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Abstract. This study proposes a SEABRQ compartmental model to analyze social
media addiction transmission and its cognitive consequences, referred to as cognitive

dysregulation or ”brain rot.” The total population is partitioned into six compartments:

Susceptible (S), Engaged (E), Addicted (A), Cognitively Dysregulated (B), Regulated
(R), and Quit (Q). R0 is computed using the next generation matrix approach, and lo-

cal asymptotic stability of both equilibrium points is established analytically. Sensitivity

analysis identifies transmission rate and contact rate as the parameters most strongly am-
plifying R0. An optimal control framework is incorporated into the model with two time

dependent control variables: u1(t), representing preventive and early regulation interven-

tions targeting susceptible and engaged populations, and u2(t), representing treatment
and behavioral support directed at addicted and cognitively dysregulated individuals.

The optimal control problem is solved by applying Pontryagin’s Maximum Principle.
Numerical simulations using the fourth-order Runge-Kutta method demonstrate that

the combined application of both controls produces the most significant reduction in

social media addiction persistence and its cognitive dysregulation effects over a five-year
horizon.
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1. Introduction

Digital technology has transformed how people connect, share information, and

engage with the world, with social media becoming an increasingly central part

of daily life [1]. As of 2025, social media users worldwide have exceeded 5.24 bil-

lion, with Indonesia alone accounting for approximately 143 million active users,

and daily usage averaging 141 minutes, a significant rise from 90 minutes in 2012

[2,3]. Yet this excessive and unregulated use has raised serious concerns about men-

tal health and well-being [4,5]. A particularly pressing consequence is Social Media
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Addiction (SMA), a pattern of compulsive use marked by loss of behavioral control,

withdrawal symptoms, and impaired functioning in social, academic, and occupa-

tional life, in ways that parallel behavioral addictions [4]. Research has consistently

linked SMA to depression, anxiety, and chronic stress [4,5,6]. Beyond these emo-

tional effects, heavy digital exposure has also been tied to shorter attention spans,

weakened working memory, and difficulty with higher order thinking, a cluster of

symptoms commonly known as Brain Rot, declared Oxford Word of the Year in

2024 [5,7]. In this study, Brain Rot describes a state of cognitive behavioral dys-

regulation brought on by excessive digital media consumption, used descriptively

rather than as a clinical diagnosis.

Mathematical modeling offers one of the most powerful and systematic ap-

proaches for understanding complex phenomena, especially those shaped by in-

teractions among individuals [8]. Among the frameworks most widely adopted in

this tradition are compartmental epidemiological models, which have demonstrated

remarkable effectiveness in capturing the dynamics of a broad spectrum of infec-

tious diseases, including COVID-19 [9] and tuberculosis [10]. Beyond infectious

diseases, such frameworks have been successfully extended to behavioral phenom-

ena, including online game addiction [11] and drug [12]. Building on this tradition,

several models have been developed specifically for social media addiction [13,14,15].

Among these, the SEARQ model by Alemneh and Alemu [13] incorporated opti-

mal control strategies for social media addiction, while the SMAD model by Ali

et al. [15] examined how social media addiction affects mental health, introducing

depression as a compartment that represents a psychological consequence of pro-

longed addictive engagement. Unlike depression, which is a multifactorial condition

arising from a broad range of causes beyond addiction, Brain Rot is conceptualized

here as an outcome more narrowly and directly rooted in excessive digital media use

itself, manifesting not as affective disturbance but as cognitive impairment affect-

ing attention, working memory, and higher-order functioning, and one that has not

yet been formally incorporated into compartmental modeling frameworks. This dis-

tinction is further reflected in the model structure, where individuals experiencing

cognitive dysregulation continue to influence susceptible individuals rather than

being treated as a terminal state, unlike how depression is typically positioned in

existing frameworks.

