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Abstract. Let G be a graph with vertex set V(G) and edge set E(G). Let f be a
bijective function from the vertex set V(G) to the set {1,2,3,---,|V(G)|} and weight of
vertex v in V(G) is the sum of labels of all neighbors of vertex v. If there is no pair of
vertices of V(G) have equal weight, then f is called a distance antimagic labeling and G
is called a distance antimagic graphs. Copies of graph G, denoted as nG is disjoint union
of n graphs which each is isomorphic to G. In this paper, we present several results on
distance antimagic labeling of copies of graph.
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1. Introduction

In [1], distance antimagic labeling of graph G = (V, E) introduced by Kamachi and
Arumugam as a bijective function f: V(G) — {1,2,--- ,|V(G)|} such that for any
pair vertices u,v € V(G) satisfy >° ¢y f(@) # 2o en(w) f(y), where N(u) is the
set of all neighbor of vertex u. Any graph G is called a distance antimagic graph if
there exists a distance antimagic labeling on G. They proved that Petersen graph,
cycle C,, with n # 4, wheel W,, with n # 4, and path P, are distance antimagic
graph. They made a conjecture which stated ”a graph G is a distance antimagic if
and only if N(u) # N(v) for any two distinct vertices u,v € V(G)”.

Handa, Godinho, and Singh [2] showed that generalised Petersen graph
P(n,k),n > 5 and Harary graph Hy ,,n # 6 are distance antimagic graphs. Handa
et al. [3] gave a tool for proving the existence of distance antimagic labelings for
join and corona of two graphs.

Simanjuntak et al. [4] showed that disjoint union of two path P, U P,,, with
n,m > 3, copies of path P, with n # 3, copies of wheel mW,, with n > 3, copies of
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fan mF,, copies of friendship mf, with n > 3, and copies of star m.S,, are distance
antimagic graph. they also proposed few open problems, one of them is "If G is
a non-regular graph containing no two vertices having the same neighborhood set,
show that nG is distance antimagic”.

In 2022, Simanjuntak and Tritama [5] proved that some product graph are
distance antimagic graphs. Those product graph are cartesian product of P,[0K,
when n # 2, K, ,00K> when n # 1, and P,,00K,. They also proved that if G is a
distance antimagic regular graph, then the corona product K; () G is a distance
antimagic graph.

In this paper, we give partial proof of problem given in [4].

2. Result and Discussion

In this section, we begin the discussion from distance antimagic labeling of disjoint
union of two graphs. In [4], Simanjuntak et al. proved that two graphs G and H with
certain properties will have distance antimagic labeling in the following theorem.

Theorem 2.1. [4] Let G and H be two distance antimagic graphs. If H is r-reqular
and N(u) < r for every u € V(G) then GU H is also distance antimagic graph.

Next, we show that copies of regular and distance antimagic graph, Herschel
graph, and copies of Herschel graph are distance antimagic graph. In [6], Burr et al
stated as follows. Let G = (V, E) be a graph. For any positive integer n, n copies
of graph G, denoted as nG is disjoint union of G;, where G; 2 G,i=1,2,--- ,n.

Theorem 2.1 can be use to prove copies of graph is distance antimagic graph,
when the graph is regular and distance antimagic graph. It states in the following
corollary.

Corollary 2.2. Let graph G be a r-reqular graph. If G is a distance antimagic
graph, then the n copies of graph G, nG, is a distance antimagic graph.

Proof. Let G be an r-regular and distance antimagic graph. Let P(n) be the propo-
sition that the disjoint union of n copies of G is a distance antimagic graph. We use
mathematical induction to prove that P(n) is true for all n > 2.

For the base case n = 2, since 2G = GUG, it follows from Theorem 2.1 that 2G
is a distance antimagic graph. Next, assume that P(k) is true for some arbitrary
positive integer k£ > 2. Since G is r-regular, the graph kG is also r-regular. Then,
by Theorem 2.1, we conclude that kG U G is a distance antimagic graph. By the
definition of disjoint union of copies, we have kGUG = (k+1)G. Hence, P(k+1) is
true under the assumption that P(k) is true. Therefore, by mathematical induction,
we have proven that if G is an r-regular and distance antimagic graph, then any
finite disjoint union of copies of G is also a distance antimagic graph. O

