimensions of
the barbell rose graph Bg(c, ). Consider the following three cases to determine the
upper bound on the partition dimensions of the barbell rose graph Bgc,)-

(Case 1) For n > 3, with n =0 (mod 3).
Consider the following three subcases.

(Subcase 1) For n = 3.
Given A = {51, S, S3,S4}, the partition classes of the graph Bgc,)
are defined as follows.

S1 = {v1} U{w,} U{v,} U{w,},

Sy = {vn_1} U{wi} U{v, 1} U{w},
S3 = {vn} U{wn-1},

Sy = {v,} Uf{w, ,}.

Therefore, the representations of all the vertices of the barbell rose
graph Bp(c,) with respect to A are defined as follows.

n—+9 n—3 n+3

r(vs|A) = (0, 6 57§ + s, 5 +s), for s =1,
3 3 3
r(”s|v4):(3—ng 707n—2i— —S7n—é_ +s), fors=n-—1,
5n+9 1 9
T‘(’U5|A):( ng— —S,S—%,O,n—i— —i—s)7 f()rs:n’

6
n—3 n+3 n+9
s = - 707 9
r(ws|A) = (s 5 5 s 5
5n+9_ n—107n+15_

2 77 6
™+ 9 5n—3 Tn+ 15
s = 07 T 9y0 ) -
r(ws|A) = ( 5 s, 5 5

+ ), for s =1,

r(wslA) = ( 8,8 — s), fors=n-—1,

s), for s = n,
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n+9_ n+3 n—3

T(U;M) = (0, 6 575 + s, 6 + ), for s =1,
/ 3 3 3
’I“(’US|.A):(S—n+ ,O,n+ S,n+ —S), fors=n—1,
6 6 2
Sn+9 n+l n+9

+5,0), for s =n,

T(US|A) :( 6 5,8 — 9 ) 6
n—3 n+9 n+3_5

T(ws|A) = (5 - 6 707 6 S, B ), for s = 1,
/ -1 1
T(ws|u4):(5n6+9fs,sfn2 ,7ng 575,0), for s=n—1,
’7 1 —
r(w,|A4) = (0, 7n6+9*8, 7n;3|— 5*5,87571 3), for s = n.

(Subcase 2) For n > 3 odd, with n =0 (mod 3).
Given A = {51, S, S3,S4}, the partition classes of the graph Bpc,)
are defined as follows.

Si={vs[1<s <2 U{v, | 252 <5 <n}
U{ws [1<s< 22 u{w, | 228 <s<n}
U{o,[1<s <28 ufu, | 20 <s<n},
U{w, |[1<s< 253 0 {w, | 22 <5 <n},
Sy ={vs | 22 <s <}y {w, | 22 <s <251y
U {vy | 282 <s < 2 U{w | 22 <5 < 251,
Sy = {vs | 3 <s <MY U {w, | ML <5< I3

Si={v, | B2 <5 < BB {w) | 2L <5 < SnBY

Therefore, the representations of all the vertices of the barbell rose
graph Bp(c,) with respect to A are defined as follows.

r(vs|u4):(0,n—gg*s,ng3+s,n23+s), forlgsgn—g?)7
1
T(US|A):(5_n—£3a0»n—2’_3—s,né—3+s)7 fornngsgn;_ ,
5 9 1 7 15 3 ) 3
r(vs|A) = ( nE —S,S—n; ,0, n—6&— —5), forn+ <s< n;—
7 9 ) 37 15 5 9
T(U5|A):(O,%_Sas_ n; , n—é— —s), for n6+ <s<n,
9 3 9 -3
T(wslA)Z(O,n;L —s,n;r Jrs,n;r ts), forl<s< 2
-3 3 9 3 -1
r(ws|A):(S—n6 ,O,n;— _S,n—é— + s), forn—g SsgnQ ,
m+9 n—1 _Tn+15 n+1 5n — 3
= - - — fi <s<
r(ws|A) = ( S, 8 5 ,0, 5 s), for 5 S8 —¢
7 9 on —3 7 15 5 3
Pl d) = (0,752 s 5 - TS TR ) o S < <




The Partition Dimension of Rose Graphs and its Barbell

’ 9 3 _3
T(UJ.A):(O,TL; _San_g +5,n6 +S), for1 <s<

n+3

, 3 3 3 9 1
T(vs|-/4):(8—n+ ,O,n+ s,n+ —5), forn+ §s§n+ )
6 6 2 2
) 5 9 17 15 3 5 3
S 7 e e S Y L S LU
6 2 6 6
' 1
T’(US|A):(O,7n6+9—s, 7n;r 5_575_5n+3)7 for 5n+9§s§n,
n+9 n+9 n+3 -3

T(w9|"4) = (07 6 - S, 6 +57 6 +5)7

’ - _1
gl ) = (s - =20, PE S e MR

’ —1 1 1 _
r(ws|A):(5n6+9—s,s—n2 ’7n—6k 5—3,0), forn+ §s§5n6

’ 1 _
T(U/s|A)=(0,7n6+9—8,7n—g 5_575_5n6 3)7 for 5n;3§s§n

(Subcase 3) For n > 3 even, with n =0 (mod 3).