This study therefore builds upon the framework introduced by Ali et al. [15]

with two key modifications: the depression compartment is replaced by a Cognitive

Dysregulation (Brain Rot) compartment representing progressive cognitive impair-

ment resulting from prolonged addictive exposure, and the transmission mechanism

is extended to three active user compartments rather than a single source. For the

optimal control component, the approach developed by Alemneh and Alemu [13]

serves as a methodological reference. The resulting model comprises six compart-

ments capturing the progression from susceptibility to addiction, cognitive dysregu-

lation, and eventual regulation or disengagement, expressed as a system of nonlinear

ordinary differential equations, within which an optimal control framework is em-

bedded to characterize time dependent intervention policies through Pontryagin’s

Maximum Principle. The study addresses equilibrium analysis, stability, sensitivity
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analysis, and numerical simulations of optimal control strategies. The analytical

framework follows the methodological structure of Ali et al. [15], adapted to the

extended SEABRQ compartmental structure.

2. Theoretical Framework

This section outlines the foundational definitions and theorems that support the

analysis of the SEABRQ model, encompassing threshold parameter, equilibrium

analysis, local stability, sensitivity analysis, and optimal control theory.

Definition 2.1 ([16]). Consider the system of differential equations:

d

dt
x = f(x), (2.1)

where x ∈ Rn and f : E → Rn, with E an open subset of Rn. A point x̄ ∈ Rn is

called an equilibrium point of system (2.1) if and only if f(x̄) = 0.

Theorem 2.2 ([17]). Local stability is analyzed using the Jacobian matrix of the

linearized system. According to the Routh-Hurwitz criterion, the equilibrium point

is locally asymptotically stable if the corresponding Hurwitz conditions are satisfied.

Definition 2.3 ([18]). Using the next generation matrix method, the basic repro-

duction number is given by:

R0 = ρ(FV−1), (2.2)

where F =

[
∂Fi
∂xj

(x0)

]
and V =

[
∂Vi
∂xj

(x0)

]
denote, respectively, the rate of new

infections entering and the net flow rate departing each infected compartment,

evaluated at the disease-free equilibrium x0, and ρ(·) is the spectral radius.

Theorem 2.4 ([16]). Stability of an equilibrium point can be established using

Lyapunov’s direct method: if a continuously differentiable function L(z) satisfies

L(z) > 0 for z ̸= 0 with L(0) = 0, and
dL(z)

dt
≤ 0, the equilibrium is Lyapunov

stable; if
dL(z)

dt
< 0 for all z ̸= 0, it is asymptotically stable.

Definition 2.5 ([19]). The normalized forward sensitivity index of R0 with respect

to a parameter p is expressed as:

ΛR0
p =

∂R0

∂p
× p

R0
, (2.3)

where p is any parameter incorporated in the model.

Theorem 2.6 ([20]). For an optimal control problem of the form ẋ = f(x, u, t)

minimizing J(u) =
∫ tf
t0
g(x, u, t) dt, the necessary conditions for optimality are given

by Pontryagin’s Maximum Principle through a Hamiltonian formulation, comprising

the state and costate equations, the optimality condition on the control, and the

transversality conditions.
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3. Result and Discussion

3.1. Model Formulation

A compartmental model is developed to examine the transmission dynamics of so-

cial media addiction along with its cognitive consequence. The total population

N(t) is partitioned into six compartments: Susceptible (S): Individuals not yet ex-

hibiting compulsive use but vulnerable to social influence. Engaged (E): Individuals

actively using social media in an unstable, non compulsive pattern. Addicted (A):

Individuals exhibiting persistent and compulsive social media use characterized by

impaired behavioral control. Cognitively Dysregulated (B): Individuals experiencing

persistent cognitive behavioral impairment associated with prolonged and excessive

digital exposure, conceptually referred to as “brain rot” without implying clinical

pathology. Regulated (R): Individuals who have stabilized their social media use

into controlled and adaptive patterns, but remain susceptible to relapse. Quit (Q):

Individuals who have significantly reduced or disengaged from non essential social

media use. The flow between compartments of the SEABRQ model is illustrated in

Figure 1.