Similar contruction in Theorem 2.1 cannot implied directly to copies of non
regular graphs. As an example, we can see the case for path. Let graph P; with
V(PG) = {’Ul, V2, V3, V4, Us, ’UG} and E(P5) = {Uﬂ]g, V2V3, V3V4, V4Vs5, 1}5’06}. Define a
function f: V(FPs) — {1,2,--- ,6} with f(v;) =4, for i =1,2,--- 6. Since f is an
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increasing function and |V(FPs)| = 6 then f is bijective. Hence, we get w(v1) = 2,
w(vy) = 4, w(vs) = 6, w(vy) = 8, w(vs) = 10, and w(vs) = 5. Therefore, graph Pg is
distance antimagic graph. Figure 1 shows the vertices’ label of graph 2FP; when we
use similar construction from Theorem 2.2. Then two vertices which are vertex with
label 4 and vertex with label 7 have same weight, which is 8. Hence the function
that we constructed is not distance antimagic labeling.

Figure. 1. Graph 2P5.

However, Simanjuntak et al. [4] proved that the union of two path graphs is a
distance antimagic graph, as stated in the following theorem.

Theorem 2.3. [4] For any positive integers m,n > 3, the disjoint union of two
paths P, U P, is a distance antimagic graph.

In the rest of this section, we will give distance antimagic labeling for Herschel
graph and distance antimagic labeling construction for copies of Herschel graph. In
[7] and [8], the Herschel graph H is defined as a bipartite graph with order 11 and
size 18 which is the smallest non hamiltonian polyhedra graph, as in Figure 2.

v7

Figure. 2. Herschel graph.

Theorem 2.4. Herschel graph is o distance antimagic graph.

Proof. Let H be graph Herschel with vertex name shown in Figure 3.

We define the bijection f: V(H) — {1,2,---,11} as f(v;) = 4,0 =1,2,---,11
as in Figure 4.

Hence, the weights of all vertices of H are shown in Figure 4. Since all vertices
have different weights, we conclude that Herschel graph is a distance antimagic
graph. O
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Figure. 3. Vertex label on Herschel graph.
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Figure. 4. Vertex weight on Herschel graph.

Next, we prove that copies of Herschel graph is a distance antimagic graph.

Theorem 2.5. Copies of Herschel graph nH with n > 2, is a distance antimagic
graph.

Proof. Let nH be the copies of Herschel graph H and H; be the j-th component
of nH. Figure 5 shows the name of all vertices belong to H;,j =1,2,--- ,n.

Figure. 5. Component H; of graph nH.

Let f be the function defined in Theorem 2.4. We define g : V(nH) —
{1,2,---,1In} as g(v]) = f(v;) +11(j —1) fori =1,2,--- ,11,and j = 1,2,--- , n.
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For each i € {1,2,---,11}, the sequence (9(v7)) is an arithmetic sequence with

common different 11 and g(v]/) = i(mod 11). Hence, no vertices have same label.
Since the smallest label of g(v!) is 1 when ¢ = j = 1, and the largest label of g(v])
is 11n when 4 = 11 and j = n, then g is bijective. Next, we calculate the weight of

vertices of nH, and we get:

w(vg) =33(5 — 1) + 17,
w(v, 4(7 — 1) 4 25,
w(vd) =44(5 — 1) + 29,
w(vg) =33(j — 1) +9,
w(v)) = 33(j — 1) + 11,
w(v07) = 33(5 — 1) + 12,

forj=1,2,--- ,n.

For each i € {1,2,---,11}, the sequence (w(vf)) is an increasing arithmetic

sequence, then w(vfl) % w(v{z) when j; # jo. Let i1 # i, the residue modulo 11 of
any terms in sequence (w(v;,
J

i

)) is not equal with the residue modulo 11 of any terms
in sequence (w(v]))), except when iy = 2 and is = 9. Every term in the sequence
(w(vj)) has different residue modulo 33 compares to every term in the sequence
(w(vd)). So, for any u,v € V(nH) and u # v, we have w(u) # w(v). Hence, we
conclude that f is distance antimagic labeling. In other word, n copies of Herschel
graph is a distance antimagic graph for any positive integer n > 2. O

Figure 6 shows the vertices’ label of 4 copies of Herschel graph from the distance
antimagic labeling given in the proof of Theorem 2.5.

3. Conclusion

In this paper we show that for any regular and distance antimagic graph then the
copies of the graph also distance antimagic graph. Moreover, we also show that for
Herschel graph and the copies of Herschel graph also distance antimagic. For the
future research, we can find whether the copies of distance antimagic non regular
graphs is also distance antimagic.
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Figure. 6. Vertex label on 4 copies of Herschel graph.
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