Given A = {51, S, S3, S4}, the partition classes of the graph Bp(c

are defined as follows.

Sp={vs [1<s< 2 U{uvs | <s<n}
U{ws [1<s< 2 U{w,s |28 <s<n}
U{v, [1<s<gIUfo, |0 <s<n )
U{w,|1<s<2}U{w, |28 <s<n},
ng{vs\’%ﬁgsgg }U{w5|"T+6<s§%}
Ul B <5< By U (w2 <5<
Phulul 2E<a< ),
%

Byu{uw, |2 <s< )

53:{U‘G‘HT+2SS

Si={v, | ™2 <s

| /\

IN

|2

69

)

Therefore, the representations of all the vertices of the barbell rose

graph Bp(c,) with respect to A are defined as follows.

T(US|A):(0»n—£6—s,%-i—s,nTM—i-s), forlgsgg,
2 6 6
T(US|A):(S_%707%—S,%+S), forn—g Ssgg,
5 6 7 18 2 5
r(vs|A):(7"‘6+ —3,8—2,07%—3), for " <s<
7 6 5n 7 18 ) 6
r(vs|A) = (0, ng— —s,s—£7 n—6|— —s), for nt <s<n,
6 6 12
r(ws|v4):(0,n—g _S,n—é— s,n—g + ), forlgsgg,
6 2 12 6
r(ws|«4):(8—n_g ,O,n;— _S,n—g +3), forn_g §s§%,
b) 6 -2 7 18 2
r(ws|A) = ( ng— —S,S—n2 ,0, n;— —5), forn—; <s<
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7 6 on —6 7 18 5 6

r(ws|A) = (0, ng— — 5,8 — n6 ) n46— —s), for n6+ <s<n

’ 6 6
T(US|A):(O,7L;: _S,R_g +s,%—|—s), forlgsgg7

/ 6 2 6
T(US|A):(S—%,O,%+S,H; —5), forn+ gsgg,

’ 1 2
r(vs|«4):(5n6+6—s,$—g,7n2: 8—3,0, forn;r gsg%,

/ 1
r(vs|A) = (0, 7n6+6 — s, 771;; 8 — 5,8 — %l), for 5n6+6 <s<mn,

’ 12
r(ws|u4):(0,n—6|_6*s,n—g +S,ng6+s), forlgsgg,

’ 12 2
r(ws|u4):(8—n—é_6,0,n—g s,n;— —s), forn—gGgsgg,

’ -2 1 2
r(ws|A):(5n;6—s,s—n2 77n—é- 8—5,0), forn;— gsg%,

/ 7 6 7 18 5 — 6 5 6
rlwifd) = (0,758 s TSy 20 o MO <

Since each vertex in the barbell rose graph Bpr(c,) for n > 3, with n = 0 (mod
3) has a distinct representation with respect to A, it follows that A is a resolving
partition of the barbell rose graph Br(c, ). Therefore,

pd(BR(Cn)) S 4. (28)
(Case 2) For n >4, with n =1 (mod 3).
Consider the following three subcases.

(Subcase 1) For n = 4.
Given A = {51, 52, 53,54}, the partition classes of the graph Bg(c,)
are defined as follows.

St ={vi}U{va}U{wa}U{v }U{v,}U{w,},

Sy ={vpatU{ws[1<s<n—2YU{v, ,}U{w,|1<s<n-2},
Sz = {vn_1 }U{wp_1},

54:{U;L—1}U{w;l—1 }

Therefore, the representations of all the vertices of the barbell rose
graph Bp(c,) with respect to A are defined as follows.