S E

A

B

RQ

Λ ϕ

Φσ

(1− Φ)σ

α+ ψ(1− ω)

ζλ

ν

(1− ζ)λ

ψω

β

τ τ

τ

τ

ττ

Figure. 1. Compartmental Diagram of SEABRQ model

The dynamics of the system are described by the following set of ordinary dif-

ferential equations:
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

dS

dt
= Λ+ ζλR− ϕχ(E +A+B)S − (β + τ)S,

dE

dt
= ϕχ(E +A+B)S − (σ + τ)E,

dA

dt
= ΦσE − (τ + ψ + α)A,

dB

dt
= αA+ ψ(1− ω)A− (ν + τ)B,

dR

dt
= (1− Φ)σE + νB + ψωA− (τ + λ)R,

dQ

dt
= βS + (1− ζ)λR− τQ.

(3.1)

The initial conditions at time t = 0 are assumed to be non-negative:

S(0) ≥ 0, E(0) ≥ 0, A(0) ≥ 0, B(0) ≥ 0, R(0) ≥ 0, Q(0) ≥ 0,

with parameter descriptions provided in Table 1. The model employs a density

dependent incidence structure, in which the contact rate χ is defined on a per

capita basis. This ensures dimensional consistency across all state equations, as the

force of infection term ϕχ(E + A + B)S carries units of people·year−1, matching

the units of dS/dt.

3.2. Invariant Region and Positivity of Solutions

3.2.1. Positively invariant region

To ensure epidemiological feasibility, the dynamics of model (3.1) are studied within

the closed set

∆ =

{
(S,E,A,B,R,Q) ∈ R6

+ : 0 < N ≤ Λ

τ

}
,

where R6
+ denotes the non-negative cone. The set ∆ is positively invariant with

respect to model (3.1) [13].

Theorem 3.1. The ∆ is positively invariant for model (3.1).

Proof. Since N = S +E +A+B +R+Q, considering the model (3.1) we obtain:

dN

dt
≤ Λ− τN.

Applying an integrating factor eτt to both sides gives:

d

dt
(eτtN) ≤ eτtΛ.

Integrating subject to initial conditions yields:

N(t) ≤ N(0)e−τt +
Λ

τ
(1− e−τt).

Taking t→ ∞, we obtain N(t) ≤ Λ
τ . It follows that ∆ is positively invariant region

for model (3.1).
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Table 1. Values of Parameters

Parameter Description Value Source

Λ Recruitment rate of susceptible

individuals

0.5 people·year−1 [15]

ϕ Transmission rate of addiction to the

susceptible population

0.4 [21]

χ Contact rate of susceptible individuals

with active users (E,A,B)

0.25 people−1·year−1 [13]

β Rate at which susceptible individuals

disengage from active social media use

0.01 year−1 [15]

τ Natural exit rate 0.1 year−1 [15]

ζ Proportion of regulated individuals be-

coming susceptible upon leaving the

regulated class

0.35 [22]

λ Rate at which individuals leave the reg-

ulated class

0.4 year−1 [13]

σ Rate at which individuals leave the ex-

posed class

0.25 year−1 [13]

Φ Proportion of exposed individuals who

become addicted

0.7 [13]

α Rate at which addicted individuals

progress to dysregulated behavior

0.7 year−1 [14]

ψ Rate at which addicted individuals ini-

tiate self-regulation

0.7 year−1 [14]

ω Probability that self-regulation is suc-

cessful

0.3 Assume

ν Rate at which cognitively dysregulated

individuals recover through structured

intervention

0.8 year−1 Assume

3.2.2. Positivity of model’s solutions

To ensure epidemiological validity, the non-negativity of all state variables in the

model is established [13]. The following theorem guarantees the positivity of the

solution to the model.

Theorem 3.2. Given the initial conditions of model (3.1), the solution is positive

for all t > 0.

Proof. From the first equation of system (3.1), it can be shown that:

dS

dt
≤ Λ− (β + τ)S.

Applying the integrating factor e(β+τ)t to both sides of equation:

e(β+τ)t
dS

dt
+ (β + τ)Se(β+τ)t ≤ Λe(β+τ)t.
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Integrating subject to initial conditions yields:

S ≤ S(0)e−(β+τ)t +
Λ

β + τ

(
1− e−(β+τ)t

)
.