n+8 n+2 n+8

r(vs|A) = (0, 6 575 + s, 5 +s), for s =1,
2 2 8
r(vs\A)z(s—n+ 7O,n+ —s,n+ +35), for s=n—2,
6 2 6
5 4 7 6
r(vs)A) = ( n6—|— — s, —g,O, n; —s), for s=n—1,
7 8 5n — 2 7 20
r(vs|A) = (0, nr — 88— " 38— nt ), for s =mn,
6 6 6
—4 2 14
r(ws\A):(s—n6 707n—2|— —s,n—z +3s), for 1 <s<n-2
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5 4 -2 7 20
r(ws|A) = ( ng— —s,s—n2 ,0, n—61— —3), for s=n—1,
7 8 5n—8 7 20
r(ws]A) = (0, nt — 5,5 — n6 , n—é— —s), for s =n,

/ 8 8 2
T(U3|A):(O7n_6|_ _Syn_g +$,n‘é’ -1—5)7 fOI‘SZL

n+2 n+8 n—+ 2

T(”;M):(S— 6 ,0, 6 - —s), for s=n-—2,
/ 5n+4 n T+ 6
T(Us|"4) :( 6 7575757 6 *S,O), fOI‘SZﬂ,*L
7 2 _2
T(U3|A) = (O,wfs,s— et 0,87 on ), for s = n,
6 6 6
, 4 14 2
i) = (s = 0, s TS g o< s <y,
: 4 —2 Tn+2
i A) = (P s P2 TR ) o s =1,
, Tn+8  Tn+20 5n —8
Pl ) = (0,75 =, TR PR or =

(Subcase 2) For n >4 odd, with n =1 (mod 3).
Given A = {51, S, S3,S4}, the partition classes of the graph Bpc,)

are defined as follows.
Sp={vs|[1<s <2 A U{v, | T <s<n}
U{ws [1<s< 22 u{w, | 2% <s<n}
U [1<s< 20 U0, | 2 < s<n }

O {wa |10 < 252U, | Bt < s <)

Sy={vs | 28 <s <2 JUu{w, | 2B <s< 251}

U {v, | 22 <s <2 b Ufu, [ 22 <s s"Tl},
Sy ={vs | 3 <s< L YU {w, | ML <s< S5y
Si={v, | 2 <s < U {w, | <5 < B0,

Therefore, the representations of all the vertices of the barbell rose
graph Bp(c,) with respect to A are defined as follows.

Pl ) = 0,208 s L Y s P
7"(vs|d4):(8—ng1,0,n—2|_3—s,n—é—g)—i—s)7 for%5< <n—2|—17
T(US|A):(5TL;7_S7S_n—2|—170’7n—6&—17_8)’ for71—21—?>§S§5116—1—17
o) = (0,80 gy IRAL TELT ) i AT
T(wSM):(O,n—é—5_S,n—6|—5+8,n—211+8)) < _n—l,
) = (s 220,00 P g o PR <ML
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T(wSM):(5715-7_8’8_n;1’0,7n—6&—17_s)’ forn;1§s§5n6_5
7“(wSLA):(0,7714-5_878_5716—5’771—6!3—17_8)7 for 5n;—1 <s<m,
T(U;|A):(0,né_5—s,ng—5+s,ng1+s), forlgsgngl,

Pl ) = (s Tt M0 Y e P E L
7’(11;|A):(5n6+775,57n;1,7n2177570), forn;r3§5§5n6+l

/ n n+1 n+1 n

Pl ) = 0, T2 g TR P g T <,
r(w/s|u4)=(0,n—g5—s,n211+s,n25+s), forlgsgnT_l,
T(w;|A)=(S—ng7,0,n—gll+s,n—2|—3—s), forwgsgn;:l,
r(w;|A)=(5n+7—s,s—nT_1,y—s,0), forn;1§s§5n6_5
) = 0,782 o T T8 g ML <<

(Subcase 3) For n > 4 even, with n =1 (mod 3).
Given A = {51, S, S3,S4}, the partition classes of the graph Bgc,)

are defined as follows.
Slz{vs|1§5§%ﬁ}u{vs\5”—ﬁ+4§s§n}
U{w5|1§s§"T_4}U{ws\5"—6+4§s§n}
Ufo,[1<s<m2)u{o) |t <s<n )

Uf{w, [1<s< 258 u{w, | 2 <s<n},

A

Sy ={vs | ME <5< Yufu, |2 <s<3)
Ufv, [ 2B <s<3lufw, |22 <s<3},
Sy ={vs| 22 <s <=2 YU {w, | M2 << B2

Sy={v, |2 <s< 2 Yy, | 1E2 <5< B2y

Therefore, the representations of all the vertices of the barbell rose
graph Bpg(c,) with respect to A are defined as follows.