Taking t→ ∞, we obtain Λ
β+τ ≥ S(t) ≥ 0. Following the same approach, it can be

shown that E ≥ 0, A ≥ 0, B ≥ 0, R ≥ 0, Q ≥ 0. Therefore, all state variables of

model (3.1) are positive for all t > 0.

3.3. Equilibrium Points and Threshold Parameter R0

The equilibrium points are obtained by setting each equation of system (3.1) equal

to zero, yielding two equilibrium points within the feasible region ∆.

3.3.1. Disease-Free Equilibrium Point (DFE)

The disease-free equilibrium point is given by:

Eq0 = (S0, E0, A0, B0, R0, Q0) =

(
Λ

β + τ
, 0, 0, 0, 0,

βΛ

τ(β + τ)

)
. (3.2)

When R0 < 1, the disease-free equilibrium Eq0 exists, reflecting a state in which

addiction is absent from the population.

3.3.2. Endemic Equilibrium Point (EEP)

The endemic equilibrium point is given by:

Eq1 = (S1, E1, A1, B1, R1, Q1), (3.3)

where explicit expressions can be derived as follows:

S1 =
(σ + τ)k1

ϕχ(k1 + 1 + k3)
,

E1 = k1 ·
(β + τ) · (σ + τ)k1

ϕχ(k1 + 1 + k3)
− Λ

ζλk2 − (σ + τ)k1
,

A1 =

(β + τ) · (σ + τ)k1
ϕχ(k1 + 1 + k3)

− Λ

ζλk2 − (σ + τ)k1
,

B1 = k3 ·
(β + τ) · (σ + τ)k1

ϕχ(k1 + 1 + k3)
− Λ

ζλk2 − (σ + τ)k1
,

R1 = k2 ·
(β + τ) · (σ + τ)k1

ϕχ(k1 + 1 + k3)
− Λ

ζλk2 − (σ + τ)k1
,

Q1 =
1

τ

β · (σ + τ)k1
ϕχ(k1 + 1 + k3)

+ (1− ζ)λk2 ·
(β + τ) · (σ + τ)k1

ϕχ(k1 + 1 + k3)
− Λ

ζλk2 − (σ + τ)k1

 ,
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where

k1 =
τ + ψ + α

Φσ
,

k2 =

(1− Φ)(τ + ψ + α)

Φ
+
ν(α+ ψ(1− ω))

ν + τ
+ ψω

τ + λ
,

k3 =
α+ ψ(1− ω)

ν + τ
.

When R0 > 1, the endemic equilibrium Eq1 exists, reflecting the sustained spread

of addiction across the population.

3.3.3. Threshold parameter R0

The basic reproduction number R0 denotes the expected number of new addiction

cases generated by one addicted individual during their addictive period in a fully

susceptible population. If R0 < 1 addiction dies out, while R0 > 1 indicates endemic

persistence. The next generation matrix (NGM) method is employed to derive R0,

through which system (3.1) can be expressed as:



dE

dt
= ϕχ(E +A+B)S − σE − τE,

dA

dt
= ΦσE − (τ + ψ + α)A,

dB

dt
= αA+ ψ(1− ω)A− (ν + τ)B,

dR

dt
= (1− Φ)σE + νB + ψωA− (τ + λ)R.

(3.4)

F =


ϕχ(E +A+B)S

0

0

0

 , V =


(σ + τ)E

−ΦσE + (τ + ψ + α)A

−αA− ψ(1− ω)A+ (ν + τ)B

−(1− Φ)σE − νB − ψωA+ (τ + λ)R

 .

The matrices F and V represent the Jacobian of F and V evaluated at the

disease-free equilibrium, given as follows:

F =


ϕχS0 ϕχS0 ϕχS0 0

0 0 0 0

0 0 0 0

0 0 0 0

 , V =


σ + τ 0 0 0

−Φσ τ + ψ + α 0 0

0 −α− ψ(1− ω) ν + τ 0

−(1− Φ)σ −ψω −ν τ + λ

 ,

where S0 =
Λ

β + τ
. The largest eigenvalue of FV−1 gives the basic reproduction

number R0, expressed as:

R0 =
Λϕχ

(β + τ)(σ + τ)

[
1 +

Φσ

τ + ψ + α
+

Φσ[α+ ψ(1− ω)]

(τ + ψ + α)(ν + τ)

]
. (3.5)
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3.4. Local Stability Analysis

3.4.1. Local Stability Analysis of Disease Free Equilibrium Points

Theorem 3.3. The disease-free equilibrium point Eq0 is locally asymptotically sta-

ble if R0 < 1 and unstable if R0 > 1.

Proof. The Jacobian of System (3.1) evaluated at Eq0 in Eq. (3.2) is given by:

J(Eq0) =



−(β + τ) − ϕχΛ

β + τ
− ϕχΛ

β + τ
− ϕχΛ

β + τ
ζλ 0

0
ϕχΛ

β + τ
− (σ + τ)

ϕχΛ

β + τ

ϕχΛ

β + τ
0 0

0 Φσ −(τ + ψ + α) 0 0 0

0 0 α+ ψ(1− ω) −(ν + τ) 0 0

0 (1− Φ)σ ψω ν −(τ + λ) 0

β 0 0 0 (1− ζ)λ −τ



.

From J(Eq0), four eigenvalues are directly obtained:

−τ, −(ν + τ), −(τ + λ), −(β + τ).

The remaining eigenvalues are determined from the following quadratic equation:

λ21 + a1λ1 + a2 = 0,

a1 = σ + 2τ + ψ + α− ϕχΛ

β + τ
, a2 =

(
σ + τ − ϕχΛ

β + τ

)
(τ + ψ + α)− ΦσϕχΛ

β + τ
.

By the Routh-Hurwitz criterion, it suffices to show a1 > 0 and a2 > 0.

Let K =
ϕχΛ

β + τ
and B = τ + ψ + α, so that R0 =

K

σ + τ
·H, where H = 1+

Φσ

B
+

Φσ[α+ ψ(1− ω)]

B(ν + τ)
.

Showing a1 > 0. Since all parameters are positive and ω ∈ [0, 1], the term

α + ψ(1 − ω) ≥ 0, so H ≥ 1, which gives R0 ≥ K

σ + τ
. Therefore R0 < 1 implies

K < σ + τ , and since B > 0: a1 = (σ + τ −K) +B > 0.

Showing a2 > 0. Similarly, since H ≥ 1 +
Φσ

B
, we have R0 ≥ K(B +Φσ)

B(σ + τ)
.

Rewriting a2 explicitly: a2 = B(σ + τ)−K(B +Φσ). Then R0 < 1 implies K(B +

Φσ) < B(σ + τ), so a2 > 0.

Since all eigenvalues are negative and Routh-Hurwitz criterion is satisfied, the

condition R0 < 1 holds. Therefore, the disease-free equilibrium is locally asymptot-

ically stable.
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3.4.2. Local Stability Analysis of Endemic Equilibrium Points

Theorem 3.4. The endemic equilibrium Eq1 is locally asymptotically stable if R0 >

1 and unstable if R0 < 1.

Proof. By applying Theorem 2.4, the Lyapunov function is constructed:

L =
1

2
(S2 + E2 +A2 +B2 +R2 +Q2).

This function is positive definite. Differentiating L with respect to t gives:

dL

dt
= S

dS

dt
+ E

dE

dt
+A

dA

dt
+B

dB

dt
+R

dR

dt
+Q

dQ

dt
.

Substituting the derivatives from model (3.1) yields:

dL

dt
= S(Λ + ζλR− ϕχ(E +A+B)S − (β + τ)S)

+ E(ϕχ(E +A+B)S − (σ + τ)E)

+A(ΦσE − (τ + ψ + α)A)

+B(αA+ ψ(1− ω)A− (ν + τ)B)

+R((1− Φ)σE + νB + ψωA− (τ + λ)R)

+Q(βS + (1− ζ)λR− τQ).

Since all parameters and state variables are non-negative, expanding and regrouping

into non-positive and non-negative terms, and since the non-positive terms domi-

nate:

−
(
ϕχ(E +A+B)S2 + (β + τ)S2 + (σ + τ)E2

+ (τ + ψ + α)A2 + (ν + τ)B2 + (τ + λ)R2 + τQ2
)
≤ 0(

S(Λ + ζλR) + ϕχ(E +A+B)SE +ΦσAE + (αA+ ψ(1− ω))BA

+R((1− Φ)σE + νB + ψωA) +Q(βS + (1− ζ)λR)
)
≥ 0.