8 2 8 2
r(vs|A):(0,n+ —s,n+ +s,n+ + s), f0r1§s§n+ ,
6 6 6 6
2 2 8 8
r(vS|A)=(s—n—6|— ,O,n;— —s,n—g + ), forn—g gsgg,
5 4 7 6 2 on — 2
r(vsA) = ( n;— —s,s—g,O, n6—|— —3), forn;— <s< n6 ;
7 8 on —2 7 20 5 4
r(vs|A) = (0, n6—|— — 85,5 — n6 , n—é— —s), for n;— <s<mn,
8 8 14 —4
T(wslA)Z(O,ng —s,ng +s,nz +5), forlgsgnT,
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—4 2 14 2
r(ws|A)—(8—n6 ,O,n;— _S,n—g +3), forn_g §s§%,
b) 4 -2 7 20 2 on — 2
r(ws|A) = ( ng— —S,S—n2 ,0, n;— —3), forn—; <s< n6
7 8 on —8 7 20 5 4
Plwghd) = (0,755 s - B D g S < c,
’ 2 2
7’(WSI«4):(0,TL+8—s,nJrngs,nJr +5), for 1<s< 2=
6 6 6 6
’ 2 2
r(vs|A):(S*nJ6r ,0,nJ6r8+S,n;r —5), forng8§5§g,
, 4 2 -2
r(vs|A):(5n6+ 75,573,72?—673,0), forn; gsg5n6 ,
/ 2 -2 4
r(vs|A) = (0, 7n€;|—8 — s, 771?3_ 0_ S, 8 — 5n6 ), for 5”; <s<n,
/ 14 —4
A = (0,758 g ML TS s < Y,
/ n—4 n+14 n+2 n+2 n
= - - <s< —
P = (o= Pt g MM R e T2
/ 5 4 -2 7 20 2 omn — 2
r(wgA) = ( n;— —8,8—n2 ) n—é— —s,0), forn;— <s< n6
/ 7 8 7 20 5 — 8 5 4
Pl d) = (0,788 s TR R e MR <

Since each vertex in the barbell rose graph Bpc,) for n > 3, with n = 1 (mod
3) has a distinct representation with respect to A, it follows that A is a resolving
partition of the barbell rose graph Bgr(c, ). Therefore,

pd(Br(c,)) < 4. (2.9)

(Case 3) For n > 5, with n =2 (mod 3).
Consider the following two subcases.

(Subcase 1) For n > 5 odd, with n = 2 (mod 3).
Given A = {51, S2, 53, S4}, the partition classes of the graph Bgc,)
are defined as follows.

Slz{vs|1§s§%ﬂ}u{vs\5"—g5§s§n}
U{ws [1<s< 2 u{w, | 222 <s<n}
U{v,[1<s< 2 Yu{v, |26 <s5<n }

U{w, [1<s< YU {w, | 250 <5 <n},
1

6 —
S = (v, | 27 <5< 241 U {w, | 27 < s
7

U{o, | 2T <s <} ufw, | 260 <s < nply,

n+1 5n
- <s<

n—

A
d

S3={US|%%SSS%}U{’LUS|7 Gl}a
Sp={v, | 22 <s< L Ju{w, |2t <s< LY

Therefore, the representations of all the vertices of the barbell rose
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graph Bpg(c,) with respect to A are defined as follows.

r(vs|u4):(0,n—g7fs,n—gl+s,n—g7+s), forlgsgn—gl,
7’(11s|«4)=(S—n—gl,0,n—;3—s,n—g7+s)7 for%”ﬁsgn—;l,
T(US|A)=(5HJ5—S,S—TL;1, ’771—6&—19_8)7 fOrn—2|—3§8§5n6—1
T(US|A)=(O,s—n—2i_1,s—5n6_1,7n—6~_19—s), for 5ng—5 <s<n,
T(ws|A):(0>n—g7_S,n—g7 s,n—gw—i—s),forlgsgn—gl,
sl ) = (5= 220,20 PAED ) o MET <
T(ws|A)=(5n+5—s,s—n;1,0,7n—6~_19—s), forn+1§s§5n6_l
r(ws|A) = (0, 7n6+7_878_5n6—7’7n25—19_5)7 for 5”;_5 <s<n
T(U;M):(O,ng—?—s,ng—? s,ng—l—i—s),forlgsgn—gl,
P = (o= P 0 T S e T L

/ 5n +5 n+1 ™+ 19 n+3 on —1
(o) = (2 T ;19, . 55,?, for5; ;Sg

, n n n— n
r(vg|A) = (0,5 — ;r, J6r —85——¢ ), for 6+ <s<nmn,
r(w;M):(O,ng7—s,n213+s,n—6’—7+s), forlgsgn—gl,
r(w;|A)=(S—ng5,0,n—213 s,n;3—s),f0rn+7§s§n;1
r(w;|A)2(5715_5—s,s—n?_l,7n6;19—s,0)7 forn;—1 §s§5n_1
r(w;|A) = (0, 7n;7 — s, 7n2_19 — 5,5 — 5716_7)7 for 5n(;i—5 <s<n.