Therefore,
dL

dt
≤ 0 for all non-zero state variables and non-negative parameters

of model (3.1), hence the endemic equilibrium Eq1 is locally asymptotically stable.

3.5. Sensitivity Analysis of the Proposed Model

Using Definition 2.5 and R0 given in Eq. (3.5), the sensitivity indices for each

parameter are computed below.

H = 1 +
Φσ

τ + ψ + α
+

Φσ[α+ ψ(1− ω)]

(τ + ψ + α)(ν + τ)
.

(1) Λ, ϕ and χ: ΛR0

Λ = 1 > 0, ΛR0

ϕ = 1 > 0, ΛR0
χ = 1 > 0.

(2) β: ΛR0

β = − β
β+τ < 0.

(3) σ: ΛR0
σ = σ

− 1

σ + τ
+

Φ

τ + ψ + α
+

Φ[α+ ψ(1− ω)]

(τ + ψ + α)(ν + τ)

H

 .
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(4) τ :

ΛR0
τ = τ

[
−
(

1

β + τ
+

1

σ + τ

)

−

Φσ

(τ + ψ + α)2
+Φσ[α+ ψ(1− ω)]

(
1

(τ + ψ + α)2(ν + τ)
+

1

(τ + ψ + α)(ν + τ)2

)
H

]
< 0.

(5) α: ΛR0
α = −α ·

Φσ

(τ + ψ + α)2
+Φσ·

(τ + ψ + α)− [α+ ψ(1− ω)]

(τ + ψ + α)2(ν + τ)
H .

(6) ψ: ΛR0

ψ = −ψ ·

Φσ

(τ + ψ + α)2
+Φσ · (1− ω)(τ + ψ + α)− [α+ ψ(1− ω)]

(τ + ψ + α)2(ν + τ)

H
.

(7) Φ: ΛR0

Φ = Φ ·

σ

τ + ψ + α
+

σ[α+ ψ(1− ω)]

(τ + ψ + α)(ν + τ)

H
> 0.

(8) ω: ΛR0
ω = −ω · Φσψ

(τ + ψ + α)(ν + τ)H
< 0.

(9) ν: ΛR0
ν = −ν · Φσ[α+ ψ(1− ω)]

(τ + ψ + α)(ν + τ)2H
< 0.

Figure. 2. Local Sensitivity Indices of R0

The sensitivity indices of R0 with respect to each model parameter are summa-

rized in Table 2 and visualized in Figure 2. Parameters associated with recruitment

and transmission, namely Λ, ϕ, χ, and Φ, yield positive sensitivity indices, indi-

cating that increases in these parameters amplify the basic reproduction number.

Conversely, parameters related to removal and recovery processes, including τ , β,

ν, ω, α, and ψ, carry negative indices, implying that their increase suppresses R0.
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Table 2. Sensitivity Indices of R0

Parameter Sensitivity Index Value

τ − −1.222503

ϕ + 1.000000

Λ + 1.000000

χ + 1.000000

σ − −0.501114

Φ + 0.213172

ν − −0.107889

β − −0.090909

α − −0.057594

ψ − −0.036175

ω − −0.021419

Notably, τ exhibits the strongest negative influence, as it appears in multiple de-

nominator terms of the R0 formulation an intrinsic feature of the model structure

rather than a directly controllable intervention target.

3.6. Optimal Control Model

Based on the parameter values given in Table 1, the basic reproduction number

is computed as R0 ≈ 1.6506 > 1, indicating that social media addiction persists

endemically under the current parameter regime. This motivates the incorporation

of two time-dependent control variables, u1(t) and u2(t). The control u1(t) repre-

sents preventive and digital governance measures targeting susceptible and engaged

individuals, reducing effective exposure and redirecting engagement toward regu-

lated usage through interventions such as legislative restrictions on platform access

for minors, mandatory ethical design standards, school based smartphone bans, dig-

ital literacy programs, and passive behavioral nudges [1,23,24]. The control u2(t)

represents targeted intervention and treatment directed at addicted and cognitively

dysregulated individuals, encompassing clinical screening, cognitive behavioral ther-

apy, mindfulness based interventions, and motivational approaches [1,23,24]. The

controlled model is expressed as:

S′ = Λ+ ζλR− (1− u1)ϕχ(E +A+B)S − (β + u1 + τ)S,

E′ = (1− u1)ϕχ(E +A+B)S − (σ + τ)E,

A′ = (1− u1)ΦσE − [τ + α+ ψ + u2]A,

B′ = αA+ ψ(1− ω)A− (ν + u2 + τ)B,

R′ = (1− Φ)σE + u1ΦσE + ψωA+ u2A+ (ν + u2)B − (τ + λ)R,

Q′ = (β + u1)S + (1− ζ)λR− τQ,

(3.6)

0 ≤ ui(t) ≤ 1, i = 1, 2.
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The objective function is defined as follows:

J(u1, u2) =

∫ tf

0

[
q1A(t) + q2B(t) +

1

2
(r1u

2
1 + r2u

2
2)

]
dt, (3.7)

where t0 and tf are the initial and final times, qi are positive weight for the state

variables, and ri are positive costs coefficients for the control functions.

Based on Pontryagin’s Maximum Principle Theorem 2.6, the Hamiltonian func-

tion is constructed as follows:

H = q1A+ q2B +
1

2
(r1u

2
1 + r2u

2
2)

+ λ1[Λ + ζλR− (1− u1)ϕχ(E +A+B)S − (β + u1 + τ)S]

+ λ2[(1− u1)ϕχ(E +A+B)S − (σ + τ)E]

+ λ3[(1− u1)ΦσE − [τ + α+ ψ + u2]A]

+ λ4[αA+ ψ(1− ω)A− (ν + u2 + τ)B]

+ λ5[(1− Φ)σE + u1ΦσE + ψωA+ u2A+ (ν + u2)B − (τ + λ)R]

+ λ6[(β + u1)S + (1− ζ)λR− τQ].

From the Hamiltonian, the state and costate systems are derived, with the state

equations given by:

∂H

∂λ1
= Λ+ ζλR− (1− u1)ϕχ(E +A+B)S − (β + u1 + τ)S,

∂H

∂λ2
= (1− u1)ϕχ(E +A+B)S − (σ + τ)E,

∂H

∂λ3
= (1− u1)ΦσE − [τ + α+ ψ + u2]A,

∂H

∂λ4
= αA+ ψ(1− ω)A− (ν + u2 + τ)B,

∂H

∂λ5
= (1− Φ)σE + u1ΦσE + ψωA+ u2A+ (ν + u2)B − (τ + λ)R,

∂H

∂λ6
= (β + u1)S + (1− ζ)λR− τQ,

With initial condition:

S(0) = S0, E(0) = E0, A(0) = A0, B(0) = B0, R(0) = R0, Q(0) = Q0.

From the Hamiltonian, the costate equations are given by:

dλ1
dt

= (1− u1)ϕχ(E +A+B)(λ1 − λ2) + (β + u1 + τ)λ1 − (β + u1)λ6,

dλ2
dt

= (1− u1)ϕχS(λ1 − λ2) + (σ + τ)λ2 − (1− u1)Φσλ3 − σ[(1− Φ) + u1Φ]λ5,

,
dλ3
dt

= −q1 + (1− u1)ϕχS(λ1 − λ2) + (τ + α+ ψ + u2)λ3 − [α+ ψ(1− ω)]λ4 − (ψω + u2)λ5,
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dλ4
dt

= −q2 + (1− u1)ϕχS(λ1 − λ2) + (ν + u2 + τ)λ4 − (ν + u2)λ5,

dλ5
dt

= −ζλλ1 + (τ + λ)λ5 − (1− ζ)λλ6,

dλ6
dt

= τλ6.