(Subcase 2) For n > 5 even, with n =2 (mod 3).
Given A = {51, 52, 53,54}, the partition classes of the graph Bg(c,)
are defined as follows.
Si={vs[1<s <2 IU{v, | 252 <s<n}
U{ws [1<s< 22 0 {w, | 22 <s<n}
U{v [1<s< ™2 u{o |28 <s<n}
Ufw, [1<s <52 yu{w, | 52 <s<n},
Sy={vs | MR <<% JU{w, | 22 <s< %}
Ufo, [0 <s<grufu, |t <s< gl
Sz ={v; | 2 <s <52 YU {w, | 252 <s <SR

Si={v, | 2 <s< 2 Yy u, |22 <5< oty

[SAN N




The Partition Dimension of Rose Graphs and its Barbell 75

Therefore, the representations of all the vertices of the barbell rose
graph Bp(c,) with respect to A are defined as follows.

10 -2 4 4
r(vS|A)=(0,”J; —s,n6 +s,n—g +5), forlgsg%,
4 2 4 10
r(vs|A)=(s—n—g ,O,n;— _S,n—é— + ), forntS SSS%’
5 8 7 16 2 5 2
r(vs]A) = ( ng— —8,8—2707%—8), forn+ <s< n;— ,
7 10 5 27 16 5 8
r(osA) = (0, P g D2 T 10 e S o,
6 6 6 6
10 4 10 -2
7"(wslv4)=(0,nJr —s,n+ +s,n+ ts), for1<s< 2=
6 6 6 6
-2 2 1 4
r(ws|¢4):(5*n6 ,O,R;r fs,nz 0+s), fornér §5§g7
—2 1 2 4
r(ws|u4):(5n6+8*5,57n2 ’0’7713 6_ ), forn;r §5§5n6 ,
1 —4 1 2
”(wsM):(U»Mfs,st’"G 77nz; 6 _ ). for 5n6+ ceem
/ 1 4 -2 4
T(US|A):(0,n—2 O_S’n;— +8,n6 +s), forlgsgn—é_
/ 4 4 2 10
r(vs|A):(S—n—g ,O,n—g s,n;_ —-s), fornt3 SSS%’
, 5 8 7 16 2 5 2
r(vg|A) = ( n;— —878—3,%—8,0), forn+ <s< n;— ,
, 7 10 7 16 ) 2 5 8
T(US|A)=(O, nt — 8, nt —s7s—i), for nt <s<mn,
6 6 6 6
/ 10 10 4 -2
7“(ws|v4)=(0,nJr _s Pt Y ts), forl<s< 2
6 6 6 6
/ -2 10 2 4
r(ws|v4):(8—n6 ,O,H_g s,n;— —s), forn_g gsgg,
/ 5 8 -2 7 16 2 5n —4
r(ws|-/4):( ng— —S,S—RT, n—6|— —S,O), forn;— <s< n6 ,
/ 7 10 7 16 5n — 4 5 2
r(wylA) = (0, ng -8, n—é— — 5,5 — n6 ), for n; <s<n.

Since each vertex in the barbell rose graph Bpc,) for n > 3, with n = 2 (mod
3) has a distinct representation with respect to A, it follows that A is a resolving
partition of the barbell rose graph Br(c, ). Therefore,

pd(Brc,)) < 4. (2.10)
From Eq. (2.8) — Eq. (2.10), it follows that the upper bound of Bgc, ) for n > 3 is:
pd(Br(c,)) < 4. (2.11)

Therefore, from Eq. (2.7) and Eq. (2.11), the partition dimension of the barbell rose
graph Br(c,) is pd(Br(c,)) = 4 for n > 3. O

The following Figure 2 shows a minimal resolving partition of graph Bgc)-
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Figure 2. A minimum resolving partition of Br(c;)-

3. Conclusion

The partition dimension of the rose graph, pd(R(C,,)) is 3 for n > 3 and the partition
dimension of the barbell rose graph, pd(Bgc,)) is 4 for n > 3.
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