The optimal controls u∗1(t) and u
∗
2(t) are given by:

u∗1(t) = max

{
0,min

(
1,

ϕχ(E +A+B)S(λ2 − λ1) + ΦσE(λ3 − λ5) + S(λ1 − λ6)

r1

)}
,

u∗2(t) = max

{
0,min

(
1,

A(λ3 − λ5) +B(λ4 − λ5)

r2

)}
.

3.7. Numerical Simulation

The fourth-order Runge-Kutta method is employed to run numerical simulations,

aimed at assessing the effectiveness of the proposed control strategies in reducing

social media addiction and cognitive dysregulation, implemented in Google Colab.

The parameter values are as listed in Table 1 with initial conditions S(0) = 1000,

E(0) = 10, A(0) = 50, B(0) = 50, R(0) = 0, Q(0) = 10, over a time interval of

t0 = 0 to tf = 5 years. The weighting constants for the addicted and cognitively

dysregulated compartments are set to q1 = q2 = 1, and the control cost weights are

r1 = r2 = 10.

Three control strategies are considered in numerical simulation:

Strategy A: Preventive and Early-Regulation Control (u1 ̸= 0, u2 = 0)

Figure. 3. Population dynamics of A and B under Strategy A (control u1)

Figure 3 shows the dynamics of the addicted (A) and cognitively dysregulated

(B) compartments under Strategy A, where only u1 is activated. Both compartments

decline faster than the no-control scenario. Since u1 works upstream by reducing

exposure and redirecting individuals before addiction develops, its strongest effect
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is in slowing new entries into A, which in turn limits progression into B. Because u1
does not directly target those already in A or B, recovery among already affected

individuals remains gradual, making this strategy more suitable for prevention than

for treatment.

Strategy B: Intervention and Treatment Control (u1 = 0, u2 ̸= 0)

Figure. 4. Population dynamics of A and B under Strategy B (control u2)

Figure 4 shows the dynamics under Strategy B, where only u2 is active. Since u2
directly increase transition rates from A and B toward the regulated compartment

R, a marked acceleration in recovery is observed in both populations, with suppres-

sion of Strategy B appearing more immediate than under Strategy A. However, as

Strategy B does not address upstream transmission, new entries into A continue

uninterrupted, potentially limiting its long term effectiveness without concurrent

preventive measures.

Strategy C: Combined Control (u1 ̸= 0, u2 ̸= 0)

Figure 5 shows the dynamics under Strategy C, where both controls are applied

simultaneously. This combined strategy produces the greatest and most sustained

reduction in both A and B, as u1 reduces new infections while u2 speeds up recovery

toward regulated behavior. These results confirm that combining both interventions

is more effective than applying either one alone, highlighting the need to pair pre-

ventive digital governance policies with accessible treatment programs for those

already affected.

4. Conclusion

This study constructs a SEABRQ compartmental model to analyze social me-

dia addiction and its cognitive consequence, featuring a Cognitively Dysregulated

compartment(B) and three active transmission sources (E, A, B). The basic re-

production number R0 > 1, obtained through the next generation matrix, suggests
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Figure. 5. Population dynamics of A and B under Strategy C (control u1 and u2)

endemic potential under the chosen parameter values, indicates that addiction can

persist in a population without intervention. This is consistent with how peer influ-

ence and algorithmic exposure sustain compulsive use. Local asymptotic stability

of the addiction-free equilibrium holds when R0 < 1, while the endemic equilibrium

is stable when R0 > 1, verified through Routh-Hurwitz conditions and Lyapunov’s

theorem. Sensitivity analysis revealed that Λ, ϕ, χ, and Φ increase R0, while τ , β,

ν, ω, α, and ψ reduce it. These results motivated two optimal controls: u1(t)for

prevention through digital governance, and u2(t) for treatment and recovery. Nu-

merical simulations over a five year horizon confirm that Strategy C, combining

both controls, yields the greatest and most sustained reduction in compartments

A and B, confirming that integrating both preventive and treatment approaches

achieves more substantial reductions than either control applied independently.

Future work may incorporate psychological predispositions or multi platform

addiction scenarios to better capture individual variability in addiction suscepti-

bility. Calibrating the model with real-world demographic data would enhance its

practical relevance for public health policy.
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